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BULLETIN OF THE 


AMERICAN MATHEMATICAL SOCIETY. 


CURRENT TENDENCIES OF MATHEMATICAL 
RESEARCH.* 


BY PROFESSOR EDWARD B. VAN VLECK. 


In an address which I had the pleasure of giving at the 
Atlanta meeting of the American Association for the Advance- 
ment of Science, I traced the influence of Fourier’s series 
upon the development of mathematics. This instance is only 
one of many in which a central thought or problem has exerted 
a remarkable, sometimes even a controlling influence upon 
the development of mathematical thought. From early 
Greek times I may cite the historic problems of the duplica- 
tion of the cube and the squaring of the circle. After the 
invention of analytic geometry it became essential to deter- 
mine the tangent at a point of a given curve, and this led, as 
you know, to the discovery of the differential calculus, one 
of the most wonderful instruments ever devised for scientific 
thought. Almost simultaneously the problem of finding the 
area of a curve resulted in the construction of the definite 
integral, a concept even wider in scope than the differential 
coefficient. Still earlier, and near the beginning of the mathe- 
matical renaissance, the problem afforded by the equation 
of the nth degree was brilliantly solved for equations of the 
third and fourth degrees, and the first creative impulse subse- 
quent to Greek times was thereby given to mathematics. 
In the last half of the nineteenth century this same problem 





* This address was read at the Quarter Centennial of the University 
of Chicago before a conference of the mathematical, physical, and astro- 
nomical departments. 
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eventuated in the theory of groups which has become the 
foundation of mathematical classification. * 

Examples such as these prompt us to ask: What are the 
central problems in the mathematical research of to-day? 
Each mathematical period has its own characteristics. The 
discovery of the calculus was followed by a notable period 
which I shall term the differential and gravitational epoch 
of mathematics, in which the consequences of the new calcu- 
lus absorbed the attention, while at the same time it was 
developed as the handmaid of astronomy and physical science. 
The names of Euler on the one side, of Lagrange and Laplace 
on the other, serve sufficiently to specify the era and its 
two-fold aspects. For many reasons the last quarter of the 
nineteenth century might be termed the growp period, from 
which we have only in part emerged. I need not tell you how 
necessary it became to explore geometry and analysis under 
the guidance of the group concept. Yet there are reservations 
which must be made in designating this quarter century as 
the group period. Likewise it is necessary to qualify any 
answer to the difficult question: What is the dominant prob- 
lem or central thought in the research of to-day, if there be 
one? Nevertheless, let us be so importunate as to insist upon 
an answer, however foolhardy. 

In the field of applied mathematics probably the “problem 
of three bodies”’ can be picked out as par excellence the present- 
day problem. Already in the hands of Poincaré this has given 
a first quickening of the fossilized methods of mathematical 
astronomy. In pure mathematics, to which I shall confine 
my attention, the number of conspicuous problems is legion, 
but above them all there looms, I think, in manifold aspects 
the problem of the infinite set. Analysis, geometry, and 
mechanics alike have been rapidly and increasingly permeated 
by the point set theory of Georg Cantor, in which the central 
core is the problem of the infinite set. More and more do the 
problems in these branches require, in some form or other, 
up-to-date knowledge of the infinite set. Consider, for 
example, what is called the problem of the primitive function. 
Given a function F(x), what conditions must be imposed 








* Many kinds of geometries and number fields have come to be dis- 
tinguished. Their study and correlation are a feature of modern mathe- 
matical research which I have not found it convenient to discuss in this 
address. 
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upon it in order that there shall exist another or “primitive 
function” whose derivative is the given function? Or take 
the alternative question: What generalization shall be made 
in the notion of a derivative in order that as wide a class of 
functions as possible shall possess a primitive? Answers to 
these questions must involve a careful study of the infinite 
set of discontinuities of a function. 

The characteristic tendency in the thought of to-day 
which I have tried to grasp under the comprehensive term 
“Problem of the infinite set” is shown rather as a current 
beneath the surface than in any individual concrete problem. 
The average investigator must perforce seize upon any prob- 
lem which his brains find at hand. ‘There exist, however, 
certain fundamental principles which will aid him in finding a 
worthy one. The great mathematician Jacobi is said to have 
inculcated upon his students the dictum: Man muss immer 
umkehren. One must always seek a converse, turn a thought 
the other end to. It was by turning the elliptic integral 
inside out that Jacobi obtained his splendid theory of elliptic 
and theta functions. As other instances of the same principle 
I cite at random the implicit function theory which under- 
lies so much modern investigation, and the perception of the 
existence of transcendental numbers through failure of the 
finite processes which produce our ordinary numbers. 

Without dwelling further upon the fertility of Jacobi’s 
dictum, I wish to coin and put beside it another obvious dictum 
of yet wider reach: Man muss immer generalizieren. By this 
I do not mean cheap generalization to n dimensions or variables 
of that which has been already done for two or three. Not 
infrequently, however, generalization even to n variables is a 
problem of importance and difficulty, inasmuch as the solution 
for the special case of two or three variables may possess a 
distinctive structure and character and hence be in no way 
typical. A notable instance of such difficulty is found in 
the generalization of the ordinary second order conditions 
for the maximum of a definite integral in the calculus of 
variations, while extraordinary obstacles are encountered 
in the extension of the theory of analytic functions to two 
or more variables. But whether or not extension to n dimen- 
sions be trivial, generalization to a countably infinite number 
of dimensions becomes sublime! With a further extension 
to an uncountably infinite number of dimensions or variables 
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it might seem that we would reach a sublimated or etherial 
stage of mathematical development, but such flippant char- 
acterization would give an altogether false impression of 
Volterra’s theory of functions of lines. 

Extension to a countably infinite number of variables 
commonly affords opportunity for the finest sagacity and 
insight. An excellent program for work could be found in 
extension of almost any finite theory. It is your own Pro- 
fessor Moore whom I have heard glowingly preach that to 
every finite theory there must correspond, under proper 
limitations, a general transcendental theory with an infinite 
number of variables. What is more beautiful and simple in 
elementary mathematics than the application of the theory 
of determinants to the solution of a set of n linear equations 
in n variables 


(1° 11) 4 > O1e%, = ee Cindy = 101, 
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such a system as we learned to solve even before we reached 
quadratic equations in algebra? Now it was precisely a 
passage from this simple system of linear equations to a system 
with a countably infinite number of unknowns which gave 
to Volterra and Fredholm the basis of their theory of integral 
equations. At the limit the system of linear equations passes 
into a linear integral equation 


nile) + i Meaveniaviaenie} 


in which everything is given except the function w(a#) which 
is to be found. The solution (a, xv, -:-, 2%) of the linear 
system with the indefinite increase of m passes over into the 
solution u(a) of the integral equation, but the legitimacy 
of the passage to the limit and of the solution must be veri- 
fied in some manner. From the very outset the theory of 
integral equations has been found very useful in applications to 
mathematical physics and elsewhere. This might be expected 
because it is the generalization of the elemental theory of 
a set of linear equations. 

The solution of integral equations is only one of many 
evidences of the mathematician’s tightening grip upon the 
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infinite. The infinite increase in the number of variables 
in our mathematical problems necessitates geometrically a 
theory of space of countably infinite dimensions. Already 
a promising beginning has been made by restricting the 
attention to Hilbertian space—that is, to that portion of 
infinitely-dimensioned space for which 22,7, the sum of the 
squares of the coordinates of a point, is convergent. The 
familiar conditions for orthogonality of lines, etc., then 
generalize without material modification. 

The theory of a space of infinitely many variables is com- 
panion to an incipient theory of functions of an infinite 
number of variables. I fancy a smile, inward or outward, on 
the faces of some of the physicists and astronomers present, 
to whom such a function theory may seem highly typical of 
the theoretic, up-in-the-air character of the mathematician 
and his work. Let me try to address to you some arguments 
ad hominem. Have you nothing of such character in physics? 
In my early life, when I was hesitating between mathematics 
and physics as a profession, I first encountered Lagrange’s 
generalized coordinates, whose number, by the way, need not 
be finite. The equations for motion, energy, etc., were set 
up in terms of these generalized coordinates. I shall never 
forget how the glittering generality of the theory astonished 
and fascinated me. And when the equations were actually 
applied to sundry objects—as, for instance, to the gyroscope 
—it seemed to me then, as it almost does still, about the 
finest example of getting something intellectually out of 
nothing that I had ever come across. The very generality 
of the coordinates gives to them adaptability to the varying 
complications of physical science. Now most phenomena of 
nature depend in their final analysis upon an infinite number 
of variables. How then can it be thought that we can master 
them unless the mathematician prepares the way by de- 
veloping a theory of functions of infinitely many variables? 
The potential or force due to an electric current in a wire 
is a function of the shape of the wire and depends therefore 
upon the uncountably infinite number of its points. Indeed, 
it is not the pure mathematician who has been so hardy and 
rash as to attempt the beginning of a theory of functions of 
lines. No, the bold pioneer in this new field is no other 
than a mathematical physicist or, as we may claim with equa 
truth, a physical mathematician—Volterra, a superb interpre- 
ter of current tendencies. 
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Time fails me to speak of the closely related and funda- 
mental “functional calculus” initiated by Fréchet, certain 
aspects of which are being developed here at Chicago by 
Moore and his pupils. 

An effect, and likewise a cause, of the generalized aims 
in mathematics, of which I have thus far spoken, has been the 
creation of refined mathematical tools. Under the term 
“mathematical tool” I mean to include concepts and al- 
gorisms which are usable for the demonstration of mathe- 
matical truth. The importance of concepts broadly compre- 
hensive in their reach is shown alike by the history of geometry 
and of analysis. The open plane of Euclid yields a general 
geometry only after the introduction of ideal elements which 
we call the point, line, etc., at infinity. The creation thereby 
of a closed and perfect projective geometry was one of the 
milestones of mathematical progress in the century just past. 
Poncelet’s comprehensive principle of geometric continuity, 
justified at first rather by necessity than by adequate logic, 
was another indispensable geometric creation. In the notion 
of a group we have a concept which reaches pervasively 
through the realms of geometry and analysis. Still another 
’ example of the fecundity of the subtler concepts forged by the 
progress of science is to be found in Hill’s “ periodic orbit,” 
introduced in the theory of attraction as a norm from which 
to reckon the deviation of the orbit of the heavenly body. 

My remaining illustrations will be taken chiefly from 
analysis, partly because it is the province with which I am 
most familiar, but also because the same general tendency 
which was exhibited conspicuously in the magnificent enlarge- 
ment of geometry in the half century from 1820 to 1870 is 
to-day manifested in the broadening of analysis. Consider the 
familiar notion of an integral, apparently moulded to a finality 
in the hands of Riemann. This admits a finite number of 
discontinuities but an infinite number only under certain 
narrow restrictions. A totally discontinuous function—for 
example, one equal to zero in the rational points which are 
everywhere dense in the interval of integration, and equal 
to 1 in the irrational points which are likewise everywhere 
dense—is not integrable a la Riemann. The restriction 
became a very hampering one when mathematicians began 
to realize that the analytic world in which theorems are 
deducible does not consist merely of highly civilized and 
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continuous functions. In 1902 Lebesgue with great penetra- 
tion framed a new integral which is identical with the integral 
of Riemann when the latter is applicable but is immensely 
more comprehensive. It will, for instance, include the totally 
discontinuous function above mentioned. This new integral 
of Lebesgue is proving itself a wonderful tool. I might 
compare it to a modern Krupp gun, so easily does it penetrate 
barriers which before were impregnable. 

Some of the newer mathematical concepts resemble the 
modern telescopes, disclosing new worlds of theorems and ideas 
bound togetherina common system. Other concepts because 
of their high dispersive power act more like the optical grating, 
making new distinctions visible. This is particularly true 
of the modern theory of point sets which gives a grip on 
weird sets of points almost inconceivable in their irregularity. 
Take for consideration the two sets of points of which I spoke 
a few moments ago, the set of rational points everywhere 
dense and the set of irrational points likewise everywhere 
dense in a given interval, confusedly mixed together like 
grains of pepper and salt. Which predominates? Should 
the mixture be called white or black? Would it seem possible 
to say? Yet the theory of point sets tells us that the black— 
i. e., the irrational points—predominate; that the rational 
points are the exception and have a measure 0, while the 
irrational points have a measure equal to the length of the 
interval. The rational points are weighed in the balance 
by Borel and Lebesgue and are found altogether lacking, at 
least in measure. They afford an example of what may be 
termed a null set, that is, a set of measure 0. It is natural to 
expect that such a set of points would be without influence 
on many results—for example, on the value of a Lebesgue 
integral. This turns out to be the case. By allowing for a 
set of exceptional points of measure 0 many theorems can 
now be perceived and demonstrated which before were un- 
thinkable. 

Along with the widened aims and concepts of mathematics 
have come fresh methods and distinctive styles of thought. 
Look first at the older methods. The work of the grand old 
mathematicians of the seventeenth and eighteenth centuries 
was based on definite algorisms, such as the hypergeometric 
series of Gauss and the Taylor power series. Euler, in par- 
ticular, was astonishingly prolific in algorisms. When the 
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function theory sprang into existence it became even more 
indispensable to make elaborate studies of special algorisms 
and functions. A host of particular functions absorbed 
the attention of mathematicians—elliptic functions, auto- 
morphic functions, Bessel’s functions, other functions defined 
by differential equations, and so on. The function theory of 
Weierstrass was based on a definite algorism, the ‘Taylor 
power series. In recent times other processes and functions 
have received attention, for example, algebraic continued 
fractions and divergent series, factorial series, Dirichlet 
series, and so on. Definite algorismic work must, indeed, 
always remain of primary importance, not only on account 
of its use in calculation but also because the progress of our 
science continually introduces new functions for study. At 
the same time older processes need to be reexamined under 
modern lights,—for instance, the difference equation which 
has been considered by Norlund, Birkhoff, and Carmichael 
in the light of the analytic function theory. 

In sharp contrast with this algorismic work so character- 
istic of earlier time is a distinctively modern turn of thought 
which perhaps first found a clear exponent in Riemann. 
He presents a strange antithesis to his contemporary country- 
man, Weierstrass. Riemann bases the function theory upon 
a property rather than upon an algorism—to wit, the 
possession of a differential coefficient by the function in the 
complex plane. Thus at a stroke it is freed from dependence 
upon a particular process like the power series of Taylor. 
His celebrated memoir upon the P-function is a characteristic 
development of a whole Schar (family) of functions from 
their mutual relations. 

A first aspect of the peculiar thought-mode of which Rie- 
mann’s is a type is definition and development of a function 
from its properties. One illustration is found in the defini- 
tion of a function by building a given region point for point 
and conformally upon another given region. In severe 
cases the regions may even contain an infinite number of 
leaves properly bound together. This illustration is sig- 
nificant also of a certain modern tendency to build mathe- 
matics upon correspondence and order. The boundary value 
problems of mathematical physics afford another example of 
definition of a function through its properties. As an effect 
of this tendency we may expect ultimately a great develop- 
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ment of the incipient theory of functional equations. In 
this theory a single equation or system of equations expressing 
some property is taken as the definition of a class of functions 
whose characteristics, particular as well as collective, are to 
be developed as an outcome of the equations. 

A second phase of the same thought tendency is to be 
found in the existence theorems so characteristic of modern 
analysis. Existence proofs are, indeed, a preliminary and 
indispensable element, if functions are to be defined through 
their properties. Their réle has been discussed so often 
that I need not enlarge upon it. 

A third phase of the same tendency is the modern examina- 
tion of the postulates of geometry, arithmetic, algebra, and 
even mechanics. This postulational work seizes the material 
at the root before development sets in. It has to face the 
obvious objection that it is an exercise in sterile logic rather 
than creative mathematics. A swirling brain like Poincaré’s 
will never stop in its constructive work for abstract postu- 
lational considerations, but will leap gaps like an electric 
spark. ‘To this objection the rejoinder may be made that 
critical revision is not so far from creative thought as is 
generally supposed; that postulational theories are to-day 
much more fertile than in the past, that such postulational 
developments as Hilbert’s in his famous Foundations of 
Geometry and his foundations for a geometric group theory 
are, in fact, creative work of highest order; that Lebesgue 
formulated his concept of a generalized integral in the light of 
postulational requirements; and so on. 

In this connection the primal thought which lies at the 
bottom of Moore’s General Analysis deserves special con- 
sideration. When, he argues, a number of similar results 
in different fields are compared, the belief is forced irresistibly 
upon one that the essential oneness of the results must be 
due to identity of the hypotheses, this identity being partially 
or altogether veiled from sight by the admixture of foreign 
ingredients, as in chemical compounds. ‘To apply a technical 
term, we have before us theories to be rendered simply iso- 
morphic. The problem before the mathematician is accord- 
ingly to extract the common basis and exhibit the results 
as consequences of a common set of hypotheses applicable to 
varying conditions and objects. Thereby not only will like 
theories be coordinated, but the common underlying prin- 
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ciples laid bare will be ready for use elsewhere. Doubtless 
the mathematician will continue to be guided for the most 
part by analogy in the future as in the past, but I doubt not 
that the isolation of the common elements in like theories will 
be stimulating and productive, even as the postulational study 
of the foundation of geometry has led to the discovery of new 
geometries. The general analysis has furthermore the advan- 
tage over ordinary postulational investigations of not tapping 
the root but the sap. 

The change in method of which I have spoken centers 
largely in the prescription of properties and postulates rather 
than of algorisms. Entirely different from this is the in- 
creasing tendency to recast a problem so as to make it fertile. 
In the words which I have heard Hadamard employ, a problem 
must be “bien posé,”’ fittingly formulated in order to give 
rich result. The inner nature of the problem needs to be 
comprehended. It carries in itself its own inherent limitations 
on its solution. To illustrate by drawing upon the calculus 
of variations, the problem of minimizing the integral 
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by a function f(2) is badly formulated and does not admit of 
precise answer unless we specify the class of functions from 
which the solution is to be taken. If we take, for example, 
the solution from functions of class C™ in Bolza’s terminology 
—that is, functions which are continuous together with their 
derivatives down to the nth inclusive—the problem then 
becomes well formulated and can be tackled successfully. 
In this particular case we impose limitations in order to 
well-formulate the problem. But it is distinctly modern to 
make a problem solvable by widening it so as to make it 
more instead of less comprehensive. Thus a problem not 
possible of general solution if only functions integrable in the 
ordinary Riemannian sense are considered, may become 
so if Lebesgue integrals are admitted. In fact, the solution 
may depend upon the kind of tool employed, and a careful 
study of the adaptation of the tool to the problem and of 
the problem to the tool should therefore be made. Thus if 
the problem should involve convergence, its character and 
formulation may change according as the tool involved is 
ordinary convergence, uniform convergence, quasi-uniform 
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convergence, convergence “en moyen,” or essentially uniform 
convergence. 

In conclusion, partly by way of illustration and partly by 
way of summary, let me present a theorem which embodies 
most of the tendencies of which I have spoken. ‘This is the 
so-called Fischer-Riesz theorem, remarkable for its elegant 
character. You all know the representation of a function 
f(x) by a Fourier series, 


a 1< : 

—+— > (dn cos na + by, sin nx), 
2 T n=1 

in which the coefficients are obtained from the function by\ 

the equations 


he f f(a) cos nadz, ba= if f(x) sin na da. 


Now as Jacobi said, Man muss immer umkehren. Instead of 
representing a known function by a Fourier series, let us seek 
conversely to represent a given Fourier series by a function. 
The given series may be either convergent or divergent. We 
have now before us one of the great problems of analysis. 

But before considering the problem let us obey the injunc- 
tion: Man muss immer generalizieren. The Fourier series is 
only one of a class of series 


(I) aihi(x) + dop2(x) + ash3(z) + +--, 


in which the functions have with respect to a given interval 
(a, b) the so-called orthogonality property, 


[ d@e@de=0 G+). 


If, further, the functions have been normalized, as was the 
case above in the Fourier series, we have also 


b 
{ O7(x)da =]: 


Such a series is called a generalized Fourter’s series, of which 
many special cases are well known, as, for instance, a series 
in terms of Legendre polynomials. 

The problem now before us is to represent such a series, 
whether convergent or divergent, by a function and to derive 
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the function from the series. We shall agree to say that a 
function f(x) represents the series if 1) it is connected with 
the series by the equations 


n= J dalaiflede 


and thus generates the series in the customary way; and if 
2) the function agrees in value with the series at all points 
of the interval (a,b) for which the series is convergent. 
The questions now confront us: When will such a function 
exist? How can it be obtained from the series? To what 
extent is it unique? In this shape the problem would be 
almost or quite insoluble. The problem is not yet ‘‘ bien 
posé.”” For good formulation we must change the tool and 
use Lebesgue integrals throughout, thus extending the class 
of functions admissible for the representation of the series. 
Furthermore, in deriving the function from the series we will 
not require that the function and the series shall agree at all 
points of convergence but will allow exceptions at an infinite 
number of points forming a set of measure 0. 

It is now possible to state the theorem which Fischer and 
Riesz obtained independently by different methods. The 
necessary and sufficient condition that there shall exist a 
function representing the series (and having an integrable 
square f *(z)) is that the sum of the square of the coefficients, 
adn”, shall be convergent; in other words, the point (aj, aa, - « -) 
must lie within Hilbertian space of infinitely many dimen- 
sions. The function is completely determined save at an 
arbitrary set of points of measure zero, where we can give the 
function any value we choose. It can be obtained from the 
series by a proper grouping of the terms without change of 
order, which will render the series convergent except possibly 
at a set of points of measure 0. The study of the convergence 
of the series has brought to light two new modes of con- 
vergence, one of which, Weyl’s essentially uniform conver- 
gence, seems to me very important. The other I shall stop 
to explain briefly because it is an admirable example of 
generalized concept and because I think that it may interest 
those of you who are acquainted with the theory of least 
squares. If S,(x) denotes the sum of n terms of our gener- 
alized Fourier series (I) and if f(x) is, as before, the function 
represented by the series, the square of the error at any 
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point a of the interval is [S,(a) — f(x)]’, and the sum of the 
squares of the errors taken over the interval is the integral 
b 


| {; [Sn(x) — f(a)}’dx. As mn increases indefinitely, this error 


a 


integral approaches 0, so that the series converges “en 
moyen” (on the average) although there may be no true con- 
vergence in the ordinary sense of the term. Conversely, if 


ip [Spe (e) = Sy at) de 


can be made as small as we please by taking n sufficiently 
great, then there exists a function f(x) toward which the 
series converges en moyen. 

But enough of this. I trust that you see that the Fischer- 
Riesz theorem affords an elegant example of modern mathe- 
matical research—characteristic in its generalized sweep, 
in its creation and use of refined tools and concepts, in its 
recasting of the problem so as to make it fertile, and lastly 
in its attainment of success through point set considerations, 
involving in this case the recognition of a null set of exceptional 
points. Not a little of the work of analysts for some time to 
come must center around the numberless new notions until 
their “'Tragweite’’—their carrying power and reach—is deter- 
mined. To a great extent they have modified the character 
of current investigation. There is regretably less of the 
action and interaction of mathematics and mother nature. 
There is also insufficient study of approximation and astro- 
nomical mathematics—fields which are fortunately represented 
here by Moulton and MacMillan and which serve to counteract 
or supplement a somewhat widespread abstruse inclination 
in our country. But the newer thought does make tremen- 
dous advance when questions of theory rather than of cal- 
culation are involved, and the combination of sweeping gen- 
eralization with rigor is astonishing. ‘There remains yet to 
be accomplished the complete interweaving and correlating 
of the old and the new. We cannot see far into the future, 
but the well of mathematics will not run dry as long as there 
remains such springs as the problem of three or n bodies, 
and the tantalizing, old, yet unsolved problem of the shape 
of curves of the nth degree. 

UNIVERSITY OF WISCONSIN, 

June, 1916. 
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GRAPHICAL METHOD OF FINDING THE POSSIBLE 
SETS OF INDEPENDENT GENERATORS 
OF AN ABELIAN GROUP. 


BY PROFESSOR G. A. MILLER. 
(Read before the American Mathematical Society, April 22, 1916.) 


IF the order of an abelian group G is not a power of a prime 
number, a set of independent generators of G can be obtained 
by taking an arbitrary set of independent generators of each 
of the Sylow subgroups of G and regarding the totality of 
operators in the sets thus obtained as a single set. This is 
true irrespective of which of the two common definitions of 
a set of independent generators may be adopted. According 
to one of these two definitions any set of / operators of G 
which generate G and are such that no !—1 of them 
generate G is said to be a set of independent generators of G. 
This is sometimes called the general definition of a set of 
independent generators, and every possible group has at 
least one such set of independent generators. According to 
the restricted definition of a set of / independent generators, 
the additional condition is imposed that the group generated 
by every / — 1 of these operators has only identity in common 
with the group generated by the remaining one. 

It is evident that not every possible group has a set of 
independent generators according to the restricted definition. 
For instance, the quaternion group does not have any such 
set of independent generators. It is well known that every 
possible abelian group has at least one set of independent 
generators according to each of these two definitions, and 
that the number of the operators in such a set is the same 
under both definitions whenever the group is of prime-power 
order and has at least one set of independent generators 
satisfying both definitions. The latter statement remains 
true even when the group of prime-power order 1s non-abelian. 

Since the determination of a set of independent generators 
of an abelian group whose order is not a power of some prime 
number may be made to depend upon the determination of 
such a set of independent generators for each of its Sylow 
subgroups, irrespective of which of the two given definitions 
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of a set of independent generators is adopted, we shall confine 
ourselves, in what follows, to the consideration of the possible 
sets of independent generators of an abelian group G whose 
order is p”, p being a prime number. [For brevity it will 
always be assumed, in what follows, that the independent 
generators under consideration satisfy the restricted defini- 
tion unless the contrary is explicitly stated. 

Let H be the characteristic subgroup of G composed of 
the operators obtained by raising each operator of G to its 
pth power. The quotient group G/H is of type (1, 1, 1, ---), 
and if the order of this quotient group is p*, G has exactly k 
independent generators. Moreover, whenever G has exactly 
k independent generators the order of this quotient group 
is p*. None oi the operators of H can be used as an inde- 
pendent generator of G, irrespective of which of the two 
definitions of independent generators is adopted. According 
to the general definition of independent generators, H is com- 
posed of all the operators of G which cannot appear in some 
one of the possible sets of independent generators of G; that 
is, H is the ¢-subgroup of G. 

A necessary and sufficient condition that every operator of 
G which does not occur in H appears in at least one of the 
possible sets of independent generators of G is that no two 
invariants of G have a quotient which exceeds p, and a-neces- 
sary and sufficient condition that all the operators of G which 
are not contained in H are conjugate under the group of iso- 
morphisms of G@ is that all the invariants of G are equal to 
each other. When the latter condition is satisfied a set of 
independent generators of G can be chosen in 


Cie lL) (PY tp) peep pe) 


different ways. The first of the factors in this product repre- 
sents the number of ways in which these independent gener- 
ators can be selected after the co-sets from which they are to 
be taken have been determined, while the product of the other 
factors represents the number of ways in which these co-sets 
can be chosen. 

Since the order of the group of isomorphisms of any abelian 
group is equal to the number of different ways in which a set 
of independent generators of the group can be selected, it 
results that the above formula represents the order of the 
group of isomorphisms of G whenever all the & invariants 
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of G are equal to each other and only then. The same formula 
clearly represents the number of ways in which a set of 
general independent generators of G can be chosen irrespective 
of whether the & invariants of G are equal to each other or do 
not have this property. 

Suppose that a set of independent generators of G contains 
ky, operators of order p”, kz of order p™, ---, ky, of order p%, 
ai<ag<-++ <a. Then fi t+h+---+h =k, and 
G contains exactly p“ — 1 co-sets with respect to H which 
involve operators of order p* but no operators of lower order. 
These co-sets together with H constitute a subgroup H, of G 
which includes all the operators of G whose orders do not 
exceed p*. ‘The co-sets which involve operators of order p%, 
but no operators of lower order, together with H, constitute a 
subgroup H» of G which includes all the operators of G whose 
orders do not exceed p™, etc. 

A necessary and sufficient condition that any given operator 
of G appears in at least one set of wndependent generators is 
that it belongs to a co-set of G with respect to H and that it ts 
one of the operators of lowest order in this co-set. If such an 
operator is of order p*, the co-set in which it occurs has as 
many operators of order p* as there are operators in H whose 
orders divide p*, a1 S a Sa,. Hence the following diagram 

















| Co-sets of G as regards H whose smallest operators are of order 























H 
D4 pe . ° . e . . . . pra 
Possible in- 
ch Pd dependent 
3% | generators] Possible in- 
48 _|| oforderp%| dependent 
i generators 
i of order p%2 
Ea 
roi ete Possible in- 
S | dependent 
a generators 
of order 
o) 
si 
o) 
Pe 
oe 
S 
re 
Fe) 











ptr—1 








| 


1916. | GENERATORS OF AN ABELIAN GROUP. 17 


may serve to exhibit the operators from which a set of inde- 
pendent generators must be selected: 

This diagram exhibits not only the poet are from which 
the independent generators of different orders must be selected 
and the operators which cannot be used as such generators, 
but also the number of ways in which the independent gen- 
erators of any possible order can be chosen. For instance, if 
G contains independent generators of order p*y and if p*y is 
the order of the subgroup of H which is composed of all its 
operators whose orders divide p*y, then the k&, generators of 
order p*y can be chosen in a number of ways represented by 
the moo product: 

pire tiethy vy pty — 1)(phy — p) +++ (phy = ph), 
where k,-1= 0 when y=1. The order of the group of 
isomorphisms of G is therefore equal to 


y=A 


I ae ee ADL) tp p) - a (papers). 
be : 


Instead of considering the co-sets of G with respect to H 
we may consider the co-sets of H; with respect to H, then 
those of Hz with respect to Hi, etc. Finally, those of G with 
respect to H,_; are considered for the purpose of finding the 
possible independent generators of highest order. According 
to this method, the determination of the possible sets of 
independent generators of G is simply a repetition of the 
process employed to determine the independent generators 
of G which are of order p™ and are contained in H;. This 
method of determining the possible sets of independent 
generators of G has contact with the method described by 
the writer in the Téhoku Mathematical Journal, volume 2, 
1912, page 1387. Its main advantage is due to the fact that 
it exhibits clearly the operators which can appear in some 
possible set of independent generators. 


UNIVERSITY oF ILLINOIS. 
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ON THE DEVELOPMENTS IN BESSEL’S 
FUNCTIONS. 


BY PROFESSOR CHARLES N. MOORE. 


(Read before the American Mathematical Society, January 1, 1916.) 


In studying the developments in Bessel’s functions it is 
found that the behavior of the series at the origin and in a 
neighborhood including the origin is, in certain cases, difficult 
to determine. For example most of the proofs of the con- 
vergence of these developments leave unsettled the question 
of the convergence at the origin of the developments in Bessel’s 
functions of order zero. Also, most of the discussions of the 
uniform convergence of these developments leave unsettled 
the question of the uniform convergence of the developments 
in a neighborhood including the origin. Yet for many of the 
applications to mathematical physics it is essential to settle 
both of these points in order to be sure that we have a solution 
of the physical problem we are discussing. 

It was a consideration of these facts that led the writer 
several years ago to devise a method of establishing the 
convergence of the developments in Bessel’s functions that 
would settle both of these questions under conditions suf- 
ficiently wide for the applications.* The method referred to, 
however, serves only to establish the convergence or uniform 
convergence of the developments, and it is necessary to 
determine the value to which they converge by means of other 
considerations. In the paper just referred to this was done 
by using the results of previous writers in connection with 
the value of the developments. As these results are obtained 
by means of long and complicated discussions, it seems highly 
desirable to have some fairly simple method of determining 
the value of the development when we know it converges. 
Such a method is given in the present paper, and consequently 
this paper combined with the previous one gives the first 
complete discussion of the convergence and, value of the 
developments in Bessel’s functions under conditions that are 
usually satisfied in the applications. 


* Cf. Transactions, vol. 12 (1911), p. 181. 
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The method used here was first suggested by Sturm and 
Liouville in connection with the Sturm-Liouville expansions, 
and the application of it to these expansions was sketched 
out by them.* Some forty years later Heine attempted to 
apply this method to the developments in Bessel’s functions. + 
His treatment of this case is inadequate, however, for by 
omitting practically all the details he avoids all the diffi- 
culties. Moreover, it is apparent that he did not himself 
examine the details of the proof with sufficient care, for he 
fails to note the presence of an extra term in the development 
in certain exceptional cases, a fact first observed by Dini.t 

The cases just mentioned are not essentially exceptional 
but only appear so on account of the notation ordinarily 
employed. As pointed out before,§ they can be included in 
the general treatment by 1 means of adopting the following 
notation. We set 


_[(«\< (—1)* (dx)”* i 
Bee lA; »=(5) 2 aT iL TN til y(Az) 


and consider the series 


{h SN A ED Ty er 
(2) FF, ee eee ee 
a [elle aRde 


where the 2’s are the successive roots, positive or zero of the 
equation 


(3) w(d) = | 1 F.0, x) + hFA, 2) | se AU 


a 





Me 


Ag. (Agee 


1 


arranged in increasing order of magnitude. 

The object of the present paper is to show that whenever 
the series (2) converges or is summable at all points of the 
interval 0 = « =1 at which f(z) is continuous, then under 
certain conditrons to be stated subsequently the value of the 
series at each of these points will be f(z). We will begin by 
establishing some lemmas. 


* Cf. Liowville’s Journal, vol. 2 (1837), p. 220. 

+ Cf. Crelle’s Journal, vol. 89 (1880), p. 35. 

t Dini, Serie di Fourier, Pisa, 1880. 

§ Cf. Transactions, vol. 10 (1909), p. 420, and vol. 12 (1911), p. 182. 
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LemMa 1. The integrals 


2k (8; 2) 

see (g — ay sta OF 
LA ae ae 
271 Jp, (2— a)z’F,(z, 1) 


where w(z) ws defined by (8), 1 not being zero, and the path of 
integration rs a rectangle in the complex plane with vertices at 


the points (k, Vk), (— k, vk), (— k, — vk) and (k, — vb), 


k being chosen equal to 


ans 





(4) 





dz (aa real constant), 


i WAP 4: 
7 (na positive integer), 








(5) nr+ wT or nr+ 
according as we are considering the first integral or the second 
integral, will approach zero as n becomes infinite, provided x 
lies in the rnterval O << a <1. 

We shall give the proof in detail for the first only of the 
integrals in (4), the treatment of the second integral being 
analogous. 

We have for J,(z) the following asymptotic expansion* 





OO aoK = [e—O(1 + Ax(z, »)) + e+ az, »))], 


hee! 


where y = 4(2v + 1)z and 


Ky Ko 0 
(7) |O1(z, v) |< Tel’ | A2(z, I< Ty Gas, 


K, and K, being positive constants for a fixed value of v. 
Making use of (1) and the well-known relation 


(8) J'@) = — Fe) +250), 
we obtain 


* Cf. H. Weber, ‘‘Zur Theorie der Bessel’schen Functionen,”’ Math. 
Annalen, vol. 87 (1890), p. 404. Equation (6) above results from a combi- 
nation of equations (19), (30) and (33) | of the paper referred to, and is 
established there for all values of »y > — 2, and for all values of z whose real 
part is positive. It can be at once extended to values of z along the axis of 
imaginaries, the origin being excepted, on account of the continuity of all the 
functions involved, and for values of z to the left of the axis of imaginaries 
we can get a corresponding expression by means of the relationship J,(—z) 


=(—1)"J1(z) 
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(9 wl) = [lle + DW,(2) — kaa) 


For the sake of brevity we set 
= 64(+ By v), 6’ a A4(+ aX, v), 0, = Oo(+ By v), 
00’ — Oo(-b au, v), 03 a 0x(+ mV AG Lr); 04 = 6o( BV a 1). 


Then if we further set z = p-+ qi and make use of (1), (6), 
the extension of (6) indicated in the previous footnote and (9), 
we see that the integrand of the first integral in (4) may 
be written in the form 


afetePe—er (1 4 Gy’) + eo M+P*Me*2(1 4 6,')] 
Va(s — a) [FF lz {el*?-y- e*4(1 + Qs) 


+ Femi St Sek bad AN ol (Qi + 64) } + (ly + h) 
xX fe? Mer 1 + O,) + eo? -Ye*(1 + 2) 1]. 


For points on the sides of the rectangle R, that are parallel 
to the y-axis, 1. e., for values of 2 of the form + k + 2q, where 
k has the first of the values (5), (10) reduces to 


ere Pgbcesern Li | + 6’) | ere eat GI + 0,’) 
Fh vee{t (m+ 3)e +) — at ig} (et + €8)(1+ 45)’ 
where for large values of |z]|, 65 is an infinitesimal of the same 
order as the other 6’s._ It is readily seen from this latter form 
that if n is chosen large enough to make 6’, 62’ and 6; each 


less in absolute value than 4, the integrand in (4) will for the 
values of z under consideration be less in absolute value than 


6 
Ivx{(n+43)r+y— a}. 


Hence the contributions to the first integral in (4) from the 
integrations along the sides of the rectangle parallel to the 
y-axis, will be less in absolute value than 


1 24Vin+43)r+y 
2m 1ve{(n + 4)m + oy — a} 


and therefore will approach zero as n becomes infinite. 








(10) 





rel Oe 





(11) 
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For points on the sides of the rectangle R, that are parallel 


to the a-axis,.1. e., for values of z of the form p+ ivk, k 
having the same value as above, (10) reduces to* 


gis Pe—)pt (= WV kx (4 a 6,’) ue eka pe—y)oe(=)Vkx(y Sie 62’) 
= I Vie( p—at(4)iVintd)at ye! ter ler-y- P(] L g)” 


where for large values of |z|, 6, is an infinitesimal of the same 
order as the other @’s. It is readily seen from this form that 
if n is chosen large enough to make 6), 02, and 6 each less 
in absolute value than 4, the integrand of the first integral 
in (4) will for the values of z under consideration be less in 
absolute value thant 








6 
LVa((n + B)r + yet-2 tb ty” 
Hence the contributions to the first integral in (4) from the 
integrations along the sides of the rectangle parallel to the 
x-axis, will be less in absolute value than 
lees 24} a) eee 
27 IVe((n+h)ar+ yea)" (nts) ty : 








(12) 





and therefore will approach zero as n becomes infinite. 

Combining the previous results it is seen that the first 
integral in (4) is for large enough values of n less in absolute 
value than the sum of (11) and (12). Hence it approaches 
zero as n becomes infinite, and thus our lemma is proved for 
this case. As stated before, the proof for the other case is 
analogous. 

Lemma 2. The function J,(ax), where a rs a real constant 
+ 0, can be expanded into a series of the form 


oO 


(13) Bak Ons 3 


n= 





* The ambiguous signs enclosed in parentheses form an independent set 
from those not so enclosed. 

} For the corresponding values of z the integrand of the second integral 
in (4) can be shown to be less in absolute value than 


12 
Ne(nm + 7)3” 
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where d1, 2, A3, +++ are the roots, positive or zero, of equation 
(3) for the case | + 0, arranged in increasing order of magni- 
tude, the B’s are constants, and the series converges uniformly 
on the interval OS 2 = 1. 


Let us set 


(14) v(2) 


u(z) > gyri 


oe) 





Then if we make use of Cauchy’s theorem of residues, we ob- 
tain for the first integral in (4) 


F(z) 4, _ Fel 2) 


pz, (@— a)u(z) ~ ula) 








1 F(A, t) 
Ore + UAH a)u'ay’ 
where the summation on the right-hand side is extended over 
all values of \ that are roots of the first order of w(A) and lie 
within the rectangle Rn. 

Since for every positive root of (8) there is a corresponding 
negative root, equal in numerical value, there will be two 
terms on the right-hand side of (15) corresponding to each 
positive root of (3). We shall now combine these two terms 
into one of the same type as the general term of (13). 

Since from (14) any positive root of w(zg) is also a positive 
root of u(z) and v(z), we have for any positive root \ of (3) 


r y+1 f 
(6s) wy = LN 





But from (14) and (9) 
VA) = + h)’A) — Wai) — AIT), 
which by means of (8) and another well-known formula, 


1 
Foal) = Tl) — "= Isle, 


may be put in the form 


G7) 10) = — Mend) +2 7.0). 


Moreover, since \ is a positive root of (3) and the / of (8) has 
been assumed to be not zero, it follows from (9) that 


saa hy 





(18) Jy41(d) = J,(X). 
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Combining (16), (17) and (18), we obtain 


P(v? sei V7) pt h2 
Sects 


It follows from (1) and (19) that 
F\(— d, x) = FLA, 2), u'(— dA) = w'(A). 


(19) u'(\) = J,(). 


Hence the two terms on the right-hand side of (15) corre- 
sponding to \ and — A combine into the form 


2alr? 


@- are -rhO DD! x). 


(20) 


We know from Lemma 1 that for values of x in the interval 
0<a<_1 the left-hand side of equation (15) approaches 
zero as n becomes infinite. Hence the right-hand side does 
also, and if we take limits we obtain for J,(aa) a series of 
the form (13),* where 

v+1 v2 
(21) ne 2a’tlu(a)lr 


(A? ta?) [PAY = 7) Seen a 


and we know that the series converges to J,(aa) in the interval 
0<a<1. It follows at once from the form of B, and well- 
known properties of the roots of (8) that the series converges 
uniformly throughout the interval 0 = 2 =1, and hence it 
represents J,(axz) throughout that interval. Our lemma is 
therefore proved. 


Lemma 38. The function J,(ax) — x’J,(a), where a is @ 
real constant + 0, can be expanded into a series of the form (13) 
where di, Xe, A3, «++ are the successive positive roots of equation 
(3) for the case | = 0, arranged in increasing order of magni- 
tude, the B’s are constants, and the series converges uniformly 
an the interval 0 = teed, 

If we treat the second integral in (4) in the same way as we 
treated the first integral in the proof of Lemma 2, we obtain 
for the function J,(av) — 2’J,(a@) a series of the form (13) 
where 








* It is apparent from (9) and (14) that w(z) will have a zero root of the 
first order when and only when (3) has a zero root. As would be expected, 
the coefficient of the general term of the series (2) for the case where 
f(x) = Jv(ax) may be reduced to the form (21). 
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2 2a’? F(a, 1) 
MEN Age) yaa Ay Lye 


and we know that the series converges to the function in 
question throughout the interval O<a< 1. It follows 
directly from the form of B, and well-known properties of 
the roots of J,(A) that the series converges uniformly through- 
out the interval 0=2=1. Hence it represents J,(az) 
— x’J,(a) in that interval, and our lemma is proved. 


Lemma 4. Jf in the interval OS x2 = 1, V(x) ws defined 
and such that a(x) has a Lebesgue integral in this interval, 
and uf furthermore 


(23) i(k ay (x) Fn a)dax = 0 (n i Me 2, 3, ty 4) 





(22) Bn 


where i, X2, 3, +++ are the successive roots, positive or zero, of 
equation (3), then (a) is zero at every point of the interval 
0<a< 1 at which it rs continuous; rt 1s zero for x= 1 of 
continuous for that value and the | of equation (3) + 0, or af a 
as continuous at that point and at an infinite number of points 
un us neighborhood; it 1s zero for x = 0 af it is continuous at 
that point and at an infinite number of points in its neighbor hood. 


The proof is somewhat different in the two cases where 
the / of equation (8) is different from or is equal to zero. 
We shall consider first the former case. 

By Lemma 2 the function J,(av) may be expanded into a 
series of the form (13) that converges uniformly in the interval 
0=22=1. Multiplying the series by ay(x) and integrating 
term by term* from 0 to 1, we obtain in view of (23) 


(24) { ay (a)J,(ax)dx = 0. 


If in this equation we replace J,(ax) by its development in 
a power series, integrate term by term,t and divide through 
by a’, we obtain 


0 = Sa (= 1)'at “ethiy(n)de 
gone Pe ite 1) oo ai 


*It follows from the uniform convergence of the series for J,(ax) and 
the fact that xy¥(x) has a Lebesgue integral in the interval 0O=7=1 
that we may obtain the value of the integral on the left hand side of (24) 
by integrating term by term. 

+ The justification is the same as before. 
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and this equation is known to hold for all real values of a 
except zero. Since both sides of the equation are analytic 
functions, it follows that the equation holds for all values 
of a and therefore that the right-hand side is identically zero. 
Hence we have 


(25) i eek) Oe = 0 (a se jb 2, 3, ve *); 


and therefore ¥(x) is zero at every point of the interval 
0 < #1 at which it is continuous,* and is zero for x = 0 if 
continuous at that point and at an infinite number of points 
in its neighborhood. 

Let us now consider the case where the / of equation (8) 
is zero. Making use of Lemma 3 in the same way as we made 
use of Lemma 2 in the discussion of the previous case, we 
obtain in place of equation (25) the relation 


if hth (925 — (a de =O le eee 


From this we readily obtain 


1 
i et itet(o? — 1 )W(r)da 00 =. 0a ee 
0 


Hence y(a) is zero at every point of the interval 0 < a < 1 
at which it is continuous, and is zero for x = 0 or x = 1 if 
continuous at these points and at an infinite number of points 
in their respective neighborhoods. ‘Thus our lemma is com- 
pletely proved. 

We are now ready to prove the following theorem. 


THEOREM: If the function f(x) defined for the interval 
0 = 2 =1 2s such that af(x) has a Lebesgue integral in this 
interval, and if the series of the form (2) corresponding to f(x) 
converges or 1s summable at all points of the ntervalO Sa Zl 
at which f(x) ws continuous, defines a function o(x) that rs 
continuous at those pointst and such that xe(x) has a Lebesgue 


* Cf. Lerch, Acta Mathematica, vol. 27 (1903), p. 847. Also the writer, 
BULLETIN, vol. 14 (1908), p. 368 and vol. 15 (1908), p. 116. The proof 
of the theorem referred to is given in these papers for Riemann inte- 
grability; it applies equally well for Lebesgue integrability except at the 
point x = 0, where our added condition is necessary to complete the 
proof in the same way as it is completed in the writer’s footnote on p. 371 of 
the first reference above. 

+ The point x = 1 is to be excepted for the case 1 = 0, unless f(1) = 0. 
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integral in the same interval, and can be integrated term by 
term over this interval after beong multiplied through by a func- 
tion that 1s continuous there, then the serves will converge or be 
summable to f(x) at all points of the interval 0 << x < 1 at which 
f(x) ts continuous;* i will converge or be summable to f(x) 
for x = 1 af f(x) 2s continuous there and | + 0, or af f(x) ws 
zero for x = 1, and is continuous at that point and at an infinite 
number of points in rts neighborhood; rt will converge or be sum- 
mable to f(x) for x = 0 af the function 1s continuous at that 
point and at an infinite number of points in its neighborhood. 


We have 

f ST COMO Aa ret 

ff 20.0, 2yPae 
Multiplying by zF,(An, x) for n = 1, 2, 8, --- and integrating 


from 0 to 1, we obtain, in view of the fact that the F’s form 
an orthogonal set, 


[at [o(x) — f@)|FLOn, ede =0 (n= I, 2,3, +++). 


g(x) = DF (An, 2) 


From this equation and Lemma 4 our theorem follows at once. 


UNIVERSITY OF CINCINNATI, 
June, 1916. 





SECOND NOTE ON REMOVABLE SINGULARITIES. 
BY DR. W. E. MILNE. 


In a “Note on removable singularities’’+ the writer stated 
a theorem{ concerning removable singularities for functions 
of several complex variables. An analogous theorem, with 
less restrictive hypotheses, is the following 





* The convergence or summability to 3[f(2 + 0) + f(x — 0)] at points 
where f(x) has a finite jump does not follow directly from the present 
method. It can be obtained from the convergence or summability to f(z) 
at points of continuity by a method given by the writer on pp. 428-429 
of the paper in volume 10 of the T'ransactions, referred to above. 

{| BULLETIN, vol. 21 (1914), pp. 116-117. 

t The proof there given for this theorem is incomplete, as Dr. Dunham 
Jackson pointed out. The gap is filled by the proof here given. 
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THEOREM. Let the function o(21, +++, 2n) of n complex 
variables, n > 2, be analytic in the region (S) = (Sy, «++, Sn) 
except for the points of a manifold M of such character that, when 
the n — 2 variables z3, +++, Zn are given any fixed values in 
their respective regions, the points of M whose last n — 2 
coordinates are the above 23, «++, 2n are isolated, and thus 
their first two coordinates 21, 22 lead to isolated points in (S84, 
S.). Then the function © has a limit in the points of M, and 
af defined as equal to its limit will be analytic without exception 
un (S). 

Proof. Let P : (a1, +++, Gn) be any point on M, and hold 
23, ***, Zn fast at (a3, ++, dn). Since the points in (Sj, Se) 
corresponding to (a3, +++, Gn) (i. e., points (21, 22) such that 
the points (21, 22, @3, «++, Gn) are points of M) are isolated, it 
is possible to draw circles c; about a; and cz about a2 small 
enough to exclude all the points thus arising except (a1, a2). 
Let t; be on c; and tf, on cg. Then ¢ will be analytic at (t, te, 
3, ***, Qn) since this point is not on M, and hence to each 
(41, f2) corresponds a positive number K such that o(h, fo, 
23, ++, 2n) is amalytic in 23, °++, 2, when |z;—a;| < K. 
Since the set of points (1, #2) 1s closed it is easily seen that 
the lower limit Ko of the corresponding set of K’s is not zero, 
so that o(t, to, Bena) Zn) 1s analytic in 23, ---, 2, When 
lz: — ai] < Ko, 7 = 3, +++, n, for every point (t, f) on cy 
and Cp. 

Now @ may be so defined on M as to be analytic in 2 
and zo throughout (S;, S2) for every choice of 23, -+-, 2, in 
(S3, +++, Sn), because the singularities in (S;, S:) are isolated, 
and isolated singularities for a function of two complex vari- 
ables are removable. Therefore if 2; is inside c; and 2 in- 
side cz we have 


( a (= ) Were ies to, ORs kts Zn) dt dty 
Yg 21) e 5) a) STF Qt (ty Bs 21) (te pam 20) e 


The right-hand side of this equation is analytic in all  vari- 
ables together at the point P, and therefore ¢ is analytic in 
alln variables at P. Since P was any point on M, the theorem 
is established. 

Remark. Two important classes of singular manifolds to 
which the above theorem will apply were suggested to me BY, 
Professor Osgood. 
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The first is the class of manifolds defined in the neighbor- 
hood of a point by two equations 


Fy (21, ad ik Zn) = 0, P3 (21, rts. 3 Zn) — 0, 


where F and fF» are each analytic at the point in question and 
vanish there, but have no common factor there. Suppose for 
simplicity that the point is the origin. Then by Weierstrass’s 
theorem of factorization it will be possible, at least after a 
non-singular linear transformation of the independent vari- 
ables, to write 


F, = [ey + ete =e he che ae A»]O(21, Hot ae is 
F, a [z1” = Digs ar far it as BW (21, cas cay 


where the A’s and the B’s are functions of 22, «++, 2n which 
are analytic at the origin and vanish there, while 6 and w are 
analytic at the origin and do not vanish there. The resultant 
of the polynomials in brackets is a function R(zo, ---, Zn) 
analytic at the origin and vanishing there, but not identically 
zero. Hence we can make a linear transformation of 22, +++, Zn 
so that R(z2, 0, ---, 0) is not identically zero. Now it will 
be seen that when 23, ---, 2p are all held fast at the origin the 
point 2; = 0, 2. = 0, ---, 2, = 0, is an isolated point of the 
manifold M. For in a sufficiently small neighborhood of the 
origin in the z -plane the function R(z, 0, ---, 0) vanishes 
only when 22 = 0; and when zg. = 0, 23 = 0, ---, 2n = 0, the 
only common solution of Fy; and Ff, in the neighborhood of 
the origin in the 2;-plane is 2; = 0. 

The second class is the class of (2n — 4)-dimensional real 
manifolds which are regular at the point in question (which 
we may again take as the origin). For then M is defined by 
the equations 


2; = gilh, -++, tn) HV — lilt, ---, tn), 
(= 12, +: n; m= 2n — 4), 


where the g’s and y’s are single-valued real functions of the 
real parameters t1, -+*, tm which vanish at the origin and 
have continuous first partial derivatives there. Moreover 
the matrix 
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is of rank m at the origin. A general homogeneous linear 
transformation of the 2z’s, 


” 
T: 2," = Dist Aij2;; 
j=1 


yields a linear transformation 7” of the ¢g’s and y’s of the 
form 


3 


g: = (a:39; — Bish), 


S 
ll 


oe 
Wi =D 1 (Bisej Pus) 
j= 


where aj; = ai; +V—18,;. If 7’ is non-singular then T is 
non-singular. Let 6 be the matrix of the transformation T’ 
and @ the matrix corresponding to a after the transformation. 
Then 

a=dXa. 


The m-rowed determinants in @ are polynomials in the a;; 
and @;; which are not identically zero, since a is of rank m. 
Therefore a particular transformation 7’ may be chosen so 
that all the m-rowed determinants in @ are different from 
zero and also so that T’ is non-singular when ft = tf, = ::- 
=t,n= 0. Then after the transformation 7 corresponding 
to T’ has been made, if 23, ---, 2, are all held fast at the 
origin, the point z; = 0, z2 = O is an isolated point of M. 


Bowpbo1n COLLEGE, 
April, 1916. 
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THE MITTAG-LEFFLER TESTAMENT AND 
INSTITUTE.* 


WE the undersigned, modifying our joint testament of 
January 6, 1883, do here declare our last will, which is to 
bequeath all our possessions, after our deaths, to a foundation 
bearing the name Mittag-Lefller Mathematical Institute. 

This institute shall have for its purpose to maintain and 
develop still further the position now held by pure mathe- 
matics in the four Scandinavian countries of Sweden, Den- 
mark, Finland, and Norway, but especially in Sweden, and 
also to make known and appreciated at its true value beyond 
their borders the share of these countries in the highest sphere 
of intellectual life. 

In the accomplishment of this task, no objects other than 
those mentioned above shall be considered. No account shall 
be taken of personal friendships, or of the desire to lend 
pecuniary assistance to those in need. Neither shall any 
consideration be given to the needs of practical life, to examina- 
tion questions, to political opinions, or to the aims of any 
science other than pure mathematics. 

The Institute shall accomplish its task as follows: 

1. By preserving and enriching the mathematical library 
of the undersigned G. Mittag-Leffler, with all that appertains 
to it in the way of manuscripts, portraits, family collections 
and souvenirs, and other objects. 

The library shall remain in the large stone villa situated on 
our property in quarter No. 16, called Mitgard, at Djursholm, 
and shall not be incorporated in any other collection of books. 
The villa has been built and arranged with this purpose in 
view, and contains several rooms in which readers can work 
without disturbance. 

The small part of the villa which is now used as a dwelling 
shall also be devoted, after our deaths, to the library. 

The library shall be open to all mathematicians, but, to 
prevent abuses, only under the authorization of the presi- 
dent of the executive committee of the Institute. The books 





* Che following extract from the Mittag-Leffler testament was published 
on the occasion of the celebration at Stockholm of Dr. G. Mittag-Leffler’s 
seventieth birthday, March 16, 1916. It is translated for the BULLETIN by 
Dr. CAROLINE E. SEELY. 
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shall not be lent out, and shall be used only in the library 
building. 

2. By granting fellowships, for study at home or abroad, to 
young people of both sexes, belonging to the four countries 
above named, who have given evidence of real aptitude for 
research and discovery in the domain of pure mathematics. 

Moreover, works of unusual importance, written by in- 
habitants of these countries, may be made the objects of 
special recognition, in the form of a gold medal, of the same 
form and design as the small Nobel medal, and as long as 
copies shall remain, of a set of the Acta Mathematica, in a 
special binding bearing the name of the author crowned. 

3. By awarding prizes for discoveries really worthy of the 
name in the domain of pure mathematics. These prizes shall 
be given without regard to the nationality of the author. 
He may belong to any country whatever, and inhabitants of 
the four Scandinavian countries shall not enjoy, in this 
matter, any privilege. The prize shall be awarded only for a 
discovery bringing with it new ideas of such a nature that 
they give a new impetus to the science. It is desirable, how- 
ever, that the prize be awarded once at least in every six 
years. This prize shall consist of a large gold medal and a 
diploma, of artistic design, the latter stating the scientific 
reasons for the award, and of as complete a set as possible of 
the Acta Mathematica, in special binding bearing the name of 
the recipient. He shall be invited to appear personally at 
Djursholm to receive the prize, a suitable appropriation for 
his travelling expenses being made. The prize shall be pre- 
sented at a special ceremony in the great hall of the library. 

4. When the annual revenues of the Institute shall exceed 
the amount indicated below, there may be created, beside 
the post of director, other remunerated positions, whose 
holders shall devote themselves to exclusively scientific writing 
and teaching in the domain of pure mathematics. 

To the preceding provisions the following shall be added: 

A. The Executive Committee of the Institute shall be 
composed of the Swedish members of the first class (pure 
mathematics) of the Royal Academy of Sciences, together 
with Professors Ivar Fredholm and N. E. Norlund, during 
their lifetimes. The Director of the Institute shall also be a 
member. The Committee may also add to its membership, 
for a suitable period, any Swedish mathematician of real 
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eminence who shall agree entirely with the motives that have 
actuated us but who shall not yet have become a member of 
the first class of the Academy of Sciences. There may also 
be added to the Committee a mathematician from one of the 
three other Scandinavian countries, under the same conditions. 

B. As soon as possible, there shall be appointed, to fill the 
post of scientific and executive Director of the Institute, a 
mathematician of eminent rank, who shall appear particularly 
qualified for this charge, and whose activities shall be devoted 
exclusively to personal research and shall contribute, at the 
same time, to the ends pursued by the Institute. He shall 
also, when suitable occasion arises and for strictly scientific 
purposes, give courses of lectures for a limited number of really 
gifted auditors. 

From the material standpoint, he shall be placed in a more 
advantageous position than any professor of mathematics in 
any University in the four Scandinavian countries. He shall 
be domiciled at Djursholm, and if possible in the imme- 
diate neighborhood of the library. An appropriation shall 
be made for his house rent until a special building shall 
have been fitted up for his use. His nomination shall be 
made, on recommendation of the Committee, by His Majesty 
the King, if, as we venture to hope, His Majesty deigns to 
consent. 


e ° 


E. At least once in every six years, the Institute shall hold 
a special meeting. The mathematicians of the four Scandi- 
navian countries shall receive a personal invitation to attend. 
We hope that, in consideration of the importance of the 
Institute for these countries, all will be present if possible. 

It is to be desired that the day of this meeting be chosen to 
coincide with the date of the meeting of the congress of Scandi- 
navian mathematicians at Stockholm. On this occasion shall 
be read a report of the activities of the Institute since its last 
special meeting. ‘The ceremony shall be invested with a 
character of dignity that shall emphasize plainly the elevated 
mission of the mathematical sciences, as well as the purpose 
of the activities of the Institute. 

Finally, I, the undersigned G. Mittag-Leffler, wish to de- 
clare that the model which I have had in mind for the Insti- 
tute founded by my wife and myself, is the Institut Pasteur 
at Paris. It seems to me that this Institute has fulfilled the 
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mission of a center of scientific research better than any uni- 
versity or academy. The universities have everywhere, in 
addition to their scientific task, another that often interferes 
very seriously with it, namely the training of teachers and 
officials. As for the academies, which have been the most 
effective institutions from the scientific standpoint up to the 
present time, they suffer from two disadvantages: on the 
one hand, the main activities of most of their members are 
not confined to their interests, and on the other hand, when 
this is not the case, the scientist lacks the stimulus to his own 
investigations to be found in guiding or assisting the researches 
of others. Our Institute is not connected with an establish- 
ment where experimental research can be carried on, but 
on the contrary, in conformity with the needs of pure mathe- 
matics, with a special and very complete library. 

One may find in our country sufficient possibilities for the 
creation and organization of institutes for the natural sciences, 
but very few people, apart from specialists, understand the 
importance and the mission of pure mathematics. That is 
why the undersigned, G. Mittag-Leffler, has always desired 
to be able to found an institute like that which we hope to 
have established by this testament. 

Our testament owes its origin to the lively conviction that 
a people that does not accord to mathematics a high place in 
its estimation, will never be in a position to fulfil the most 
lofty tasks of civilization, and to enjoy, in consequence, that 
international consideration which is itself, in the end, an 
effective means of preserving our place in the world and of 
safeguarding our right to live our own life. 


The testament contains finally some directions to the effect 
that the Institute shall enter upon its activities on the death 
of G. Mittag-Leffler, except for certain life interests to be 
assured to Madame Signe Mittag-Leffler, and certain direc- 
tions with regard to the administration of the estate and 
to certain small life interests and other allowances. 
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THE MADISON COLLOQUIUM LECTURES ON 
MATHEMATICS 


Part II. Topics in the Theory of Functions of Several Complea 
Variables. By WiLtt1AmM Foaa Oscoop. New York, Ameri- 
can Mathematical Society, 1914. 


THE transition from the theory of functions of a single 
complex variable to the analogous theory for two variables 
corresponds in the domain of reals to a transition from func- 
tions on a plane to functions whose arguments are points of 
a four dimensional space. Generalizations from two to three 
real dimensions frequently involve great difficulties, even with 
the aid of our geometrical intuitions of the plane and three- 
space. It is not surprising therefore to find that familiar 
theorems concerning functions of a single complex variable 
either have no analogues at all, or else yield a multiplicity of 
generalizations, when the number of independent variables 
is increased. In the plane, for example, we have only the 
theory of connectivity associated with curves, while in space 
of four dimensions there are three kinds of connectivity corre- 
sponding in an analogous way to curves, surfaces, and three- 
spreads. On these subspaces of different dimensions there 
are theories of integrals corresponding to the curve integrals 
which play such a fundamental réle in the theory of functions 
of a single complex variable. 

The increase in complexity mentioned in the preceding 
paragraph arises from the greater multiplicity of geometrical 
configurations in the higher spaces. But there are also 
serious analytical obstacles to the extensions of the theory of 
functions of a single complex variable. Thus for a function 
f(z, 22) of two variables 2; = 41+ 241, 22 = 2+ ty. the 
familiar potential equation is replaced by the system 


Ou . du Ou . Ou 
Basie dy? soaain omnes 
O7u 07u O7u 07u 





Bd amatiouin ) fosidenman oie 


which admits of a much greater variety of initial conditions 
and is in other respects also more formidable. 
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A typical example of a theorem which breaks down entirely 
in the higher spaces is the following: Let g(a, y) be a function 
of two complex variables analytic at the origin and having 
¢(0, y) = 0. With the help of the preparation theorem of 
Weierstrass ¢ can always be decomposed into a product of 


the form 
p(x, y) pe Ges y) M (a, Y); 


where P(a, ¥) is a polynomial in y with coefficients which are 
series in x without constant terms, while M is a series in x 
and y with non-vanishing constant term. Ina suitably chosen 
neighborhood of the origin, therefore, the function y(2) 
defined by the equation ¢ = 0 is finitely multiple valued and 
has its values defined by the polynomial equation P(a, y) = 0. 
In the Colloquium Lectures Professor Osgood raises the 
question as to whether a similar theorem would be true for a 
function y(21, 22, +++, %) defined by an equation of the form 


(1) g(a, U2, °° *%, Uns y) = 0. 


He has more recently discovered that the theorem is not 
true when n > 1,* and the example by means of which he 
proves this statement provides some very interesting further 
information. An equation of the form (1) may in fact define 
a function y(a, +++, %) which is single-valued and mono- 
genic in a part of a neighborhood of the origin, while the 
origin itself is a point of a natural boundary of the function, 
other parts of the neighborhood being lacunary spaces. Such 
a function could clearly not be analytic or even algebroid at 
the origin. 

The foregoing remarks will indicate to some extent the 
complexity of the questions which lie at the foundations of 
the theory of functions of several complex variables. Pro- 
fessor Osgood has been a thorough student of the subject 
with a keen appreciation of its deficiencies at the present 
stage of development. His Lectures seem to be a resumé 
preliminary to the publication of an exhaustive treatise, and 
it is much to be hoped that such a treatise may appear from 
his pen in the near future. Lecture I contains a historical 
introduction and “general survey” of the field, while the 
other four lectures are devoted to a descriptive and critical 
exposition of fundamental theorems, some of the most sig- 








* Transactions Amer. Math. Society, vol. 17 (1916), p. 4. 
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nificant of which are the result of the author’s own researches. 
The whole will be most helpful to students of the subject. 

In the first lecture the author mentions a definition of a 
function of several complex variables published by Cauchy 
in 1831, but the earliest phases of the theory to be studied 
in detail were associated with special problems. Among the 
more important of these were the extensions of the existence 
theorems of Cauchy to partial differential equations and sys- 
tems of equations defining implicit functions of several com- 
plex variables, the periodic abelian functions arising from 
Jacobi’s problem of inversion, and periodic functions of several 
variables in general. The existence theorems did not require 
the development of new methods, their extensions being 
obtained by means of the famous device of dominating series 
applied by Cauchy to the simpler cases. The masterly 
generalization of the elliptic inversion problem by Jacobi was, 
however, the precursor of a long series of investigations 
during one of the most fruitful periods in the annals of mathe- 
matics. It was during this period that the theory of the 
theta functions of several variables, which lies at the heart 
of the periodic function theory, was so highly developed by 
Riemann and Weierstrass. 

The results which have just been mentioned were the 
products of successful attempts to generalize the elliptic 
functions and elliptic theta functions. After the develop- 
ment of the theory of automorphic functions of a single 
variable by Klein and Poincaré in the early eighties, it was 
natural that similar generalizations should be sought for 
functions of several variables. Picard was the pioneer in 
this field. The functions studied when, for example, there 
are two independent complex variables x, y are those which 
are invariant under groups of projective transformations, or 
groups of transformations of the form 


at Oe slaeet pane aay + Bo 
Vie +01. yoy + 62° 


The theory of these functions in turn stimulated the interest 
of Picard and his associates in algebraic functions of two 
variables and the surface and line integrals of various kinds 
associated with them. Their results are analogous in a 
general way to those of the theory of algebraic functions 
of a single variable, although the theorems in particular cases 
are strikingly different. 
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Lecture II is devoted to a rather heterogeneous collection 
of theorems. It begins with an abbreviated account of a 
generalization of Cauchy’s integral formula 


OS (pee 


271 Jot — 2 

and the theory of residues. Several sections are then de- 
voted to a discussion of theorems giving sufficient conditions 
that a function of several complex variables be analytic, 
rational, or algebraic. Weierstrass stated the theorem that 
a function f(z, 22, «++, Zn) of several complex variables is 
surely rational if it is representable near every point of analysis 
by the quotient of two functions analytic and prime to each 
other at the point in question. He did not specify explicitly 
the character of the infinite region implied in the phrase “at 
every point of analysis,’ but he seems to have intended that 
each of the variables 21, 22, ---, 2, Should range independently 
over a plane extended by a single point at infinity. Professor 
Osgood has called attention to the fact that the part of the 
hypothesis of the theorem referring to the infinite region is 
under these circumstances equivalent to presupposing proper- 
ties of the function f at finite points into which the points of 
the infinite region have been converted by a transformation 
of the form 


phe oie One + Bx 
Vir + OK 


It is a theorem due to himself that a conclusion similar to 
that of Weierstrass can be drawn if the transformation just 
written is replaced by a projective transformation on the n 
variables z. This involves a conception of the points at 
infinity different from that of Weierstrass, and there are 
gradations between the two, with possibly similar theorems, 
if the variables are transformed one part projectively and 
the rest bilinearly. In Section 6 of this lecture Professor 
Osgood draws the very interesting conclusion that similar 
results can be obtained by assuming properties of the function 
f at a suitably characterized portion only of the region at 
infinity. 

Let a power series in a, y be convergent for |x| < r, |y|< s, 
and let s be the largest positive constant for which, when r 
is fixed, the series has this convergence property. Then s is 
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a function s = g(r) called the radius of convergence associ- 
ated with r. Sections 7 and 8 of this lecture contain a sum- 
mary of the known properties of the function g(r) and the- 
orems related to it. 

The last part of Lecture II describes generalizations of the 
famous theorems of Weierstrass and Mittag-Leffler concerning 
the construction of a function of a single complex variable 
having assigned poles and zeros in a given continuum. ‘There 
always exists such a function analytic except at the poles, 
expressible as a quotient of two other functions each analytic 
at every point of the continuum. ‘The essence of the gener- 
alization to functions of several complex variables lies in the 
characterization of the points which correspond to poles or 
zeros. Expressed very roughly the theorem is that if at every 
point a = (a, de, --+, dn) of the space a quotient 


F(a) (21, 22, + **5 Bn) 
Ga) (21; Ops ee er oe) 





(2) Fa) (21,.22, °° *; Zn) = 


is assigned, where H and G are analytic and prime to each 
other at the point in question, then there exists a quotient 
f = H/G of two permanently convergent power series which 
is equivalent at every point a to the corresponding quotient fq). 
Two functions are equivalent at a point a if their quotients, 
taken both ways, have only removable singularities in a 
neighborhood 7a) of the point. Professor Osgood describes 
also a more general theorem of Cousin, and some conse- 
quences involving generalizations by Gronwall of the Weier- 
strassian notion of prime factors of integral functions. 

The third lecture is concerned with singular points and 
analytic continuation. A non-essential singularity of the 
first kind, sometimes called a pole, is a point (a4, do, +++, Gn) 
at which the function is expressible in the form (2) with 
Hwa + 0, Gee) = 0 at (a1, de, ---, Qn); the point is a non- 
essential singularity of the second kind if Hj) and Gi) both 
vanish but have no vanishing factors in common there; all 
other non-removable singularities are essential. 

Professor Osgood gives a number of theorems, by Kistler 
and Hartogs, specifying conditions under which a singularity 
can be removed after assigning suitably chosen values to 
the function at the point itself and at other exceptional points 
near it. No non-removable singularities are isolated when 
n > 1, and in particular every essential singularity is a limit 
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point of others of the same type. Starting from a theorem 
concerning analytic continuation Professor Osgood shows 
how Hartogs has proved that if a function f(z, y) of two 
complex variables is analytic except at the points of a two- 
dimensional continuous locus y = g(x) consisting of non- 
removable singularities, then g(x) itself must be analytic. 
This is a sharp contrast to the fact that the singularities of a 
function of a single complex variable may have a distribution 
as arbitrary as the boundary of an arbitrarily selected two- 
dimensional continuum. 

Another striking theorem, deducible from a theorem of 
Levi which Professor Osgood characterizes as one of the most 
important contributions to the theory in recent years, is 
that a function f(a, y) analytic (or meromorphic) at all points 
of the boundary of a finite and regular four-dimensional 
region 7’, can always be continued analytically (or mero- 
morphically) throughout 7. This has as a consequence that . 
such a function can not have a finite lacunary region around 
which it is analytic. A three-dimensional locus 


(a1, Xe, Yi, Yo) = O, 


where = a1 + 1%, y = yit ty2, can not be arbitrarily 
selected if it is to be a natural boundary for a function f(a, y); 
it must satisfy a certain differential inequality. Levi-Civita 
has shown further that a function of two complex variables is 
in general uniquely determined if its values are assigned along 
a two-dimensional locus. But there are exceptional “char- 
acteristic” loci along which arbitrarily assigned values may 
determine none or an infinity of functions, a situation which 
reminds us forcibly that we are dealing more or less directly 
with initial values for solutions of a system of partial differ- 
ential equations. 

In Lecture IV Professor Osgood discusses certain questions 
in implicit function theory based upon the preparation the- 
orem of Weierstrass. This theorem states that a function 
F(u; 21, 22, -++, I) analytic at the origin and having a 
lowest term in the series F(u; 0, 0, ---,0) of order m, is 
expressible as a product 


(3) F= PQ, 


where (2 is a series in u, 21, +++, % with constant term different 
from zero, while P is a polynomial in w of degree m with 
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leading coefficient unity, its other coefficients being series in 
21, °**, Xm, vanishing at the origin. Near the origin the 
roots of F are clearly all roots of the polynomial P, and vice 
versa. The theorem mentioned in an earlier paragraph, 
which Professor Osgood stated tentatively in the Lectures, 
and later disproved by an example, would have implied a 
generalization of this including the case when F'(w; 0, 0, ---, 0) 
vanishes identically. 

The preparation theorem gives information with respect to 
the roots of a single equation F = 0 in a neighborhood of 
the origin, which is completely satisfactory for Hse purposes. 
For a system of equations 


(4) D;, (211, Sy Uys ely 5 Lp) = 0 (k = ihe 2, rea bd l), 


where the functions ®, are also analytic and vanish at the 
origin, Weierstrass has given a further important theorem, 
described in Section 6 of Lecture IV. He was interested in 
characterizing the manifold of (/-++ p)-dimensional points, 
rather than in the implicit functions wu of the variables x 
defined by equations (4). 

The relation between F and the polynomial P in equation 
(3) could equally well have been expressed in the form 
P= MF, where M = 1/Q is a series with constant term 
different from zero. Ina paper published in 1912* the author 
of this review has shown that when the homogeneous poly- 
nomials of lowest degree, the “characteristic” polynomials, 
of the series ®;(w1, ---, uz; 0, ---,0), have a resultant R 
different from zero, there ateae exists a polynomial 
P(ui; 21, +++, Xp) expressible linearly in the form 


P= Mio + M2 - +> + Mei, 


and such that every root system (21, +++, Wz; %1, °°*, Xp) 
of equations (4) near the origin has values (uw; 21, ---, %p) 
making P = 0; while every sufficiently small root system of 
P = O is part of at least one solution of these equations near 
the origin in the (J+ p)-dimensional space. The degree 
N of P in wu; is the product of the degrees of the characteristic 
polynomials. Further when the substitution 


* A generalization of Weierstrass’s preparation theorem for a power 
series in several variables, Transactions Amer. Math. Society, vol. 13 (1912), 
133. 


Dp. 
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(5) Y= — ty =e [ole Pere GC Sage mrt 


is made in equations (4), the polynomial corresponding to P 
has the form 


N 
Q(z; @1, °++, Lp) = et (2 — tyttg, — tettzg2 — «°° 
‘= 
wey ty_1Wi(1-1) a Ui), 


where the systems (wi, +++, Wit} %1, °*+, ®%p) are the root 
systems of (4) corresponding to a, ---, 2%». The introduction 
of the variables ¢ is a well-known device of the algebraic 
elimination theory serving to unite the u-values which belong 
to a single root system of the equations. 

It seems to me that the theorems described by Professor 
Osgood in Section 7 of Lecture IV could be deduced at once 
from the properties of the polynomial Q. For example, 
since Q is of the Nth degree, the system (4) must have exactly 
N root systems near the wa-origin for each point (a1, «++, 2p) 
in a properly chosen neighborhood of the origin in the x-space. 
These systems will all be distinct unless (a1, ---, 2») makes 
the z-discriminant of @ identically zero in the variables ¢. 
The coefficients of the various t-terms are, however, series in 
21, ***, %» which set equal to zero define a locus analogous to 
Professor Osgood’s “locus D,” but not, if I understand him 
correctly, exactly the same. At every point of this locus 
some of the root systems of equations (4) coincide. Professor 
Osgood has stated his results for a more general hypothesis 
than mine. He requires only that the series P,(21, «++, wz; 
0, --+, 0) shall have no common root near the origin except 
that point itself. The theorems of my paper apply, however, 
under very general circumstances, since the degrees of the 
characteristic polynomials are entirely arbitrary and their 
coefficients subjected to an inequality only. I must confess 
that my proofs are complicated, and I hope that this unde- 
sirable feature will be eliminated. when Professor Osgood 
publishes in detail the theorems in his more general form. 

On page 196 of the Lectures there is a reference to my 
paper which might lead one to infer that its character is 
similar to that of a paper by MacMillan. The hypotheses 
of the two papers are the same, but their principal theorems 
are entirely different. MacMillan discusses the highly inter- 
esting theorem, originally stated by Poincaré, that the solu- 
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tions of the equations (4) near the origin are the same as 
those of another system whose first members are polynomials 
in the variables u. The polynomials have in general ex- 
traneous roots which are not necessarily small. The poly- 
nomial Q described above defining the solutions near the 
origin would be found from them by eliminating the w’s 
algebraically and applying the preparation theorem of Weier- 
strass to the resulting polynomial in z. 

Lecture V describes a point of view in the algebraic function 
theory which seems most interesting and effective. Let 
f(w, 2) = 0 be an irreducible algebraic equation of deficiency p, 
having a corresponding Riemann surface F’ rendered simply 
connected by period cuts. When p = 1 the equationt = w(z), 
where w is the integral of the first kind, maps F’ upon a curvi- 
linear parallelogram in the ¢f-plane, and the theory of func- 
tions and integrals on the Riemann surface then corresponds 
completely to that of a system of elliptic and allied functions 
with specified periods and ¢ as independent variable. ‘The 
Weierstrassian function a(t) is the fundamental function for 
such a system, in terms of which all the others may be ex- 
pressed. ‘The theory is more uniform in the ¢-plane than 
on the Riemann surface, because the particular ¢-values which 
correspond to branch points of the surface are no more ex- 
ceptional than other values of ¢. 

For deficiencies p > 1 Klein has defined a “ prime function”’ 
on the Riemann surface which plays a réle analogous to that 
of the o-function for the simpler case. Professor Osgood 
proposes to transfer the theory of this function to a ¢-plane 
on which the surface is mapped by a transformation z = g(t), 
the function ¢ being a suitably selected automorphic function. 
He shows concisely but clearly in this lecture how the various 
types of functions analogous to those on the Riemann surface 
may be expressed in terms of the prime function Q(t, 7), 
and points out the advantages, in many cases decisive, to be 
gained by this uniformization. 

It is not to be expected that the complications of a struc- 
ture like that of the algebraic function theory can be entirely 
eliminated by a process such as Professor Osgood would have 
us use. But it is possible, on the other hand, that they may 
be so localized as not to mar the more facile beauty of the 
other parts of the theory. A first difficulty from his point 
of view seems to lie in the proof of the existence of the uni- 
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formizing automorphic function g(t), a proof which he has 
treated in the second edition of his Funktionentheorie with 
detail. ‘The prime function is defined in Lecture V as a limit 





t+At,7t+Ar 
OU a ee lint \Atdre™ ; 


At=0, Ar=0 
where II/7,, is a function analogous to the difference 
dag tT ay CT pone AG) 


formed for a suitably chosen integral P;,(x) of the third kind 
on the Riemann surface. It is seen that the definition in- 
volves a function of four arguments, and it is on account of 
this circumstance that the fifth lecture is a natural continu- 
ation of the preceding four. For the theorems of Lecture II, 
in particular, describing the analytic character of a function 
of several simultaneous variables resulting from known proper- 
ties of the function when all but one variable are considered 
as parameters, play an important and apparently indispensable 
role in establishing the existence and properties of the func- 
tions II and (2. 


GILBERT AMES BLISS. 
Tue UNIVERSITY OF CHICAGO. 


SHORTER NOTICE. 


Mathematiker-Anekdoten. By W. Anrens. Band XVIII of 
the Mathematische Bibliothek edited by Lietzmann and 
Witting. Leipzig, B. G. Teubner, 1916. Pp. 56. Price 
80 pfennige. 

ANYTHING from the pen of Dr. Ahrens is always sure to be 
interesting. His Mathematische Unterhaltungen und Spiele, 
his Mathematische Spiele, and his Scherz und Ernst in der 
Mathematik are all well known and are everywhere appreci- 
ated. He is one of those rare writers on the bizarre in mathe- 
matics who keep their balance and turn out works which have 
the stamp of dignity and learning, while at the same time 
revealing the lighter side of the science. In other words, he 
is a man who evidently combines in his own soul the Scherz 
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und Ernst, as he combines these elements in the title of one 
of his best known works. 

On this account the reader is justified in expecting some- 
thing worth his attention in a book of Mathematiker-Anek- 
doten compiled by such a writer; and if, by chance, he is a 
little disappointed in the diminutive size of the work under 
review, he may well ask himself what he expects for 80 pfen- 
nige. Surely, one cannot look for a seven-course intellectual 
dinner for 20 cents. 

To American and English readers the chief interest in the 
anecdotes lies in the fact that most of them are not to be 
found in works in our language. The anecdotes in them- 
selves are not numerous, nor are they, on the whole, as inter- 
esting as those to be found in some of Rebiére’s curious collec- 
tions, but they are not of the stereotyped variety and hence 
they are welcome. 

The first in Dr. Ahrens’s list is Adam Riese, known to most 
Germans from the phrase “nach Adam Riese,”’ which led, no 
doubt, to “according to Cocker” in England and “according 
to Daboll” in this country. The story is not of particular 
interest, but it lightens up, in a way, the general impression 
of Riese which comes to one from reading his works. The 
next one in the list is Gauss, concerning whose school days a 
couple of interesting stories are told; how he, at the age of 
nine, saw at a glance how to sum an arithmetic series, and 
how, at fifteen, he was reading Newton, Euler, and Lagrange. 

Among others concerning whom Dr. Ahrens relates various 
anecdotes are the mathematical prodigy Henri Mondeux, 
with his examination by Cauchy; Riemann, “einer der genial- 
sten und tiefsinnigsten Mathematiker aller Zeiten;’’ Grass- 
mann, whom the vocational-guidance extremists would quite 
certainly have turned from the paths of mathematics in his 
younger days; Schellbach, whose nature the poet Novalis 
described, to the mind of Dr. Ahrens, in the statement that 
“Das Leben der Géotter ist Mathematik. Alle géttlichen 
Gesandten miissen Mathematiker sein. Reine Mathematik 
ist Religion. Die Mathematiker sind die einzig Gliicklichen. 
Der echte Mathematiker ist Enthusiast per se. Ohne En- 
thusiasmus keine Mathematik;” Ohm the physicist; August; 
Lasswitz the poet, who was professor of mathematics in the 
Gymnasium at Gotha; Euler; and Arago, with his interesting 
examination by Monge and Legendre. There are also notes 
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on certain interesting newspaper problems, a problem of 
exchange under war conditions, an incident in connection 
with Kastner’s epigram on logarithms, and, finally, the 
Fermat problem. 

All this is told in a style that is in harmony with the nature 
of the work and that would repay the reader even if the 
anecdotes themselves did not seem worth his time, which is 
far from being the case. 

Davin EUGENE SMITH. 





NOTES. 


Tue July number (volume 17, number 3) of the Trans- 
actions of the American Mathematical Socrety contains the 
following papers: “On a general class of series of the form 
Zeng(a-+ n),’ by R. D. Carmicuart; “The geometries 
associated with a certain system of Cremona groups,” by 
J. W. Youne and F. M. Morean; “A reduction of certain 
analytic differential equations to differential equations of an 
algebraic type,” by W. D. MacMituan; “A new canonical 
form of the elliptic integral,’ by Brssre I. MiILiEr; “On the 
notion of summability for the limit of a function of a con- 
tinuous variable,” by L. L. SrrveERMAN; “On the factoriza- 
tion of Cremona plane transformations,” by J. W. ALEXANDER; 
“Weierstrass’s non-differentiable function,” by G. H. Harpy; 
“Finite groups represented by special matrices,’ by G. A. 
Mitter; “On infinite regions,’ by W. F. Oscoop; “ Point 
sets and allied Cremona groups (Part II),” by A. B. CoBiE; 
“Infinite products of analytic matrices,” by G. D. BrrKHOFF. 


Tue July number (volume 38, number 3) of the American 
Journal of Mathematics contains the following papers: “A 
class of asymptotic orbits in the problem of three bodies,” 
by L. A. H. Warren; “Some invariants of the ternary 
quartic,” by H. I. THomsren; “Functions of surfaces with 
exceptional points or curves,’ by C. A. FiscHer; “ Dupin’s 
cyclide as a self-dual surface,’ by Manet M. Youna; “ Pro- 
jective differential geometry of one-parameter families of 
space curves, and conjugate nets on a curved surface. Second 
memoir,” by G. M. Green; “The asymptotic equation and 
satellite conic of the plane quartic,” by TERESA COHEN. 
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THe June number (series 2, volume 17, number 4) of the 
Annals of Mathematics contains the following papers: “On 
the Wronskian test for linear dependence,” by Maxime 
BécuErR; “Note on a theorem on envelopes,” by W. R. 
LoneLey; “ Non-essential singularities of functions of several 
complex variables,” by Dunnam Jackson; “A congruence of 
circles,” by F. W. Brat; “A case of iteration in several vari- 
ables,” by A. A. Bennett; “The arithmetic genus of an alge- 
braic manifold immersed in another,’ by S. LErFrscHETz; 
“A characteristic property of self-projective curves,” by 


L. L. DINEs. 


THE September number (volume 18, number 1) of the 
Annals of Mathematics contains: ‘‘ On the surface of lowest de- 
gree passing through a given curve in space,” by T. Hayasut; 
“A practical method of determining elementary divisors,” by 
H. T. Buresss; ‘ Conjugate systems with equal point invari- 
ants,” by L. P. E1s—enHART; “‘ On the derivatives of a function 
at a point,” by J. F..Rirt; ‘An existence theorem for the 
solution of a type of real mixed difference equation,” by A. A. 
BENNETT; “ Double elliptic geometry in terms of point and 
order alone,” by J. R. Kurne; “ An application of a group of 
order 16 to a configuration on an elliptic curve,” by A. EMcu. 


AT the meeting of the Edinburgh mathematical society on 
June 9 the following papers were read: By E. T. WHITTAKER: 
“On the solution of Riccati’s equation by continued frac- 
tions”; by H. Darra: “On symmetric determinants and 
Pfaffans”; by A. B. Jerrery: “Bipolar and toroidal coor- 
dinates’; by W. P. MILne: “The polars of the Hessian of a 
cubic curve” and “Determinantal systems of points’; by 
F. G. Taytor: “An involution pencil of whole-plane bi- 
rationally related cubics.”’ 


A meeting of mathematicians from Sweden, Denmark, 
Finland, and Norway was held at Stockholm August 30- 
September 2. It will be recalled that the Sixth International 
Congress of Mathematicians was to have met at Stockholm 
at that time. 


TuHE firm of John Wiley and Sons announces the publication 
of Lectures on Ten British Mathematicians of the Nine- 
teenth Century, by the late ALEXANDER MACFARLANE. 
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THE following advanced courses in mathematics are offered 
at the Italian universities during the academic year 1916- 
1917: 


UNIvERsSITY oF BoLtogna.—By Professor P. BURGATTI: 
Mechanics of continuous bodies, especially of viscous fluids 
and elastic bodies, three hours.—By Professor L. DONATI: 
Modern electromagnetic theories, with reference to recent 
researches of H. Kamerlingh Onnes and A. Righi, three 
hours.—By Professor F. EnriquEs: Theory of singularities 
of algebraic functions, three hours.—By Professor 8. PrN- 
CHERLE: Theory of sets; theory of functions of a real variable; 
the modern meaning of definite integration; Fourier’s series, 
three hours. 


UNIVERSITY OF CatTantA.—By Professor E. DANIELE: 
Introduction to the general theories of electricity and mag- 
netism, four hours.—By Professor G. PENNAaccHIETTI: Hydro- 
dynamics, four hours.—By Professor G. Scorza: Abelian 
functions with geometrical applications, three hours.—By 
Professor C. SEVERINI: Advanced part of differential and inte- 
gral calculus, four hours. 


UNIVERSITY OF GENOA.—By Professor E. E. Levi: Func- 
tions of one and several complex variables, four hours.—By 
Professor G. Lorta: Theory of algebraic surfaces, especially 
cubics and quartics, three hours.—By Professor O. TEDONE: 
Principles of the mechanics of electrons, three hours. 


Universiry oF Mersstna.—By Professor P. CALApPso: 
Functions of a complex variable; elliptic functions, four hours. 
—By Professor G. Z. GIAMBELLI: Hyperspaces; moduli of 
algebraic forms; forms in several series of variables, four hours. 
—By Professor E. Laura: Electromagnetic theory of light, 
three hours. 


University oF Napires.—By Professor F. AMopro: His- 
tory of mathematics from Galileo to Newton, three hours.— 
By Professor A. Det Re: Analysis of Grassmann and theoreti- 
cal astronomy, four and one half hours.—By Professor R. 
Marcotoneco: Mathematical theory of vibrations of isotropic 
elastic bodies, three hours.—By Professor D. MontTESANO: 
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Geometry of the space of conics, three hours.—By Professor 
E. Pascau: Selected topics of mathematical analysis, three 
hours.—By Professor L. Prnto: Electro-optics; hertzian waves, 
three hours. 


UNIVERSITY OF Papua.—By Professor F. p’Arcais: Har- 
monic and polyharmonic functions; analytic functions; 
integral equations, four hours.—By Professor P. GAzzANIGa: 
Theory of numbers, four hours.—By Professor T. Lervi- 
Civita: General principles of analytic mechanics; newtonian 
potential; relativity; Einstein’s gravitational statics, four 
hours.—By Professor G. Ricct: Absolute differential calculus; 
elasticity, four hours.—By Professor F. Srvrri: Algebraic 
geometry, four hours.—By Professor A. Tonoto: Partial 
differential equations of the first order, three hours.—By 
Professor G. VERONESE: Foundations of geometry, three 
hours. 


UNIVERSITY OF PaLERMo.—By Professor G. BAGNERA: 
Theory of complex variables; elliptic and modular functions, 
three hours.—By Professor M. Dr FRancuis: Jacobi’s in- 
version problem and Picard’s varieties; hyperelliptic surfaces, 
three hours.—By Professor M. Grspia: Mechanics of con- 
tinuous media; newtonian potential; hydrostatics and hydro- 
dynamics, four and one half hours—By ——-———: Mechanics 
(advanced part), three hours. 


University oF Pavra.—By Professor L. Brrzouart: 
General theory of algebraic forms with geometrical appli- 
cations, three hours.—By Professor U. Cisortir: Ancient and 
modern analytical methods of mathematical physics and 
their most conspicuous applications, three hours.—By Pro- 
fessor F. GERBALDI: Functions of a complex variable; elliptic 
functions, three hours.—By Professor G. Vivanti: Theory 
of partial differential equations, three hours. 


University oF Pisa.—By Professor E. Brrtrni: The 
geometry on an algebraic curve with transcendental method, 
three hours.—By Professor L. Brancur: Theory of functions 
of a complex variable; elliptic functions, four and one half 
hours.—By Professor U. Dini: General theory of series, 
particularly of divergent ones; analytic representation of 


50 NOTES. [Oct., 


function in real and complex fields, four and one half hours.— 
By Professor G. A. Maaat: The potential function and its 
direct applications; equilibrium and motion of elastic bodies, 
four and one half hours.—By Professor P. Pizzerri1: Intro- 
duction to spherical astronomy and to determination of elliptic 
orbits; mechanical theory of the shape and of the motion of 
rotation of the planets, four and one half hours. 


UNIVERSITY OF RomE.—By Professor G. BISCONCINI: 
Geometrical applications of calculus, three hours.—By Pro- 
fessor G. CASTELNUOVO: Differential geometry, three hours.— 
By Professor U. CrupDE.LI: Functions of lines, three hours.— 
By Professor L. Srrua: Kinematics and mechanisms, three 
hours.—By Professor V. Vo.tTERRA: Selected problems of 
mathematical physics, three hours; Hydrodynamics and 
aerodynamics, three hours. 


UNIVERSITY or. Turtn.—By Professor T. Boaearo: Poten- 
tial; selected topics of analytical mechanics, three hours.— 
By Professor G. Fuprnr: Cantor’s numbers; entire and alge- 
braic entire numbers; theory of numbers and forms with 
algebraic applications; applications of analysis to the theory 
of numbers, three hours.—By Professor C. SEGRE: Higher 
views concerning elementary geometry, three hours.—By 
Professor C. SoMIGLIANA: Electromagnetism with special 
regard to propagation phenomena, three hours. 


Proressor H. Haun, of the University of Czernowitz, has 
been appointed professor of mathematics at the University of 
Bonn. 


PROFESSOR C. JUEL has retired from the editorial board of 
the Nyt Tidsskrift for Matematik. Professor P. HEEGAARD, 
of the University of Copenhagen, is his successor. 


ProFressor E. ZeERMELO, of the University of Zurich, has 
retired. Professor R. FuETER, of the technical school at 
Carlsruhe, has been appointed his successor. 


Proressor G. Scorza, of the University of Parma, has been 
promoted to a full professorship of projective and descriptive 
geometry, and transferred to the University of Catania for the 
current year. 
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Tue Italian society of sciences (the forty) has awarded its 
gold medal for 1915 to Professor P. Catarso, of the Uni- 
versity of Messina, for his researches in geometry, especially 
in the extensional deformation of quadrics. 


Proressor F. GERBALDI, of the University of Pavia, has 
been elected to membership in the Royal institute of Lom- 
bardy. 


DurincG the months of May and June, Professor J. Hapa- 
MARD, of the Ecole Polytechnique, gave a series of lectures on 
mathematical analysis at the Universities of Bologna, Genoa, 
and Rome. 


Dr. J. W. L. GuaisHer, of Trinity College, Cambridge, 
has been elected a member of the Royal society of Edinburgh. 


Hon. BERTRAND Russet, former fellow of Trinity College, 
Cambridge, will be unable to lecture at Harvard University 
during the present year. 


At Vassar College, Dr. ExizABetH B. Cow ry has been 
promoted to an associate professorship of mathematics. 


Dr. C. L. E. Moore, of the Massachusetts Institute of 
Technology, has been promoted to an associate professorship 
of mathematics. 


At the Rice Institute, Professor G. C. Evans has been 
promoted to a full professorship of pure mathematics, and 
Dr. W. C. GRAUSTEIN to an assistant professorship of mathe- 
matics. Dr. F. D. Murnacuan, of Johns Hopkins, has been 
appointed to an instructorship in mathematics, and Mr. H. 
E. Bray, of Harvard University, has been appointed to one 
of the two graduate fellowships in mathematics. 


Dr. A. A. BENNETT, of Princeton University, has been ap- 
pointed adjunct professor of mathematics at the University of 
Texas. 


Proressor C. N. Haskins, of Dartmouth College, has been 
promoted to a full professorship of mathematics. 
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Mr. W. C. Ertts has resigned his position in the depart- 
ment of mathematics at the United States Naval Academy to 
accept an appointment as professor of applied mathematics at 


Whitman College, Walla Walla, Wash. 


Dr. D. D. LErB, instructor in mathematics at the Sheffield 
Scientific School, Yale University, has been appointed assistant 
professor of mathematics and physics at the Connecticut 
College for Women. 


At the University of Kansas, Dr. S. Lerscuetz and Mr. J. 
J. WHEELER have been promoted to assistant professorships 
and Mr. E. B. Mier, of the University of Chicago, has been 
appointed to an instructorship in mathematics. 


At Northwestern University, Dr. C. N. YEATon has been 
promoted to an assistant professorship of mathematics. Dr. 
C. E. WitpEr, of Pennsylvania State College, Dr. F. E. 
Woop, and Mr. I. Roman have been appointed instructors in 
mathematics. 


Dr. Orto DUNKEL, of the University of Missouri, has been 
appointed assistant professor of mathematics at Washington 
University, St. Louis. 


Dr. J. E. Rows, of Pennsylvania State College, has been 
promoted from an assistant to an associate professorship of 
mathematics. 


Dr. R. L. Borcer, of the University of Illinois, has been 


appointed professor of mathematics at Ohio University, 
Athens, Ohio. 


Dr. G. H. Liaur has been appointed instructor in mathe- 
matics at the University of Colorado. 


Dr. J. V. DE Ports, of Cornell University, has been 
appointed instructor in mathematics at the State college for 
teachers, Albany. 


At Syracuse University, Dr. J. L. Jones, of the University 
of Pittsburgh, has been appointed instructor in mathematics. 
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At the University of Nebraska, Mr. A. Bassett and Miss 
M. A. Coxpitts have been appointed instructors in mathe- 
matics. 


Dr. N. ALTSHILLER, of the University of Colorado, has 
been appointed instructor in mathematics at the University 
of Oklahoma. 


Dr. S. P. Soustey, of St. Mary’s College, Emmetsburg, 
Maryland, has been appointed instructor in mathematics at 
Pennsylvania State College. 


Proressor E. Macu, of the University of Vienna, died 
February 22, 1916, at the age of 78 years. 


Dr. K. ScHWaARZSCHILD, director of the observatory at 
Potsdam, died May 11, 1916, at the age of 42 years. 


Proressor W. Voat, of the University of Heidelberg, was 
killed in battle March 3, 1916, at the age of 32 years. 


Don JosE Ecurcaray, professor of mathematical physics 
in the University of Madrid, and distinguished also as a poet 
and dramatic author, died September 15, 1916, at the age of 
eighty-three years. Professor Echegaray was a member of 
the academy of science of Madrid, which celebrated the fiftieth 
anniversary of his admission to the academy on March 12, 
1916. 


Epaar H. Harper, professor of mathematical physics in 
University College, Cork, known for his work on aviation, 
was killed while serving as a lieutenant. 


Dr. G. A. Hit, formerly professor of physics at Harvard 
University, and author of a number of text books in physics 
and mathematics, died August 17, 1916, at the age of 74 years. 


Proressor J. P. D. Joun, formerly professor of mathe- 
matics at De Pauw University, died August 7, 1916, at the 
age of 73 years. 


ProFressor W. C. Esty, of Amherst College, died July 27, 
1916, at the age of 78 years. Professor Esty was Walker 
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professor of mathematics from 1865 to his retirement from 
active service in 1905. 


Dr. Emory McCurintocx died July 10 at the age of seventy- 
six years. Dr. McClintock was the first president of the 
American Mathematical Society, serving in that office from 
1890 to 1894. He graduated from Columbia College in 1859 
and was assistant professor of mathematics at Columbia in 
1859 and 1860. He was actuary of the Asbury Life Insurance 
Company from 1867 to 1871, and of the Northwestern Mutual 
Life Insurance Company from 1871 to 1888, when he became 
connected with the Mutual Life Insurance Company of New 
York, of which he was also vice-president from 1905 to his 
retirement in 1911. He was a frequent contributor to the 
American Journal cf Mathematics and other journals, and was 
one of the founders of the Transactions of the American Mathe- 
matical Society. 


FREDERICK W. FRANKLAND died in New York City on July 
24, in the sixty-second year of his age. He was a Fellow of 
the Institute of Actuaries, and a member of the American 
Mathematical Society since 1893. He was for several years 
government examiner in mathematics and insurance in New 
Zealand, and was author of numerous papers on mathe- 
matical, metaphysical, and sociological subjects. 


JostaH Roycz, Alvord professor of philosophy at Harvard 
University, died September 14, 1916, at the age of sixty 
years. 


NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


ABENBEDER. See Pérez (J. A.S.). 

Benepict (8. R.).. A comparative study of the early treatises introducing 
‘into Europe the Hindu art of reckoning. (Diss., University of 
Michigan.) Concord, N. H., Rumford Press, 1916. 6-+126 pp. 
BraNcui (L.). Lezioni sulla torn delle funzioni analytiche di variabile 

complessa e delle funzioni ellittiche. 2a edizione. Pisa, E. Spoerri 


(F. Mariotti), 1916. S8vo. 685 pp. L. 25.00 
CasuMmoreE (M.). Fermat’s last theorem. London, Bell, 1916. 63 pp. 
2s. 


CootipcE (J. L.). A treatise on the circle and the sphere. Oxford, 
* Clarendon Press, 1916. 602 pp. 21s. 


Grecory (R. A.). Discovery: or, the spirit and service of science 
London, Macmillan, 1916. 10+340 pp. os. 
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Jessop (C. M.). Quartic surfaces with singular points. Cambridge, 
University Press, 1916. 35-+197 pp. 12s. 


LeupET (M.). See Petit (G.). 


LéOverREN (B. N.). Om hela tals delbahet med hela tal. Stockholm, A. 
Bonniers Verlag, 1915. 30 pp. Kr .ou 


MAcFrARLANE (A.). Lectures on ten British mathematicians of the nine- 
teenth century. New York, Wiley, 1916. S8vo. 148 pp. cee : 
1.2 


Pérez (J. A. S.). Compendio de algebra de Abenbéder. Texto drabe, 
traduccién y estudio. Madrid, E. Maestre, 1916. 8vo. 48+117+ 


78 pp. Pes. 6. 
Petit (G.) et Leupret (M.). Les allemands et la science. Paris, Alcan, 
; 1916. 20+375 pp. Fr. 3.50 
SdépERBiUM (A.). Inledning till rymdens analytiska geometri. Goten- 

burg, Gumperts Verlag, 1915. 65 pp. Kr. 2.50 
ToauiaTri (KE. G.). Le superficie di sesto ordine con infinite coniche. 

Milano, Hoepli, 1916. 4to. 64 pp. L. 3.85 


VoLTERRA (V.). Teoria delle potenze dei logaritmi e delle funzioni di 
composizione. Roma, tip. R. Accademia dei Lincei, 1916. 4to. Pp. 
167-249. 


ZoreETTI (L.). Exercices numériques et graphiques de mathématiques sur 
les Legons de mathématiques générales du méme auteur. Paris, 
Gauthier-Villars, 1916. S8vo. 16+124 pp. Fr. 7.00 


II. ELEMENTARY MATHEMATICS. 


CxiapHAM (C. B.). Arithmetic for engineers, including simple algebra, 
mensuration, logarithms, graphs, and the slide rule. London, Chap- 
man and Hall, 1916. 11-+486 pp. 5s. 6d. 


DICKNETHER (F.). Rechenbuch fiir héhere Lehranstalten: Iter Teil, 5te 
und 6te Auflage; 2ter Teil, 5te Auflage; 3ter Teil, 4te und 5dte Auflage. 
Miinchen, J. Lindauer. 120+142+160 pp. M. 1.70+1.70+1.90. 


FENKNER (H.). Mathematisches Uebungsbuch. 2ter Teil (Pensum der 
Obersekunda und Prima). Ausgabe A (fiir Gymnasien); Ausgabe B 
(fiir Realgymnasien und Oberrealschulen). Berlin, Salle, 1915. 363 


+396 pp. M. 3.40+3.60 
Hupson (H. P.). Ruler and compasses. (Modern Mathematical Series.) 
London, Longmans, 1916. 6+143 pp. 6s. 


Maxson (W. S.). Fundamental number-work method; a logical, prac- 
tical and systematic method for acquiring thorough knowledge of the 
foundation processes of fundamental number. Yonkers, N. Y., Self- 
keyed Number Work Company, 1916. 220 pp. $2.00 


Monroe (W.S.). Report of the use of the Courtis standard research tests 
in arithmetic in twenty-four cities. Emporia, Kansas State Normal 
School, 1915. S8vo. 94 pp. 


PENDLEBURY (C.). Revision papers in arithmetic. London, Bell, 1916. 
15+68-+18 pp. Is. 


RoBERTSON (J. W.). A shilling arithmetic. London, Bell, 1916. 8+191 
pp. Is. 
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TALuant (G. A.). See Umuoutz (F. H.). 


TALLANT (G. A.) and Umuoturtz (F. H.). Common school advanced arith- 
metic. Chicago, Laird and Lee, 1916. 8vo. 6+3884 pp. $0.55 


Umuo.tz (F. H.). See Taruant (G. A.). 


Umuottz (F. H.) and Tatuantr (G. A.). Common school elementary 
arithmetic. Chicago, Laird and Lee, 1916. 7+280 pp. $0.35 


II; APPLIED MATHEMATICS. 


ANNUARIO astronomico pel 1917 publicato dal r. osservatorio di Pino 
Torinese. Torino, tip. s. Giuseppe degli Artigianelli, 1916. 8vo. 
132 pp. 


ANNUARIO publicado pelo observatorio nacional do Rio de Janeiro, 1916. 
Rio de Janeiro, 1916. 6+259 pp. 
BARBILLION (L.). Lecons sur le fonctionnement des groupes électrogénes 


en régime troublé. Paris, Gauthier-Villars, 1916. 2-+306 pp. 
Fr. 11.00 


ComInoTTo (E.). Compassocubico. Piacenza, tip. V. Porta, 1915. 8vo. 
O pp. 

DuHEM P.). Le systéme du monde. Histoire des doctrines cosmo- 
logiques de Platon & Copernic. Tomes 2-8. Paris, Hermann, 1914— 
1915. 522+549 pp. 

Dunk (J. L.). Hyperacoustics. Division 1: Simultaneous tonality. 
London, Dent, 1916. 6-+3811 pp. 7s. 6d. 

Hovustoun (R. A.). A treatise on light. London, Longmans, 1915. 
11+478 pp. 7s. 6d. 

Mituosevicu (E.). I pianetini (654) Zelinda e (803) Josephina; Elementi 
parabolici ed efemeride della cometa 1915 a (Mellish); Perturbazioni 
sulle coordinate per l’azione di Terra a Giove (r. osservatorio astro- 
nomico al Collegio Romano). Roma, tip. Unione ed., 1916. 4to. 
14 pp. 

NaAYLeR (W. A.). See Tuckry (C. O.). 

Romeo (A.). Compendio di topografia. Torino, Casanova (Olivero e C.), 
1916. 93 pp. con 6 tavole. 

RotTiGuiano (S.). Costruzioni di strade e gallerie. Milano, Hoepli, 1916. 
23+808 pp. L. 18.00 

RussEwu (A.). A treatise on the theory of alternating currents. Vol. 2, 
2d edition. Cambridge, University Press, 1916. 19+3840 pp. 15s. 


SEGRETI del giucc del lotto matematicamente studiati e rivelati. Firenze, 
Emporio poligrafico (stab. tip. Aldino), 1916. 16mo. 14 pp. con 


prospetto. L. 2.50 
Tuckey (C. O.) and Nayter (W. A.). Statics: a first course. Oxford, 
Clarendon Press, 1916. Cr. 8vo. 299 pp. 3s. 6d. 


VINASSA DE Reeny (P.). La. conquista della forza: discorso letto per la 
solenne inaugurazione degli studi nella r. Universita di Parma il 
giorno 8 novembre 1915. Parma, tip. E. Pelati, 1916. 8vo. 22 pp. 


WEREIDE (T.). Statistical theory of energy and matter. Kristiania, 
Gyldendalske Boghandel Nordisk Forlag, 1915. 16+170 pp. 
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THE TWENTY-THIRD SUMMER MEETING OF 
THE AMERICAN MATHEMATICAL SOCIETY. 


Tue twenty-third summer meeting and eighth colloquium 
- of the Society were held at Harvard University during the 
week September 4-8, 1916. Monday and Tuesday were 
devoted to the summer meeting proper, two sessions being 
held on each day for the presentation and discussion of papers. 
The colloquium opened on Wednesday morning and extended 
to Friday afternoon. An account of the colloquium appears 
in this number of the BULLETIN. 

The following ninety-nine members attended the summer 
meeting: 

Professor L. D. Ames, Professor R. C. Archibald, Professor 
G. N. Armstrong, Professor C. 5. Atchison, Professor Clara 
L. Bacon, Professor A. A. Bennett, Professor G. D. Birkhoff, 
Professor Henry Blumberg, Professor Maxime Bécher, Pro- 
fessor C. L. Bouton, Professor E. W. Brown, Dr. T. H. 
Brown, Dr. R. W. Burgess, Professor W. D. Cairns, Professor 
B. H. Camp, Dr. A. B. Chace, Professor C. W. Cobb, Professor 
F. N. Cole, Professor L. L. Conant, Professor J. L. Coolidge, 
Dr. A. R. Crathorne, Professor Louise D. Cummings, Pro- 
fessor C. H. Currier, Professor D. R. Curtiss, Professor E. W. 
Davis, Dr. C. E. Dimick, Dr. C. R. Dines, Professor Arnold 
Dresden, Professor Otto Dunkel, Professor W. P. Durfee, 
Professor W. C. Eells, Professor John Eiesland, Professor L. P. 
Eisenhart, Professor G. C. Evans, Mr. G. W. Evans, Professor 
H: B. Fine, Professor T. S. Fiske, Dr. L. R. Ford, Dr. M. 
G. Gaba, Professor W. C.:Graustein, Dr. G. M. Green, 
Professor M. W. Haskell, Professor C. N. Haskins, Dr. Olive 
C. Hazlett, Professor E. R. Hedrick, Professor T. H. Hilde- 
brandt, Professor L. M. Hoskins, Professor E. V. Huntington, 
Professor W. A. Hurwitz, Professor Dunham Jackson, Pro- 
fessor W. W. Johnson, Dr. E. A. T. Kircher, Professor A. E. 
Landry, Mr. B. B. Libby, Dr. Joseph Lipka, Professor H. P. 
Manning, Professor J. L. Markley, Professor Helen A. Merrill, 
Dr. A. L. Miller, Professor H. B. Mitchell, Professor U. G. 
Mitchell, Professor C. L. E. Moore, Professor C. N. Moore, 
Professor G. D. Olds, Dr. G. A. Pfeiffer, Professor J. M. Poor, 
Professor L. H. Rice, Professor R. G. D. Richardson, Pro- 
fessor E. D. Roe, Jr., Dr. A. R. Schweitzer, Dr. Caroline E. 
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Seely, Dr. H. M. Sheffer, Dr. L. L. Silverman, Professor H. E. 
Slaught, Professor Clara E. Smith, Professor D. E. Smith, 
Professor P. F. Smith,. Professor Sarah E. Smith, Professor 
Virgil Snyder, Professor R. P. Stephens, Professor R. B. 
Stone, Professor E. B. Stouffer, Professor H. W. Tyler, 
Professor A. L. Underhill, Professor E. B. Van Vleck, Pro- 
fessor Oswald Veblen, Professor Roxana H. Vivian, Professor 
C. A. Waldo, Professor A. G. Webster, Dr. Mary E. Wells, 
Dr. C. E. Wilder, Professor F. B. Williams, Professor F. N. 
Willson, Dr. Euphemia R. Worthington, Mr. W. C. Wright, 
Professor C. H. Yeaton, Professor J. W. A. Young, Pro- 
fessor J. W. Young, Professor Alexander Ziwet. 

The President of the Society, Professor E. W. Brown, 
occupied the chair, being relieved by Vice-Presidents E. R. 
Hedrick and Virgil Snyder. The Council announced the 
election of the following persons to membership in the Society: 
Mr. Herman Betz, Cornell University; Mr. J. A. Bigbee, 
High School, Little Rock, Ark.; Mr. Hillel Halperin, Vander- 
bilt University; Dr. J. R. Kline, University of Pennsylvania; 
Professor J. J. Luck, University of Virginia; Dr. F. J. Mc- 
Mackin, Dartmouth College. Seven applications for member- 
ship in the Society were received. 

Through the generosity of Harvard University the Fresh- 
man Dormitories and dining room were thrown open for the 
use of the Society during the meeting. On Monday noon 
the members of the Society were shown the collection of 
mathematical models belonging to the University. On 
Wednesday afternoon a visit was paid to the University 
Library, and on Wednesday evening to the Observatory. 
Resolutions were adopted at the meeting expressing the 
thanks of the Society for the hospitality of the University 
and its officers. 

Fraternal greetings were exchanged by cable with the 
Scandinavian mathematicians assembled at Stockholm. A 
vote of congratulation was tendered to the Secretary on his 
twenty-first year of service in that capacity. 

The twenty-fifth anniversary of the broadening out of the 
Society into a national organization and the founding of the 
BULLETIN were celebrated at the banquet on Monday evening, 
at which eighty-four members and friends were present. 
Brief addresses were made by Professors Fiske, Johnson, 
Fine, Birkhoff, Hedrick, Webster, Coolidge, and the Secretary. 
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On Tuesday evening Professor D. E. Smith entertained the 
Society with an instructive account of “ The relation of the 
history of economics to the history of arithmetic problems.” 

The following papers were read at this meeting: 

(1) Professor J. C. Frexups: “Direct derivation of the 
complementary theorem.”’ 

(2) Dr. C. A. Fiscuer: “Note on the order of continuity 
of functions of lines.” 

(38) Dr. Outve C. Hazuertr: “On the theory of associative 
division algebras.” 

(4) Professor W. C. Extus: “A statistical study of eminent 
mathematicians.” 

(5) Professor J. L. CooxtrpGe: “ The characteristic numbers 
of real algebraic plane curves.” 

(6) Dr. R. W. Burasss: “The comparison of a certain case 
of the elastic curve with its approximation.” 

(7) Professor G. A. Miniter: “Orders of operators of con- 
gruence groups modulo 27 3°,” 

(8) Professor JonN EresLaANp: “Sphere geometry (third 
paper).”’ 

(9) Dr. A. J. Kempner: “Generalization of a theorem on 
transcendental numbers.”’ 

(10) Professor C. N. Moore: “On the developments in 
Bessel’s functions.”’ 

(11) Professor ARNOLD DRESDEN: “Supplementary note 
on the second derivatives of an extremal integral.’ 

(12) Professor L. E. Dickson: “An extension of the theory 
of numbers by means of correspondences between fields.”’ 

(13) Professor A. G. WrexssTEeR: “On a theory of acoustic 
horns.” 

(14) Professor E. H. Moore: “On properly positive Hermi- 
tian matrices.”’ 

(15) Professor L. P. Ersenuart: “ Deformations of trans- 
formations of Ribaucour.”’ 

(16) Professors F. R. SHARPE and Virgin SNypER: “On 
(2, 2) point correspondence between two planes.”’ 

(17) Professor F. H. Sarrorp: “Surfaces of revolution in 
the theory of Lamé’s products.” 

(18) Professor Dunnam Jackson: “Note on the para- 
metric representation of an arbitrary continuous curve.” 

(19) Professor Dunnam JacKxson: “Note on representa- 
tions of the partial sum of a Fourier series.” 
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(20) Professor L. H. Ricr: “Determinants of many dimen- 
sions.” 

(21) Dr. L. R. Forp: “Regular continued fractions.” 

(22) Professor M. W. Hasxrtu: “The eliminant of a 
system of forms.” 

(23) Professor E. V. Huntineton: “A simple substitute 
for Duhamel’s theorem.” 

(24) Professor E: V. Huntinaton and Dr. J. R. Kine: 
“Sets of independent postulates for betweenness.”’ 

(25) Professor G. D. Brrxuorr: “Dynamical systems with 
two degrees of freedom (second paper).” 

(26) Professor E. B. Van Vurcx: “Non-loxodromic sub- 
stitutions in 7 variables.” 

(27) Dr. L. I. Hewes: “Nomograms of adjustment.” 

(28) Mr. H. C. M. Morst: “A theorem on the linear 
dependence of analytic functions of a single variable.” 

(29) Dr. G. A. PFEIFFER: “Note on the linear dependence 
of analytic functions.”’ 

(80) Dr. G. M. Green: “On the linear dependence of 
functions of one variable.” 

(31) Professor C. L. Bouton: “Iteration and group the- 
ory.” 

(32) Dr. G. M. Green: “On the general theory of surfaces.” 

(33) Dr. W. V. Garretson: “On the asymptotic solution 
of the non-homogeneous linear differential equation of the 
mth order. A particular solution.” 

(34) Dr. CaroLine E. Srrety: “On series of biorthogonal 
functions.” 

(35) Professor A. B. Frizexu: i Teneina for a new method 
of generating alephs.” 

(36) Professor JoHN EresLANb: “Transformation theory 
of the flat complex and its associated line complex.” 

(87) Dr. A. R. ScowertzER: “On a type of quasi-transi- 
tive functional equations (second paper).” 

(38) Dr. A. R. SCHWEITZER: GN problem 1 in quasi-transitive 
functional equations.” 

(39) Dr. A. R. SCHWEITZER: “Some theorems on quasi- 
transitive functional equations.”’ 

(40) Dr. A. R. ScowerirzerR: “On the analogy between 
functional equations and geometric order relations.” 

(41) Dr. T. H. Gronwatu: “On the power series for log 


(1 + 2).” 
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(42) Dr. T. H. Gronwatu: “A problem in geometry con- 
nected with the analytic continuation of a power series.” 

(43) Dr. T. H. GRonwa.: “On the convergence of Binet’s 
factorial series for log I'(z) and y(z).” 

(44) Dr. T. H. GRonwA.t: “On the zeros of the function 
B(2) associated with the gamma function.”’ 

Mr. Morse was introduced by Professor Osgood. The 
papers of Professor Fields, Dr. Fischer, Professor Miailler, 
Dr. Kempner, Professor Dickson, Professor E. H. Moore, Pro- 
fessor Safford, Dr. Hewes, Dr. Garretson, Dr. Seely, Professor 
Frizell, Dr. Schweitzer, and Dr. Gronwall were read by title. 
Abstracts of the papers appear below; the abstracts are 
numbered to correspond to the titles in the list above. 


1. There is nothing in the nature of the complementary 
theorem which should require for its proof a preliminary 
determination of a formula for the actual number of the 
conditions imposed on a rational function of (z, «) of given 
form by a given set of orders of coincidence corresponding to 
a specific value of z. The proof here given by Professor 
Fields dispenses with the aid of such a formula and thus 
shortens by one step the approach to the theorem. ‘The 
general complementary theorem then presents itself at.a very 
early stage in the development of the theory of the algebraic 
functions, the only steps preliminary to its proof, besides those 
implied in the proof of the existence theorem for the branches 
of an algebraic function, being those involved in the deter- 
mination of the reduced form for a rational function of (z, w), 
those involved in the proof of the integral character relative 
to the element z — a of the principal coefficient of a rational 
function of (z, w) which is adjoint for the value z = a, and 
those involved in the proof of what we may call the theorem 
of principal residues which is derived therefrom and which is 
contained in the statement: The necessary and sufficient con- 
ditions in order that a rational function H(z, w) may have 
orders of coincidence which are complementary adjoint to a 
given set of orders of coincidence for the value z = a are 
obtained on equating to 0 the principal residue relative to 
2 = ain the product of H(z, u) by the general rational function 
conditioned by the given set of orders of coincidence. 


2. Dr. Fischer’s paper appears in full in the present number 
of the BULLETIN. 
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3. There is a famous theorem to the effect that the only 
linear associative algebras over the field of real numbers in 
which division is uniquely possible are the field of real numbers, 
the field of ordinary complex numbers, and real quaternions, 
the most recent of the numerous proofs of this being one by 
Professor Dickson. In his paper the theorem is a special 
case of a theorem for a certain class of algebras (called Type A) 
over a general algebraic field F which has a subalgebra S 
which can be exhibited as an algebra L over a field K with the 
r? units 7°7* (s, k = 1, ---, 7), where 


(1) y= 60)7, 7 = 90), 


where z is an element of S satisfying in K a uniserial abelian 
equation of degree r, with the roots 0(2), ---, 6"(v) = 2. 

Dr. Hazlett’s paper considers linear associative division 
algebras over a general algebraic field F, and finds that a 
necessary and sufficient condition that such an algebra be of 
Type A is that 6 in (1) be the root of a certain algebraic equa- 
tion, which we will call the O-equation. Then, from some 
properties of the 6-equation, this paper proves that, if a linear 
associative division algebra over an algebraic field be of rank 
n, it is of order m-n where m <n. Of this theorem, Fro- 
benius’s theorem is a corollary. It also follows that, if a 
linear associative division algebra, of rank n, over an algebraic 
field F, contain a number 2 which satisfies a uniserial abelian 
equation of degree n, then any number in the algebra is a 
polynomial in 7 with coefficients in F(z), where (1) holds. 
There are numerous other theorems, some of which are gen- 
eralizations of well known facts about quaternions. 


4. From a representative group of standard histories of 
mathematics and of general encyclopedias, Professor Eells by 
the space method selects a group of one hundred most eminent 
mathematicians of history, discusses the reliability of the 
selection, and classifies and discusses the men selected accord- 
ing to nationality, period of history in which they flourished, 
principal branches of mathematics to which they contributed, 
and other features. 


5. A real algebraic plane curve has two sorts of characteristic 
numbers. First, there are the total or Pliicker characteristics, 
which are invariant for the general plane collineation. Sec- 
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ond, there are the real characteristics, as the number of 
real inflections, real double tangents, etc. These are invariant 
for real collineations. The only known identical equation 
connecting these latter is the equation of Klein. In Professor 
Coolidge’s paper it is shown that, taking total and real char- 
acteristics together, the only universally valid equations are 
the equations of Pliicker and Klein, and others deducible from 
them. 


6. In the usual discussion of the elastic curve in elementary 
text-books of physics and engineering, a certain term in the 
differential equation is neglected and the curve obtained as 
the solution of this approximate equation is said to be a good 
substitute for the real elastic curve. In the case of a bow or a 
vertical column this approximate solution is a cosine curve, 
which is satisfactory if the given constants are the force and 
the deflection. In the more common problem, however, a 
bow or column of known length is bent by a known force. 
Dr. Burgess shows that if a formula for the deflection in terms 
of the force and the length is deduced from the cosine curve 
to apply to this case, the result is only about one half the true 
deflection as found from the real elastic curve. 


7. The ¢(m) positive integers which do not exceed the 
natural number m and are prime to m, when these numbers are 
combined by multiplication modulo m, constitute a group 
which is simply isomorphic with the group of isomorphisms 
of the cyclic group of order m. The principal object of Pro- 
fessor Miller’s paper is to show how the order of each of the 
operators of this group can be directly obtained from the form 
of the corresponding number by means of general theorems 
relating to the automorphisms of an abelian group, whenever 
m is of the form 273°. Attention is called to the fact that in 
H. Weber’s Lehrbuch der Algebra, second edition, volume 2 
(1899), page 65, the exponent to which 5 belongs modulo 2° 
is found by a very special method, and that a somewhat 
similar method is followed by P. Bachmann in the first part 
of his Niedere Zahlentheorie, 1902, page 331, while the method 
by means of the theorems noted above exhibits at once the 
exponent to which each number belongs. 


8. Professor Ejiesland’s memoir is a continuation of a 
paper on the same subject read before the Society at the 
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meeting of December 28-29, 1915. An attempt has been 
made to build up a theory of flat complexes with a view to its 
application to sphere geometry. It has been shown that 
with the linear flat complex is associated a line complex which, 
in some important respects, is analogous to the null-system 
in ordinary space. The lines of this complex satisfy the 
system of Pfaffian equations 
Qdx; — Pay; + fds = 0,,) 
(1) [i = 1 2, Foc ly 2)I, 
Ry n—2dyi — Ridyyn—2) = 0 
where 
P= Ayazt DApo, — Bo, Q = Act + DAnye + Bin, 
Rh; = A ni Eyer 


the coefficients A;, B; being the constants in the equation 
of the flat complex 


(2) DA jp; -+ DB;o; = 0. 


All the lines of the line complex which pass through a point 
form a flat pencil, 1. e., they lie in a 2-flat. The relation be- 
tween point and 2-flat is involutory. Every line is the axis 
of «0 #4) flats of the complex (2). 


9. The generalized theorem of Dr. Kempner’s paper is as 
follows: 
I. An infinite series 


n 


oo 
Yn 
1 Gn 


Mi 


n 


represents a transcendental number, provided 

(1) Yn = Pn/Qn is a real rational number; py, and gn are 
either finite or grow infinite with 7 in some particular manner; 
it is for example amply sufficient if |p|, |qn| are both < R’, 
R any fixed positive number; 

(2) each denominator a, is a positive integer and a factor 
of the next denominator dy11; 


: An+1 
(3) lim —=>1 


nu= Qn 


if the limit exists; if it does not exist, then 





lim inf “> 1. 


n= An 
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In 1915 (see BuLLetTIN, March, 1916, page 285) the author 
presented the theorem 


n= 
iu ie en 
° cn 
14 


n 


II 


I 


represents a transcendental number, provided 

(1’) yn restricted as above under (1), but 

(2’) only a finite number of the y, = 0, 

(3’) a and c any integers = 2, 

(4’) x any rational number = 0. 
At the April, 1916, meeting at Chicago, Professor H. Blum- 
berg announced that he had succeeded, by a modification of 
the author’s method of proof, in entirely removing the con- 
dition (2’). Neither Professor Blumberg’s proof nor the 
author’s proof of I’ makes essential use of the assumption 
that the denominators be of the form a”, and analysis of the 
two proofs shows that it is sufficient to assume that the de- 
nominators satisfy (2) and (8) of the generalized theorem. 

In Theorem I, nothing is gained by considering the series 


See 

f=]. An 
for rational 2, since this is included in I. Theorem I could 
not be proved before Professor Blumberg’s welcome contribu- 
tion had eliminated (2’). 


10. Professor Moore’s paper appeared in full in the October 
BULLETIN. 


11. In a paper presented to the Society at its meeting in 
Chicago, December, 1914, Professor Dresden gave formulas 
for the second derivatives of the extremal integrals arising 
in the theories of the integrals 


S fer. + alas Yl aed eatyn Jae 
and 


S fy + uns als +5 nl ddl 


A certain lack of symmetry in the formulas for the second 
of these theories made them rather unsuitable for applications 
and undesirable from a theoretical point of view. By using 
the “normal ”’ solutions of the system of Jacobi differential 
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equations recently introduced by Professor Bliss, it has been 
found possible to remove this lack of symmetry and to simplify 
the formulas very materially. It is the object of the present 
note to derive these simplified formulas. 


12. Professor Dickson’s paper will appear in full in an early 
number of the BULLETIN. 


13. Since no boundary problem for an unclosed non-plane 
surface has been solved with the exception of Kelvin’s spheri- 
cal bowl, there is as yet no theory of horns of finite length. 
As such a theory is eminently desirable not only for musical 
instruments but for reception apparatus, including the 
phonograph, megaphone, and a great variety of acoustical 
instruments, Professor Webster has been driven to a very 
coarse approximate theory, which works surprisingly well in 
practice. Two assumptions are made, first that the cross- 
section of the horn is infinitesimal with respect to the wave 
length, and varies as any given function of the distance from a 
certain section; second that at the open end Helmholtz’s 
assumption for tubes of infinitesimal cross-section may be 
used. The first assumption leads to a linear differential 
equation, and when the section varies as a power of the axial 
distance this may be integrated by Bessel functions of frac- 
tional index. The cases of cylinders, cones, and hyperbolic 
horns such as are used in the orchestra come under this case. 
The assumption for the end, even when the diameter is half 
the wave length instead of an infinitesimal part of it, is found 
to agree within a few per cent with experimental determina- 
tions. Any horn is characterized by four constants, and may 
be replaced by any other horn whatever having the same 
constants. 


14. The new theory of linear integral equations in general 
analysis, of which a special instance is Hilbert’s theory of 
limited symmetric bilinear forms in infinitely many variables, 
under development by Professor Moore, is based on a properly 
positive Hermitian matrix or numerically valued function e 
or e(s,¢) of two variables s, ¢ ranging independently over a 
general class P, viz., a function e of such a nature that (1) 
e(s, t) = e(t, s) for every s, t of P; (2) every finite principal 
minor is positive, i. e., for every set (p1, po, -**, Dn) of a 
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finite number n of distinct elements of P, the determinant of 
the n? functional values €(p;, p;)(t, 7 = 1, 2, +--+, n) is positive. 
For the Hilbert instance, the class P is the class of positive 
integers, and the function ¢ is 6, 6(s, t) = dy = 1(s = 2), 
isi. 2). 

The present paper of Professor Moore presents various 
absolute and relative theorems of existence of such matrices e. 
As an example, if P is the class of all real valued functions p 


L 
or p(x) on the interval 01, ‘€ or e(s, t) = exp tt s(x)t(a)dx is 
0 


such a matrix «. This example is of especial importance in 
that for the corresponding instance of the general theory we 
meet for the first time a non-trivial instance of an integration 
process whose integrand functions are themselves functional 
operations; this “integration over a function space”’ is secured 
in virtue of the fact that the integration process involves in 
its definition no assumed metrical features of the range of 
integration. 


15. When a system of spheres involves two parameters, 
their envelope consists, in general, of two sheets, say 2 and Xj, 
and the centers of the spheres lie upon a surface S. A corre- 
spondence between 2 and 2 is established by making corre- 
spond the points of contact on the same sphere. When the 
lines of curvature on = and 2; correspond, %j is said to be in 
the relation of a transformation of Ribaucour with 2, and vice 
versa. It is a known property of envelopes of spheres that 
if the surface of centers S be deformed and the spheres be 
carried along in the deformation, the points of contact of the 
spheres with their envelope in the new position are the same 
as before deformation. Professor Eisenhart determines the 
transformations of Ribaucour which in deformations of the 
surface of centers S become transformations of Ribaucour. 
The surfaces = in this case have the same spherical representa- 
tion of their lines of curvature as isothermic surfaces. The 
paper will be published in the October number of the T'rans- 
actions. 


16. Marletta (Palermo Rendiconti, volume 17 (1903)) has 
discussed the (2, 2) correspondence between the points of two 
planes in which a line is transformed into a conic or a cubic. 
In the paper of Professors Sharpe and Snyder the two images 
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of a point in one plane are the intersections of a corresponding 
line and conic in the other. The image of a line is a quintic of 
genus 2. The correspondences are classified according to the 
number of basis points the nets of conics and the quadratic 
systems of lines may have. 

The results obtained by Marletta and those known earlier 
all appear as particular cases. 


17. In the investigation of surfaces of revolution in the 
theory of Lamé’s products it is necessary to find a function of 
two variables such that a certain known function of the 
original one shall be the sum of two functions, one of the first 
variable and the other of the second. After the original 
function has been determined, the resolution of the known 
function into a sum as stated has required separate treatment 
for each case considered. In this paper Professor Safford 
has obtained the general expression for the component parts 
of the sum in terms of the original function. ‘The meridian 
curves are in general Weierstrass *-function curves. The 
paper will be sent to the Archiv der Mathematik und Physik, 
in which several related papers have already appeared. 


18. A continuous curve may be defined by a pair of equations 


eet), Ye oe, 

where the functions f and @ are defined and continuous 
throughout some interval, and are not both constant through- 
out that interval. For some discussions it is convenient to 
suppose further that they are not simultaneously constant 
throughout any sub-interval of their interval of definition. 
The question arises, whether this assumption implies a restric- 
tion on the curve itself, that is, on the set of points (a, y) 
given by the equations, or whether it is a restriction merely 
on the particular parametric representation employed. It is 
obvious that the latter is the case, if the number of intervals 
of constancy is finite. 

It was proved by Fréchet (Rendiconti Palermo, volume 22) 
that this remains true, even when there are infinitely many of 
the intervals in question. Professor Jackson gives a different 
proof of the same theorem. 


19. In the general theory of the convergence of expansions 
in series associated with ordinary linear differential equations, 
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as developed by Birkhoff (Transactions, 1908) and others, 
the sum of the first n terms of the series is represented by a 
contour integral in the plane of the complex parameter. ‘The 
contour integral, in the fundamental particular case of Four- 
ier’s series, must of course be identical in value with the 
ordinary real formula for the partial sum of the series. In 
his second note, Professor Jackson enumerates the steps in 
the process of verifying this identity by direct evaluation of 
the contour integral, without going back to the individual 
terms which make up the sum. The Fourier’s series can be 
derived either from a system of the first order or from one of 
the second order, and the work is carried through for both 
cases. 


20. An extended definition of a determinant is given by 
Professor Rice, which applies to determinants of more than 
three dimensions and enables us to remove the restriction in 
Cayley’s law of multiplication and to set up a new case in 
Scott’s law of multiplication. New formulas are obtained 
for the known process of decomposition of a determinant into 
determinants of fewer dimensions, and a new process called 
crossed decomposition is described. Fresh light is thrown 
upon the function known as a “ determinant-permanent,” a 
limitation hitherto thought necessary being done away. 
Finally a generalization to p dimensions is made of Metzler’s 
theorem in two dimensions concerning a determinant each of 
whose elements is the product of k factors. 


21. A continued fraction 


4 ae An 
by + bo + b, = 











bo + 


is called regular if a; = + 1 or + V— 1, and 
b= m+tnv—1, 


where m; and n; are real integers. In Dr. Ford’s paper the 
classic pentahedral division of half-space corresponding to 
the group of Picard is employed to give a geometrical inter- 
pretation of the convergents of the continued fraction. 

It is shown how any such continued fraction can be deter- 
mined by means of a curve lying in the half-space. Explicit 
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formulas are given for setting up the continued fraction 
corresponding to a given curve. By a study of the generating 
curve general theorems are established relative to (1) the 
value of the convergents as approximations to the sum of 
the continued fraction, and (2) the periodicity of the con- 
tinued fraction. 


22. Professor Haskell gives a method of constructing the 
eliminant of a system of forms which leads to a direct proof 
of the well-known theorem that the number of solutions of a 
system of simultaneous equations is equal to the product of 
their degrees. Beginning with a system of linear forms, he 
uses the theory of symmetric functions to construct a series 
of eliminants, in which the linear forms are, one after the 
other, replaced by forms of higher degree, and thus arrives 
at the contravariant which factors into the linear factors 
corresponding to the various solutions of the system of forms 
of any degree, and without any extraneous factor. 


23. Professor Huntington’s note contains the following sub- 
stitute for Duhamel’s theorem, which may seem simpler than 
the substitutes already published in the Annals of Mathe- 
matics by Osgood, R. L. Moore, and Bliss: Suppose that a 
required quantity P is associated with a real interval, « = a 
to x = b, in a way that suggests dividing the interval into n 
small parts, or elements, and regarding P as the sum of n 
separate contributions, one from each element. Suppose also 
that a set of one or more functions, f(a), F(a), ---, can be 
found such that no matter what the value of n, the contribu- 
tion of a typical element, from 7 = x to x = x-+ Az, can be 
expressed ‘‘approximately” in the form [f(x)-F(a)---JAr— 
that is, so that the exact value of the contribution lies between 
[fi-Fi---]Av and [fo-F2---JAz, where f, £1, --- are the least, 
and fo, Fo, --- the greatest values of f(x), F(a), --- in the 
interval in question. Then the required quantity P can be 


computed as a definite integral: P = I, f(a) = F(a) « «| das 


provided only that the functions involved are continuous from 


e="ato x =_ 0b. 


24. The paper of Professor Huntington and Dr. Kline 
starts with the following basic list of twelve postulates for be- 
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tweenness: (A) If AXBthen BXA. (B) It A, B, C are dis- 
tinct, then at least one of the relations BAC, CAB, ABC, 
CBA, ACB, BCA will be true. (C) AXY and AYX cannot 
both be true. (D) It ABC is true, then the elements 4, B, 
C are distinct. Further, if A, B, X and Y are distinct, then: 
(1) If XAB and ABY then XAY; (2) If XABand AYB then 
AAY; (3) lf XAB and AYB then XYB; (4) If AXB and 
AYB then AXY or AYX; (5) If AXB and AYB then AXY 
Oper abe G) lt a AD and’ YAB then xX Yb or YXB: (7) 
XAB and YAB then XYA or YXA; (8) If XAB and YAB 
then XYA or YXB. The question then is: Given any sub- 
set S of the twelve postulates of this basic list, and any pos- 
tulate P of the list, not belonging to S; is P deducible from S? 
An exhaustive answer to this question is given in 71 theorems 
of deducibility and 68 theorems of non-deducibility, these 
latter being established by the aid of 44 examples of pseudo- 
betweenness. It is found that eleven different sets of inde- 
pendent postulates may be selected from the basic list, as 
Pee ele Oe ls Pune ode 4h 2. Hendon 34. 6° 
3, 4, 7; 3, 4, 8, with the addition of postulates A, B, C, D 
in each of these sets. The paper will be offered to the 
Transactions. 


25. Professor Birkhoff proves two theorems concerning the 
invariant points of a surface of any genus p under a one-to- 
one transformation into itself. The second of these theorems, 
in which it is assumed that the transformation leaves an area 
integral invariant, is based upon a modification of Poincaré’s 
last geometric theorem. The results admit of application to 
dynamical systems with two degrees of freedom. 


26. At the last meeting of the Society in Chicago Professor 
Van Vleck presented a paper on the “Composition of non- 
loxodromic linear substitutions, 2’ = (az-+ b)/(ez+d).”’> When 
expressed in unimodular form 


2 = az, + bee, 2’ =c%, + dx 


with unit determinant, the non-loxodromic substitution has a 
real characteristic equation. Professor Van Vleck defined 
correspondingly a non-loxodromic linear substitution in n 
homogeneous variables to be one which, expressed in uni- 
modular form, has a real characteristic equation. He then 
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announced his first results in extension of the preceding paper, 
for proof of which new methods were found necessary. 
27. D’Ocagne has shown that an equation of the form 
fis giz hie 
(1) fos gz4a ha) = O, 
fos 956 hac 


where f;;, 9:;, hi; are functions of the same two variables, may 
be represented by a nomogram with at most three curve nets. 
It is proposed by Dr. Hewes to generalize the form of equation 
(1) by the use of the equation 


fu gg hay 
(2) fir Gut Ss a | = 9, 


where the subscripts may take on the values 0, 1, 2, ---, 6. 
- There result nomograms requiring rotation of the index and 
of wide application. 


28. Mr. Morse proves the following theorem, which is due 
to Professor Osgood: 

Let fi(t), fo(t), ---, fp(£) be p functions of the complex vari- 
able ¢, analytic in a region S of the t-plane. Then a necessary 
and sufficient condition for the linear dependence of these 
functions is the identical vanishing of a p-rowed determinant 
whose 7th row (a <= iy 2, ring a p) is FO); SOetin Se 
Jetty fi(tr), eee tts), i amma te 0) ued fi (), fi(te), “ee 
fi (t,), few PL), «+> FE), f:G,), where th, t, ---, ¢, are 
independent variables and the upper indices denote differ- 
entiation. 

The theorem includes the ordinary wronskian theorem for 
analytic functions as a special case, and the method of proof 
affords a new demonstration for the latter theorem. 


29. Dr. Pfeiffer proves the theorem given by Mr. Morse 
by showing that successive differentiation of the determinant 
in question, and subsequent equating of all the independent 
variables, reduces the determinant to the wronskian of the 
given functions. 
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30. In his first paper Dr. Green establishes a condition 
under which the vanishing of the determinant of the two 
preceding papers is sufficient for the linear dependence of the 
functions involved, these functions not being required to be 
analytic. The existence of only those derivatives which 
appear in the said determinant is required, the only restric- 
tion being the non-vanishing of a certain first minor in the ° 
determinant. The proof is analogous to the one given by 
Bécher* for the corresponding wronskian theorem. 


31. Professor Bouton’s note gives a discussion of a method 
of finding all the continuous one-parameter groups which 
contain a given individual point transformation in n variables. 
This given transformation is taken in the form 2,’ = 2; + y;(x) 
where the y¥; are convergent power series beginning with 
terms of the second degree. In the course of the work the 
result of iterating the given transformation k times is derived. 


32. In extending theorems of metric differential geometry 
to projective, it is necessary to substitute for the congruence 
of normals to a surface a congruence which is likewise uniquely 
determined by the surface, but projectively. Wilczynski’s 
directrix congruence of the second kind might be made to 
serve the purpose; but this congruence has not the peculiar 
projective property of the normal congruence, whose develop- 
ables intersect the surface in a conjugate net. In his second 
paper, Dr. Green defines and characterizes geometrically a 
congruence which has this desired property. In a previous 
papert he defined a relation R, by means of which to every 
line through a point P of the surface is made to correspond a 
unique line lying in the tangent plane, and vice versa—the 
correspondence depending upon the parametric net. Let the 
surface be referred to its asymptotic curves, and let / be a 
line in the tangent plane, J’ the corresponding line through 
the point P. Project the asymptotic curves on the tangent 
plane from any point on /’, and construct the conics C; and 
Cz which osculate these projections at the point P. Then 
there exists but one pair of lines 7, J’ such that the intersec- 








* “Certain cases in which the vanishing of the wronskian is a sufficient 
condition for linear dependence,” Transactions Amer. Math. Society, vol. 2 
(1901), pp. 189-149, Theorem II. 

t “On rectilinear congruences and nets of curves on a surface.”’ Ab- 
stract in the BULLETIN, vol. 22 (1916), p. 274. 


- 
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tions of / with the asymptotic tangents are the double points 
of the involution determined by the two pairs of points in 
which J cuts the conics Cy and Cy. Let LZ, and Le be the 
intersections of the asymptotic tangents with the line / thus 
uniquely determined, and denote by D,; and D, the intersec- 
tions of the asymptotic tangents with the directrix of the 
first kind. Calling P, the harmonic conjugate of D; with 
respect to P and Ly, and P, the harmonic conjugate of Dz» 
with respect to P and ZL, one thus obtains a line m joining 
the points P,; and P», and lying in the tangent plane to the 
surface. Corresponding to the line m, in the relation R, 
there exists a line m’ passing through the point P. For every 
point P of the surface exists such a line m’, and the congruence 
of these lines has the property that its developables cut the 
surface in a conjugate net. 

Among other results arrived at may be mentioned a geo- 
metric characterization of the tetrahedron of reference which 
gives rise to a certain canonical development of the non- 
homogeneous coordinates of a point of the surface. This 
development was given by Darboux without any geometric 
characterization. The points £; and IL» of the preceding 
investigation are two of the vertices of the tetrahedron, and 
the line m’ is an edge. 


33. Dr. Garretson’s paper treats of the irregular integrals 
of the non-homogeneous linear equation of any order, where 
the roots of the characteristic equation are distinct. The 
irregular point is taken as the point at infinity. Two theorems 
given by Dini for the homogeneous equation have been gener- 
alized so as to apply to the non-homogeneous equation and 
combined in one theorem. ‘To this end certain ideas given 
by Horn have been employed. Use is also made of the solu- 
tions obtained by Professor C. E. Love for the homogeneous 
equation. ‘The paper leads to the asymptotic development, 
in the Poincaré sense, of a particular solution of the non- 
homogeneous equation. 


34. A necessary and sufficient condition for the essentially 
uniform convergence of series of orthogonal functions in two 
variables 

$ ei(aecty) 
i=] Nj 
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has been given by Lauricella. Miss Seely considers the 
corresponding problem for series of the form 





= oi(x) Wily) 
a? 


where the ¢’s and w’s are a biorthogonal system of functions, 
and obtains conditions of which Lauricella’s theorem is a 
special case. 


35. In the November BuLLETIN* Professor Frizell used a 
simple special case of the following lemma. Given a triply 
infinite partition w,,, of an infinite set’of symbols v, selected 
from an w-seriles a; (2, t, A, Uy vy = 1, 2, ---) and a non-enu- 
merable well-ordered set P of different permutations among the 
members of an w-series; if now the elements w,,, are exhibited 
in a rectangular array of infinite series, wherein A, « denote 
the row and column respectively: 


DOTTY ae COLT e tee sis 1995) or 81s, 189, 4 
Uo11, UWo12, *°°; UWo21, UWo22, °°*, Uas1, Uesge, *°°; 
CEST gt ea ae, cee Raye tgod sy a Se U81, Uss0y ty. tt 


Watts: Wass “2 5 Usagi, 422s °° 5. Uagis’ Udg0; °° 5° 


then the permutations P operating on the indices v (each 
pair A, w being held fast) produce new matrices Yt yielding 
permutations S$ which can not be put into one-to-one corre- 
spondence with the set P. The present note is devoted to 
the proof of the general proposition. 


36. To the conformal group in S,-1 (n even) corresponds 


in S,-1 a group of contact transformations Gin+1)(n42) Which 
transforms the o” flats 


Ui = AY: ar b;; B= Ley; == d, 
az = Lex; + ad — Xe,b; 


(1) 


inter se. The group also preserves asymptotic lines on a 
surface. An important subgroup of this group is considered 
by Professor Eiesland, viz.: 


* Vol. 22, No. 2}'p. 73. 
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1. The group of the complex a-+ d = 0 which carries null- 
flats into null-flats, with which is closely connected 

2. The group of the associated line complex, and also 

3. The group of parameters which shows-how the flats (1) 
are transformed when the surface elements of S,.1 are 
subjected to the transformations of Gimisym4a. This 
group is the group of the quadric surface 


e= ad — Xie; 


so that the geometry of flats is equivalent to a geometry 
on a quadric surface in a space of n + 1 dimensions. 
The following theorem is also proved: 
It is always possible by means of a linear transformation 
to reduce the system of Pfaffian equations 


dx; re Pdy; “bt R,dz — 0, Ry n—2)dy: == Rdy3 (2) = 0 
to any one of the following forms: 
(1) dui — 2dyi t+ yidz = 0, Yrxmn—aydyi — yidyyn—2) = 9, 
or 
(2) edz; — x,dz = 0, xi y x n—2) — 3 (n—2) dy; = 0, 


or 
(3) dx; Paul)! 


37. In a former paper Dr. Schweitzer considered quasi- 
transitive functional equations of the type 


(1) flu, Ly Piette Unt1) a f(y, CUED teidiae Yn+1)> 
where 
n+1 


UD is irs te, fe ie) tiny on; y= DS Mikiky 
aa 
and it was shown that if 
n+1 
f(a, V2, °" %y Tn+1) 7 2 ARLE 
— 
then 
n+1 
Dona 
I i | 
and a2, a3, +++, Qn41 respectively satisfy n algebraic equations 
of the nth degree with coefficients in the field of 


Msi = Mst — Mt (s,¢ = 2, 3, ---, n+ 1). 
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Each of the roots a is, moreover, a rational function of apii 
with regard to M,,; (s, ¢ + 1). 

In the present paper, the problem of deriving conditions 
on the M,; such that the n equations of the nth degree possess 
the same roots ae, a3, -*:, Q@n11 18 discussed. In this case, 
the resulting single equation, if irreducible in the field of 
certain of the M’s in which the coefficients of the equation 
lie, is regular with reference to this field. Conversely, if the 
n relations (derived from the equation (1)) in terms of ao, 

-+, Qn4i and rational with regard to Ms, are subjected to 
the substitutions of a regular group on the symbols ay, ---, 
Qn41, then from the resulting n sets of n relations it follows 


that ae, +++, Qn4i are roots of the same equation. This 
consideration leads to sufficient conditions for the desired 
properties of the a2, ---, @ni1. For example, when n+ 1 


= 3, 4, 5 the author obtains four theorems corresponding to 
the four regular groups on two, three and four symbols: 


Pelt 
f(ur, U2, Uz) = f(— bae, — ba3, — ax, + (a — b)a3) 
then ae, a3 are roots of the quadratic @ — a&+ ab = 0. 


ee iy 
f(us, U2, Us; Us) iS f(y, Y2, Y3> Ys); 


f(r, U3, V4, V2) rs f(y, Y3, Y4; Y2), 


Ui f(a, to, Vis ts) 
then ae, a3, a4 are roots of the cubic & — a& + abé — ac = 0 
provided 


4 
> M.: = 0 (s = 2,3, 4), Man =0, Mai = 0, 


¢=1 


where 


Mo. = Mz, M33 = Ma, Mo3 = Ms, 
Mo. + Ms3 + Mas = a, Moo + Mo3 + Mo3 = b, 
Mo2M33 — Mo3? = ce, Mo3Mag = ¢ — (Moo? + M337). 
biel ft 
F(a, Ua, Us, Us, Us) = F(Y1, Yrs Ys, Y4s Yo) 
F(01, U3, Voy V5, V4) = F(Y1, Ys, Yo» Yor Y4)s 


fw, W4, W5, Wa, Ws) = f(y; Y4, Yd, Y2; Y3)5 
where 
bi le f(t, to, ts, vi, ta), Wi = fla, to, Vi, ts, t4) 
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then a2, a3, a4, as are roots of the biquadratic &* — aé + abé? 
— acé + ad = 0 provided 


5 
> Mar = 0 (s = 2, 3, 4,5), Mea =0, Ma = 0, 
dl | 


Ma =0, Mo = Ms, Mss = Ms3, Ma = Moa, 
M 39 — M2, Mo; — M43, Mog aia Moa, 
Mo. a M33 + Mas + Mss << 


and M;;, b, c, d are certain rational functions of Mo, M33, 
Mas, Moz, Moo, Moa. 

IV. This theorem is analogous to theorem III. Presum- 
ably one obtains for n+ 1 > 5 theorems on algebraic equa- 
tions corresponding to every regular substitution group on n 
symbols. 


38. Dr. Schweitzer proposes the following problem: Let 
(1) F(u, U2, *"* "5 Un-41) a (21; U2, °° "5 Lnt1) 


where 
i = Flhi, te, +++, tn, Zs) 2=1,2,---,n+]); 
to determine the function f under the following conditions: If 


ipoay He Pema Pisa aay fo(x1, LI, RG eet 
is a solution of (1) so also is 
PCA ae a ait) 
= folay +++) Rhy igrys -*°s Cigags Bebe» °**> Bett), 


where 2441, -* +, tx4; each range overk-+1,k+2,---,k+ 9 
and are distinct and 


(eta ic ee) 


Uk+1y ous Uk4+j 


is any given substitution of any given group G on the symbols 
Lei) ***, ter; Two important special cases of this problem 
are (I) the determination of a class of solutions which are 
permuted among themselves when subjected to the substi- 
tutions of the group G when the latter is supposed, e. g., 
regular; (II) the determination of a solution of (1) which 
is invariant under the substitutions of G. The linear func- 
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tions discussed in the preceding paper of the author yield 
solutions of problems of type (1), whereas corresponding to 
(II) the following theorem is proved: Given any substitution 
group G 

Xo, ee 6% 
Gr: ie RN ery x (Xn41) 


there exists a group of quasi-transitive functional equations, 
namely, 
By DoS a ear ts Re, 


Ih ta, U3, °°", Uny (Cemee 


simply isomorphic with G and which have as a common 
particular solution a function which is formally invariant 
under the substitutions of the group G. 


39. Dr. Schweitzer proves the following theorems: 


tee li 


fiz, fl, y)} =fly fl, 2)}, bf, y), «} = vy), 
fio, y), et} = Vy), fiv@), Wy)} =f, 2), 
then there exists x(a) such that 
xix, y) = x@) — xy), xb, y) = x(x) — x) + ¢, 
x(x) = e — x(a) 
where ¢ is an arbitrary constant. ‘Therefore 


Hida, y), P(x, Z)} = OC, Y) 


and 
Fifa, y), f(z, 2)} = fe, y). 
GR abi 
fiur, Ua, +--+, Unei} = F{O(rr), +--+, Oenr1)} 
where 
efi tty tay 1° +s bay Oct Gaul ween + 1) 
then 


Uf (x1, Sealy 3 Un+1) oo OW (2x1) ‘Te Y(x2), a, Y(x1) per YW (an) } 
+ h(a) — Want) + c1, 
VO(x) = — k(x) + & 


where k, c;, and c, are arbitrary constants and 09 is an 
trary ” function of (n — 1) variables. 


ear Di- 
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Il. If 
Filta, U2, +++, Unti} 


an f{ar(a), ato (x3), ag(ws), -*°, On\ Saris On+1(a2) } 


then 
n+1 
Vf (x1, Xo, +°*, Anyi) = 2d, a (xi) Ficits 
Ya;(x) ae mi (x) si Pi (a sa Li 2, saat yy’ + 1)3 
where 
n+1 n+l 


>) aD: ay 0, pid: = 0, Q2 = Mnt+i, Onti = Mm; 
i=1 4=1 





MoM3 °° * M; : 
UO PP et Ie! iat * Mn+1 (j a 2, 3, eee he (Sasees 1) 
my 
and m," = mgm3 +++ MnMny1. The m’s and p’s are constants 


arbitrary apart from the conditions indicated. 


40. The object of Dr. Schweitzer’s fourth note is to point 
out an analogy that exists between geometric order relations 
in the foundations of geometry and functional equations. 
This analogy consists in interpreting functionally abstractions 
of geometric order relations; in other words, it is shown that 
certain geometric order relations and functional equations 
give rise to the same general abstract relations resembling 
the “associations” of Grassmann and Pietzker. The geo- 
metric order relations are based* mainly on the author’s 
“ right-handedness”’ relation aR,Gi, Bo, +--+, Bn and “ in- 
- terior”’ relation alnBi Bo +++ Bayi and the functional equa- 
tions arrived at belong to categories previously defined by 
the author, especially the “ quasi-transitive”’ functional 
equations. The general logical theory of relations relevant 
to the preceding position is that of Veronese. 


41. Dr. Gronwall proves by actual analytic continuation 
of the power series log (1 + 2) = 2 — 27/2 + 23/3 — --- the 
familiar facts that log (1-+ 2) has its only finite singular 
point at z = — 1, and that the continuation along a closed 
path winding once in the positive direction around z = — 1 
has the affect of increasing log (1 + 2) by 277. ) 


* Cf. Amer. Jour. of Mathematics, 1909, pp. 865-410. 
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42. Dr. Gronwall solves the following problem: given a 
power series in z defining an analytic function with the sole 
singularity z = — 1 at finite distance, what is the minimum 
number m of intermediate points a, a2, --*, Gm needed to 
effect the analytic continuation of the given power series to a 
given point 29? Writing z= —1-+ re", —7 S@ Xz, it is 
found that the set of points 2, for which no more than m inter- 
mediate points are necessary, is formed by the interior of the 
curve | 

] 
m+] 
The totality of possible positions of the last intermediate 
point a, for a given 2p is also determined. 


m+1 
r= (200s ) » (-r S07). 


43. The four series in question are known to converge 
absolutely and uniformly for R(z) 2 € > 0, but diverge for 
R(z) < 0 (R(z) = real part of zg, and e arbitrarily small). 
Dr. Gronwall investigates the convergence on the boundary 
line R(z) = 0, and finds that all four series converge uni- 
formly for R(z) = 0, |z| = e€; two of the series are absolutely 
convergent in the same region, while the remaining two do 
not converge absolutely for any purely imaginary value of z. 


44, In his Handbuch der Gammafunktion, Nielsen shows 
that the function 


ae) =5|¥(3)+¥(454) |, 


where ¥(z) = d log I'(z)/dz, has no real zeros, and raises the 
question whether any complex zeros exist. In the present 
paper, Dr. Gronwall establishes the existence of an infinity 
of such zeros, and gives their asymptotic expressions. 
Beene AC OLE, 
Secretary. 








THE CAMBRIDGE COLLOQUIUM. 


TuE eighth colloquium of the American Mathematical 
Society was held in connection with its twenty-third summer 
meeting at Harvard University, Cambridge, Massachusetts. 
At the April, 1915, meeting of the Council the invitation of 
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the Division of Mathematics of Harvard University to hold 
the summer meeting and colloquium at Harvard was accepted, 
and a committee of arrangements appointed, consisting of 
Professors Osgood, Bécher, E. H. Moore, P. F. Smith, and the 
Secretary. The courses of lectures were announced in the 
preliminary circular of April, 1916, and printed syllabi were 
distributed at the meeting. The colloquium opened Wednes- 
day morning, September 6, and continued until Friday after- 
noon; three lectures were delivered on each of the first two 
days, and’four on Friday. A number of books of reference 
were placed on the reserved shelves of the university library 
for the use of those attending the colloquium, and ample 
opportunity for conferences was provided in Smith and Stan- 
dish Halls throughout the week. The following sixty-nine 
persons were in attendance, a number considerably exceeding 
that of any previous colloquium. 

Professor L. D. Ames, Professor R. C. Archibald, Professor 
Clara L. Bacon, Professor A. A. Bennett, Professor G. D. Birk- 
hoff, Professor H. Blumberg, Professor M. Bécher, Professor 
C. L. Bouton, Professor E. W. Brown, Dr. R. W. Burgess, 
Dr. A. B. Chase, Professor C. W. Cobb, Professor F. N. Cole, 
Professor J. L. Coolidge, Dr. A. R. Crathorne, Professor Louise 
D. Cummings, Professor C. H. Currier, Miss A. M. Curtis, Dr. 
C. E. Dimick, Professor A. Dresden, Professor Otto Dunkel, 
Professor J. EKiesland, Professor G. C. Evans, Mr. G. W. Evans, 
Professor H. B. Fine, Professor T.S. Fiske, Dr. L. R. Ford, Dr. 
M. G. Gaba, Professor W. C. Graustein, Dr. G. M. Green, 
Professor M. W. Haskell, Professor C. N. Haskins, Dr. Olive 
C. Hazlett, Professor E. R. Hedrick, Professor T. H. Hilde- 
brandt, Mr. M. T. Hu, Professor E. V. Huntington, Professor 
W. A. Hurwitz, Professor D. Jackson, Mr. R. Keffer, Dr. E. A. 
T. Kircher, Professor A. E. Landry, Mr. F. W. Loomis, Pro- 
fessor J. L. Markley, Professor Helen A. Merrill, Dr. A. L. 
Miller, Professor H. B. Mitchell, Professor C. N. Moore, 
Dr. F. D. Murnaghan, Dr. F. H. Murray, Dr. G. A. Pfeiffer, 
Dr. T. A. Pierce, Professor R. G. D. Richardson, Dr. A. R. 
Schweitzer, Dr. Caroline E. Seely, Dr. L. L. Silverman, Pro- 
fessor Clara E. Smith, Professor V. Snyder, Professor R. P. 
Stephens, Professor R. B. Stone, Professor A. L. Underhill, Pro- 
fessor E. B. Van Vleck, Professor Oswald Veblen, Professor A. 
G. Webster, Dr. Mary E. Wells, Dr. C. E. Wilder, Dr. 
Euphemia R. Worthington, Professor J. W. Young, Professor 
Alexander Ziwet. 
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Two courses of five lectures each were given: 

I. Professor G. C. Evans: “Topics from the theory and 
applications of functionals, including integral equations.” 

II. Professor O. VEBLEN: “ Analysis situs.” 

Abstracts of the lectures follow below. The lectures will 
soon be published in full as Volume V of the Colloquium Series. 


I. 


LectTurE I. FuNcTIONALS OF CURVES AND SURFACES IN 
THREE DIMENSIONS; VARIATIONAL EQUATIONS. 


1. Additive and non-additive functionals of curves in two 
and three dimensions; existence of a derivative; relation to 
functions of point sets. 

2. The vector of a functional. 

3. Variation of a functional: 


dP[c] = { ®elslon(syas. 
6®’[c|s] = [ ertels, s]6n(s1)ds;+ao(s)én(s)+ Y a;(s)in(s). 


dP[c] = [ (Vole, y,2)dyde+V la, 9, 2)dade+V a, y,2)dedy) 


4. Functionals of surfaces; exceptional points and curves. 

5. Variational equations (equations in functional derivatives 
of form ®’[c|z, y] = F[c|®, 2, y]); the equation for the Green’s 
function; Hadamard’s equation. 

6. The condition for integrability; self-adjointness in the 
second variation. 

7. Partial equations and the theory of characteristics. 

8. Relation of variational equations to integro-differential 
equations. 


LrecturE II. CompLex FUNCTIONALS IN SPACES OF THREE 
AND Four DIMENSIONS. 


1. Complex additive functionals of curves; integrability; 
isogeneity, ®; + 7, being isogenous to Ff; + iF; conjugate- 
ness in the ellipse belonging to the vectors V; of F, and V2 of 
F.; equations which vectors of ®; and ©, must independently 
satisfy. 
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2. Case where V; and V2 are unit vectors parallel to 2 and 
y axes respectively. 

3. The invariant H[®, ®’]; extension of Green’s theorem; 
theorems on determinateness; special case when the triple 
product [V;Veds] = 0 represents an integrable equation; re- 
duction by a transformation to case where V; and V2 are unit 
vectors parallel to 2 and y axes. 

4. Generalization of Cauchy’s theorem for the integral of a 
function of a complex variable; conjugateness; non-additive 
functionals. 

5. Complex functionals of surfaces in space of four dimen- 
sions; integrability; isogeneity; integrals of analytic functions 
of two complex variables. 


Lecture III. Impuicir FuNcTIONAL EQUATIONS. 


1. Volterra’s theorem; calculation of the variation; reduc- 
tion of the implicit functional equation to a linear integral 
equation. 

2. Application to existence theorems. 

3. Linear functional as limit of an integral; as Stieltjes 
integral; as Lebesgue integral. 

4. Special forms of the linear integral equation with a 
parameter; the equations of the third and first kinds. 


Lecture LY. INTEGRO-DIFFERENTIAL EQUATIONS OF BOCHER 
TYPE. 


1. Hypothetical experiments as basis of physics. 

2. Bécher’s treatment of Laplace’s equation; generalization 
to curvilinear coordinates; in three dimensions; Poisson’s 
equation; Cauchy and Weierstrass regions. 

3. The equations 


Ou Ou 
[rSra = 0, frgias= ff fe, wae: 


principal solution. 

4. Extension of Green’s theorem. 

5. Calculation of the Green’s function for elliptic and para- 
bolic equations; the Green’s function and Green’s theorem 
for integro-differential equations of Volterra type, where the 
variables are not separable. 

6. Generalization of hyperbolic differential equation; stair 
solutions; non-homogeneous equation. 
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LEcTURE VY. Drrect GENERALIZATIONS OF THE THEORY OF 
INTEGRAL EQUATIONS. 


1. Moore’s general analysis; bases and closure properties; 
generalization of Fredholm theory, of Hilbert-Schmidt theory; 
mixed linear equations. 

2. Commutativity; associative combination; permutability. 

3. The complex operation; convergence properties;  dif- 
ferential properties. 

4. Volterra’s theory of permutable functions; fundamental 
role of the Volterra relation; fractions of composition; loga- 
rithms of composition; symbolical treatment of integro- 
differential equations. 


ES 
LrecturE I. ONE-DIMENSIONAL ANALYSIS SITUS. 


1. Analysis situs has two chief divisions, dealing (1) with 
continuity considerations and (2) with combinatorial ones. 
These lectures are to deal primarily with (2), making enough 
use of (1) to give substance to (2). 

2. The 0-cell, 0-dimensional manifold (or point-pair), 1-cell, 
1-dimensional manifold (or curve or circle) and the 1-dimen- 
sional complex, Cj, or linear graph. 

3. Separation and sense in a 1-cell and a circle. Continuous 
transformation and deformation. ‘Theorems on point sets, 
iteration, etc. 

4. The matrix || 7;; || of a C;. The equations (modulo 2) 
determined by this matrix and the HUN ASLEIa of their 
solutions as circuits in C}. 

5. If Cy, is connected there exists a linearly eaenerdent 
set of a1 — a +1 simple circuits on which all others are 
linearly dependent. If a; — a + 1 = 0, the graph is a tree. 

6. Introduction of sense-relations, the matrix || €;; ||, and 
the corresponding equations. ‘The number of solutions in a 
complete linearly independent set is again a, — ay + 1. 

7. Notice of special investigations of linear graphs. 


Lecture II. Tue n-DIMENSIONAL COMPLEX. 


8. The n-cell, n-dimensional sphere, n-dimensional complex 
C,,. Closed and open or bounded complexes, n-dimensional 
circuits, n-dimensional manifolds M,. 

9. The matrices || njx || = Hi, --:, || ne || = Hn of a Ch. 


86 THE CAMBRIDGE COLLOQUIUM. [ Nov., 


The sets of equations (modulo 2) determined by Hi, ---, Hn 
and the interpretation of their solutions as circuits. H,;:Hi41 
=a () (geen aeeel 7e——s)))s 

10. Definition of the numbers Ao, Ay, ---, Rn. 


a — art ++ + (— 1% 
=14(- + (Ro— D+ s+ (— 1 (Ra — 2D). 


If C,, determines a manifold, 
Do (— Lio = DET Darts ae) eee 


11. Sense relations and the Poincaré matrices || €; || = Eh, 

-+, [[é% || = E,. Discrimination between one and two- 
sided complexes. The sets of linear equations corresponding 
to E,, ---, E,. Congruences and homologies. E;-E;41 = 0 
(Qamen ld, Qs oe 

12. The Betti numbers Po, Pi, ---, Pa as defined by Poin- 
earé. For any complex, 


Se (a een ee (= (P= 1), 


20 





For a two-sided manifold, 


” 


Y= Var = 14 (— 19+ DC  - dp. 


t=O 


For a one-sided manifold, 
vO n—1 
Do (— los = 1+ 2 (— IP; — 1). 
i=0 ¢—1 


13. Theorems on matrices whose elements are integers. 
Reduction of E,, ---, E, to normal form. Poincaré’s coefh- 
cients of torsion. Relation between Ro, ---, Rn, Po, ---, Pn, 
and the coefficients of torsion. 


4 
Lecture II]. MaAnriroups or n DIMENSIONS. 


14. Singular complexes in a manifold M,. Every closed 
C;,, in an n-cell bounds a Cy14. 

15. The numbers R; and P; and the coefficients of torsion 
are the same for all complexes C, into which an M, may be 
subdivided, and hence are the same for all manifolds with 
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which M, is in (1-1) continuous reciprocal correspondence. 
Alexander’s proof. 

16. Dual complexes. Duality relation satisfied by the 
constants f; for all manifolds and by P; and the coeffi- 
cients of torsion for two-sided manifolds. The characteristic, 


» (— 1)*a;, is zero if n is odd. 
t=O 

17. One-to-one correspondence between manifolds. Hom- 
eomorphism, homodmorphism, and internal transformation. 
Application of the theorems of separation of an n-cell. 

18. Combinatorial proof of the theorems of separation of 
an n-cell by polyhedra. The theorem of Jordan and its 
generalizations. 


Lecture IV. Two-DIMENSIONAL MANIFOLDS. 


19. Reductions of the complex defining a two-dimensional 
manifold. Normal forms and classification of surfaces. 

20. The group of a two-dimensional manifold. Repre- 
sentation in the parabolic and hyperbolic planes. 

21. Transformations and equivalence of curves on a surface. 
Homotopy and isotopy. 

22. Continuous transformations and deformations. The- 
orems of Tietze. 


LecturE V. THe Group OF A COMPLEX. 


23. The group defined by any complex or manifold. 

24. Generating operations and essential relations. The- 
orem of Tietze. 

25. The Cayley color diagram as developed by Dehn. 

26. The group of a knot according to Dehn. 

27. Relation to the older theories of knots. 


LectrurE VI. Turee-DIMENSIONAL MANIFOLDS. 


28. Reductions of the complex defining a three-dimensional 
manifold. 

29. A three-dimensional manifold as one cell with a singular 
boundary. 

30. The Heegard diagram. 

31. Any manifold may be decomposed into four cells without 
singularities. | 
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32. The problem of classifying three-dimensional manifolds. 
33. Particular three-dimensional manifolds. Riemann 
spaces. Poincaré spaces. 
VIRGIL SNYDER. 





NOTE ON THE ORDER OF CONTINUITY OF 
FUNCTIONS OF LINES. 


BY DR. CHARLES ALBERT FISCHER. 


(Read before the American Mathematical Society, September 4, 1916.) 


Ir has been proved that if a linear function of a line has 
continuity of the zeroth order, it can be expressed as the 
limit of a sequence of definite integrals,* as an integral of 
Stieltjes,t or as a Lebesgue integral.t As has been remarked 
by Bliss,§ many of the functions occurring in the calculus of 
variations do not have such continuity. The object of the 
present note is to show that if a function U[y(a)] is linear and 
has continuity of the nth order, and if y(x) is of class C™, 
then U[y(x)] is equal to the sum of a linear function of 
d”y(a)/dx” which has continuity of the zeroth order, and a 
function of the values of y(a) and its derivatives at an end 
point of the curve considered. 

The proof is very simple. If y(a) is of class C™ it can 
be expressed as 


y(x) =| dey | brit ae 


Then, since U[y(a)], is linear, 
o| yi) |=r| 9@ |+ Jos i: 2 pe 


where the function 


Viva = | Poder [ yCandaen | 


* Hadamard, “‘Lecons sur le Calcul des Variations,” p. 299. 
eat nes Annales Scientifiques de L’Ecole Normale Supérieure, vol. 28 
p 
Reber Transactions Amer. Math. Society, vol. 15 (1914), p. 140. 
§ Bliss, Proc. Nat. Acad. Sciences, vol. 1 (1915), p. 178. 
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is seen to be linear and continuous of the zeroth order, and 
U[(a — a)”~*] is a constant. 

To illustrate this, the function U[y(a)] will be taken as the 
first variation of the integral 


J = | fee y, y’ dx, 
when y(x) is replaced by y(x) + en(x). That is, 
b 
Ui = {Cian + fynde. 


If f(a, y, y’) and y(a) are of class C®, and n(a) = n(b) = 0, 
this may be written 


Un] = Ay (J, -- si) ndx. 


If f(z, y, y’) and y(a) are only of class C’, this equation is 
not valid. In this case 


Ui = Vinl=«f (sy — f fede) nf 


which is linear and continuous of the zeroth order. It is 
evident that the expression 


d 
tata det! 


is the Volterra derivative of the integral J considered as a 
function of y(x), and it is approached with the second order.* 


Similarly 
fu — | fds 


is the derivative of J considered as a function of y’(x). It is 
approached with the zeroth order. 

This can easily be extended to functions of surfaces. For 
convenience it will be supposed that the function U[z(2, y)] 
is linear and continuous of the second order, and that z(2, y) 
is of class C® and defined over the region (0S 221; 
0=y=1). It follows immediately that 








* For a definition of the order of approach see Fischer, Amer. Jour. of 
Mathematics, vol. 35, no. 4 (1913), p. 383. 
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ae Yy y Y1 
ate, ) = [odes [ zaulm wdden + f at if 3, (0 


4 { Vat { ” ‘saa(ta, 0) dceteaj(0, Dyes, 0) cee 
0 0 


Proceeding as before, 
Ulz(x, y)] = V[zey(@, y)] + Vileyy(O, y)] + Voleee(a, 0)] 
+ 2,(0, 0)U[y] + 22(0, 0)U[x] + 2(0, 0)U[1], 


where V, V; and V> are linear and continuous of the zeroth 
order and U[y], U[z] and U[1] are constants. 


CoLuMBIA UNIVERSITY, 
June, 1916. 





THE EQUATION OF A PLANE RATIONAL CURVE 
DEFINED BY PARAMETRIC EQUATIONS. 


BY HERBERT WILLIAM RICHMOND. 


THE explicit equation F(a, y, z) = 0 of a rational plane 
curve, defined by the parametric equations 


Ly 38 =A) ie) 


where A(t), B(t), C(t) are polynomials of order n in 7, is 
expressed by Salmon (Higher Plane Curves, § 44) as a deter- 
minant of 38n rows. In the April number of the BULLETIN 
Professor J. E. Rowe exhibits this equation as a symmetrical 
determinant of nm rows, in which each element is a linear 
function of a, y,z. It has been my custom when lecturing 
upon algebraic geometry to obtain this form of equation as 
follows: 

Let (x, y, 2) be the coordinates of the point whose para- 
meter is ¢, and let s be any value of the parameter; then 


z A(t) A(s) 
3) Ct) Clsyin = say) 
y Bit) # Bis) 


vanishes for every value of s. Imagine the determinant 
expanded and the factor s—t# removed. We have now a 
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polynomial in s of order n — 1, which vanishes for all values 
of s; the n coefficients of powers of s severally vanish. But 
each coefficient is a polynomial in ¢ of order n — 1, every 
power of ¢ being multiplied by a linear function of x, y, z. 
These powers of ¢ may be eliminated by a determinant of 
n rows, which is the equation of the curve. 

The linear function of (a, y, 2) which in the rth row and 
sth column is the coefficient of s"~t”~* in the expanded form 
of A/(s — #), and is readily written down if need be. Just as 
Salmon’s method is an adaptation of Euler’s (or Sylvester’s) 
method of eliminating a variable from two polynomials, so 
the foregoing is an adaptation of Cayley’s statement of 
Bezout’s method. 


Kinoe’s CoLLEeGs, 
CAMBRIDGE, ENGLAND. 





SCIENTIFIC METHOD IN PHILOSOPHY. 


Our Knowledge of the External World as a Field for Scientific 
Method in Philosophy. By Brrrranp Rvussetu, M.A., 
F.R.S., Late Fellow of Trinity College, Cambridge. Chi- 
cago, London, The Open Court Publishing Company, 
1914. vii + 245 pp. 

THE philosophic method in science is a thing familiar 
enough, in sound if not in fact. But what, pray, can be 
meant by “scientific method in philosophy’? That is what 
Mr. Russell essays to make clear, in outline at all events, 
in this book, and he does it partly by a general critique on 
the methodologies of philosophy and science and _ partly, 
indeed mainly, by handling certain specific problems of 
philosophy in the spirit and the manner of science. The 
chief ones among these illustrative examples belong to the 
general problem of the relation between the data of sense and 
the time, space, and matter of mathematical physics. The 
discussion is guided by a highly important and exceedingly 
difficult aim. The aim is to sketch a method available in all 
departments of philosophy and “adequate to yield whatever 
objective scientific knowledge it is possible to obtain.”? Tradi- 
tional philosophy, however worthy of studious attention, 
has been too impatient; it has been too ambitious; its pre- 
tensions and claims have been grossly extravagant; it has not 
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been sufficiently disinterested; it has been too subjective, too 
personal, colored and often vitiated by individual tastes and 
temperaments. Such defects, which keep the great philoso- 
phic systems of the past from being scientific, are to be cured 
or avoided by means of a right philosophic, or scientific, 
method. What is this method? It is the method of logical 
analysis—a method first completely exemplified by Frege, a 
method copiously illustrated in the first three volumes of 
Whitehead and Russell’s Principia Mathematica and, so far 
as the great conception of the world of physics as a construc- 
tion rather than an inference is concerned, to be elaborately 
and precisely presented by Whitehead in the fourth volume 
of that work. 

Mr. Russell’s book, which is composed of the eight Lowell 
Lectures delivered by the author in Boston in 1914, is a rough, 
general, semi-popular sketch of the method in question. The 
presentation does not pretend to be accurate in all its details 
but it is confident of being sound in general and it is animated 
by the conviction that the method outlined “has great re- 
wards to offer—triumphs as noteworthy as those of Newton 
and Darwin—and as important in the long run for the mould- 
ing of our mental habits.” 

The initial lecture, which is entitled “Current tendencies,” 
is devoted to a clearing of the ground. ‘The current tendencies 
dealt with are three: the classical tradition, evolutionism, and 
what Mr. Russell, for want of a better name, calls logical 
atomism. ‘These are in conflict. The third is born of the 
modern critical movement in mathematics and is the type of 
philosophy that the author advocates. The first and the 
second types contend with one another and they are both 
of them antagonists of the third. The classical tradition seeks 
“to adapt to present needs the methods and results of the 
great constructive philosophers from Plato downwards,” thus 
owning such names as Kant and Hegel and represented in 
our own day by the Appearance and Reality of Mr. Bradley. 
It is doomed by its too great reliance on pure reason and 
the meagreness of its imagination in conceiving the universe. 
The universe as revealed by modern science it does not know. 
It is dying at the hands of discovered natural facts. Mr. 
Russell would not, I suppose, deny that this philosophy has 
performed an immense service in testing the resources of 
reason, ‘The experiment had to be made, for there was no 
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way of knowing a priori that reason, which had succeeded 
in building an immortal geometry, was not competent to 
construct a true philosophy of the entire world. 

Evolutionism, the regnant philosophy of our time, is a 
reaction against the classical tradition. It springs from and 
allies itself with natural knowledge, as in the works of Herbert 
Spencer and Bergson. But it “is not a truly scientific phil- 
osophy, either in its methods or in the problems which it 
considers.” It is not sufficiently disinterested; it is too easy- 
going; it does not know the severity of logical discipline. 'To 
understand the world it is necessary to understand change 
and continuity. But biology, physics, chemistry, and the 
like can not enlighten us here. The problem is foreign to 
natural science. Again, evolutionism is primarily interested 
in human destiny, but scientific philosophy is not. It is more 
detached. Itis not Baconian. It has no essential or primary 
concern with questions that the other sciences may answer. 
It is not tethered to mundane interests. Incidentally it may 
help, as it may be helped by, the other sciences, but it appeals 
to none except such as desire, beyond all else, “to escape from 
intellectual bewilderment.” ‘Towards mysticism its attitude 
is this: It does not deny the genuineness of the mystic’s 
alleged insights and intuitions of truth beyond the world of 
sense, but when the mystic denies truth to the deliverances of 
sense and normal perception it submits a challenge, it asks 
for evidence. And unlike Bergsonianism, it regards the logi- 
cal analysis practiced by a Cantor or a Frege as superior to 
the instinct of a wasp or of a duck that will lead a brood of 
chicklets to a pond. 

The second lecture bears the somewhat challenging title, 
“Logic as the essence of philosophy.” In what sense is the 
implied thesis to be understood or to be justified? Certainly 
not at all if logic is to be identified with Aristotelian syllo- 
gistic. Mr. Russell does not pause to give due credit to the 
great logical work of Aristotle, possibly because he thinks 
the world has already done more than justice in that matter. 
But a great outburst of genius often blinds centuries of men 
and certainly Aristotle fettered the mediaeval mind. In a 
measure the fetters were broken by Bacon and Galileo. Yet 
Bacon’s conception of the nature and proper function of in- 
duction was superficial and mistaken. Induction can not 
replace deduction, but can widen its scope. Deduction is not 
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all of it syllogistic. But how deduce by induction? What 
principle justifies inference, for example, from past to future 
sunrises? If, with Mill, we say the law of causation, then we 
must ask what justifies belief in that law. ‘That the law is 
known a priori is rendered improbable by the formulation of 
the law, which runs somewhat as follows: “A causal law is 
any general proposition in virtue of which it is possible to 
infer the existence of one thing or event from the existence of 
another or of a number of others.” If we suppose causal 
law to be an assumption, then evidently it can not justify 
inference in any fundamental or ultimate way. Is it an 
empirical generalization? ‘Then, how justify such generaliza- 
tion? Not by enumeration, for this can at best yield prob- 
ability—whatever that is—, nor by any other empirical means, 
for generalization transcends experience. Inference from the 
observed to the unobserved, if valid, must rest, not on any 
law of causality, but upon the principle of induction. What 
is this principle? It is hard to state it quite satisfactorily 
but it is much like this: “If, in a great number of instances, a 
thing of a certain kind is associated in a certain way with a 
thing of a certain other kind, it is probable that a thing of the 
one kind is always similarly associated with a thing of the 
other kind; and as the number of instances increases, the 
probability approaches indefinitely near to certainty.” The 
proposition may be false; it admits of neither proof nor dis- 
proof. Yet it is the only justification that the kind of infer- 
ence in question admits of. j 

But it is not to be admitted, because general propositions 
can not be empirically established, that we can not know any 
general propositions to be true. We have such knowledge 
and it belongs to logic. Logic consists of two parts, and we 
are now to see wherein and why it is the essence of philosophy. 
“The first part investigates what propositions are and what 
forms they may have.” It “enumerates the different kinds 
of atomic propositions,” that is, propositions which, when 
asserted, assert that a certain thing has a certain quality or 
that certain things have a certain relation; it enumerates the 
different kinds of “molecular” propositions, or propositions 
containing “conjunctions—7f, or, and, unless, ete.”; and it 
enumerates the various kinds of general propositions, such as, 
all equilateral triangles are equiangular; and so on. For logic 
the content of propositions is of no importance, but form is 
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all-important. The second part of logic “consists of certain 
supremely general propositions which assert the truth of all 
propositions of certain forms.” An example of such supreme 
propositions is: “If anything has a certain property, and 
whatever has this property has a certain other property, 
then the thing in question has the other property.” Such a 
proposition is true, and is known to be true, but can not be 
established empirically. This second part of logic is the 
first part of mathematics; it is the first part of logic that makes 
logic the essence of scientific philosophy. One is reminded of 
the saying of Leibnitz: “Ma métaphysique est toute mathé- 
matique.” 

It is in the third lecture, “On our knowledge of the external 
world,” that Mr. Russell comes to close grips with his task 
and best indicates the method of “logical analysis” or the 
philosophy of “logical atomism” by operating it on certain 
fundamental problems. From the earliest times philosophy 
has from various motives found it necessary to discredit sense- 
data and to suppose something more real behind the veil. 
And modern science and especially physics (taken in a com- 
prehensive sense) have not escaped the like necessity. Atoms, 
molecules, electrons, points, instants, time, space (the time 
and space of mathematical physics)—none of these things 
and their kind is known or knowable to sense or perception. 
Neither can they be logically inferred from the data of sense. 
They can not be proved to exist nor can their non-existence be 
shown logically. Why assume them? It is not necessary 
to do so, and, if not necessary, such assumption is forbidden 
by the principle of Occam’s Razor. What, then, is proposed 
instead? Instead of illegitimately pretending to infer such 
things as the points, instants, matter, time, and space of 
mathematical physics and instead of assuming the existence 
of such things, it is proposed and shown to be possible to 
construct them from the data furnished by sense. That 
done, we shall know them to exist in whatever sense we may 
suppose constructs to exist, because we have made them, 
and physics will cease to be an illegitimate inference or a 
structure based on pure assumption and will be instead a 
structure built of and upon sense data, the only facts im- 
mediately known or knowable respecting the external world. 
How is the task of construction to be performed? A hint, by 
means of one example, must here suffice. 
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Let us confine ourselves to the sense of sight and see how 
we may construct a corresponding space. The sketch, for 
the want of room, must needs berough. Each of many minds, 
looking out from its own view-point, sees at each moment a 
three-dimensional world. No two minds behold precisely 
the same thing. Each has its own “perspective,” its own 
“private world.’”’ A mind at an intermediate point of view 
will have an intermediate private world. Such perspectives 
or worlds may be correlated by the principle of similarity, 
for whilst no two are identical, they may resemble each other 
in various degrees. ‘l'wo that are much alike may be said to 
be “near’’ one another in space but this space is entirely 
different from “the spaces inside the two perspectives.” It 
is a relation, a relation between the two private worlds: or 
spaces. Between these we can in thought intercallate others 
more and more similar and hence nearer and nearer together. 
In this way public space, which consists of relations between 
private spaces, can be made continuous. Thus space is a 
constructed affair: it is a system, a system of perceived or 
perceivable private worlds. In ways quite analogous, we can 
construct a “thing,” a “point,” “here,” “instant,” “time” 
and soonand on. ‘The delineation of the process with critical 
remarks as to its philosophic significance occupies the fourth 
lecture, “The world of physics and the world of sense.” 

The fifth lecture is devoted to “The theory of continuity.” 
The author ranges himself on the side of those who regard 
sensation as a continuous function of stimulus though he does 
not think the doctrine capable of being established empiri- 
cally. As this doctrine involves the necessity of supposing 
that two sensations may be different despite the fact that 
their subject can not discriminate them, it appears to involve 
a contradiction in terms or a verbal quibble or a verbal con- 
fusion. It seems sound to say that two sensations that are 
sensed as the same are the same, as sensations. 

Then follow two lectures devoted to the notion of infinity— 
“the problem of infinity considered historically” and “the 
positive theory of infinity.” Though these lectures are 
intensely interesting, they contain but little, except some 
novelty of exposition, that is likely to be new to the student 
acquainted with the literature of Cantorism. ‘This is not to 
imply that they have not very great value as exhibiting the 
nature and power of logical atomism as a method and type of 
philosophy. 
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The work closes with a lecture treating “The notion of 
cause, with applications to the free-will problem.’ The 
discussion 1s very acute, the finest in the book. Hume’s 
classical analysis is resumed and shown to require extension 
and this is undertaken. The vulgar notion of a cause as com- 
pelling its effect must be abandoned as having no warrant in 
logic and no essential réle in natural science. A cause may 
as well accompany or follow its effect as precede it. Far 
more important than the notion of cause is that of causal law, 
which has been above stated in one form. It is acutely con- 
tended that, as causes do not compel, the acts of will may be 
caused without being externally coerced, and that omiscience, 
including knowledge of the entire future, is consistent i 
every thing in freedom that is worth preserving. 

The book as a whole must be judged as an important con- 
tribution to the science of philosophy even if the reader must 
remain convinced that much that is destined to continue 
to be called philosophy will not, through logical analysis or 
other means, yield solid, scientific, objective knowledge. 
Personal idiosyncrasies are themselves facts and they are 
often more interesting than, and quite as important as, generic 
results that ignore them. In the future, as in the past, the 
value of philosophy will consist, not wholly in propositions 
established by it, but largely in philosophizing. Let the two 
kinds flourish side by side, but let them not be confounded. 

Cassius J. KEYSER. 


SHORTER NOTICES. 


Combinatory Analysts. By Major Percy A. Macmanon. 
Volume 1. Cambridge University Press, 1915. 300+ 
XIX pp. 

THE author states that “the object of this work is, in the 
main, to present to mathematicians an account of theorems 
in combinatory analysis which are of a perfectly general 
character, and to show the connection between them by as 
far as possible bringing them together as parts of a general 
doctrine. Little attempt has been hitherto made either to 
make a general attack upon the territory to be won or to 
coordinate and arrange the ground that has been already 
gained. The combinatory analysis as considered in this 
work occupies the ground between algebra, properly so 
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called, and the higher arithmetic. The methods employed 
are distinctly algebraical and not arithmetical.” 

Section I is devoted to the study of symmetric functions. 
The theory is developed with particular reference to the theory 
of the partitions of numbers. In general we may have in 
view the symmetric function 
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the whole function consisting of a number of terms similar 
to the one attached to the sign of summation; in each term 
we may take pj, po, ---, p; to be in descending order of mag- 
nitude, but the quantities a, therein appearing, will be any s 
selected from aj, Qo, -+-, Qn In any permutation. It thus 
appears that the succession of numbers 71, pe, -++, Ps In de- 
scending order of magnitude is a sufficient specification of the 
svmmetric function and, if 
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we may regard the function as denoted by the partition 
(pip. --: ps) of the number w. It is now shown that the 
general theory of combinations is essentially involved in the 
algebra of monomial symmetric functions. Every multi- 
plication of monomial symmetric functions involves a the- 
orem in combinations. 

Further developments of the theory of symmetric functions 
are made by introducing the two differential operators of 
Hammond: 


AE 
dante 


d d 
Samira uence hee 


1 
D; = 3! (dy°), 


where (d,°) indicates a symbolic multiplication as usual in 
Taylor’s expansion. In Chapters IV and V it is shown 
that the algebra of these operators is parallel with the algebra 
of symmetric functions. 

Section II is a generalization of the theory of Section I. 
The theory of symmetric functions is associated not with a 
number but with the partition of a number. The theory of 
Section I is that particular part of a more general theory 
which is associated with that partition of a number which is 
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composed wholly of units. Hammond’s operators d and D 
are given an extended field of operation and, in the enlarged 
theory, are shown to be important instruments for multi- 
plying and evaluating the symmetric functions that present 
themselves. In Chapter IV binomial coefficients are treated 
as symmetric functions denoted by partitions with zero parts, 
and the formation of symmetrical tables involving them is 
explained. 

In Section III the enumeration of combinations and 
permutations is treated from the point of view supplied by 
the theory of symmetric functions. In Chapter II a theorem 
is established termed “a Master Theorem from the masterly 
and rapid fashion in which it deals with various questions 
otherwise troublesome to solve. Many illustrations of its 
power are given. In particular in Chapter III it is shown to 
supply instantly the solution of the generalized ‘probléme 
des rencontres.’ In finding expressions for the sum of powers 
of binomial coefficients it is singularly effective.” 

Chapter V is devoted to lattice permutations. Consider 
an assemblage of letters a?8%y" --- in which the numbers 
», G, T; *** are in descending order of magnitude. ‘This 
particular permutation of the assemblage can be denoted by a 
regular graph consisting of rows of dots. The successive rows 
will have p, q, r, --- dots respectively and the graph is the 
same as serves to denote the partition (pqgr ---) of the number 
p+qtr-+-:-. Such a graph may be 


forp=6,q¢=4,r= 1. 

If we take any permutation of a?8%" --- we shall arrive 
finally at the same graph by proceeding from left to right 
of the permutation and placing a dot in the first row, or in 
the second, or in the third according as we reach a letter a, 
B, or ¥, etc. 

The author states that lattice permutations “are in them- 
selves interesting but are of importance principally because 
they are shown in Volume II to supply the key to solutions 
of certain questions which involve arrangements, under given 
conditions, of numbers in spaces of two and three dimensions; 
numbers not arranged at points in a straight line but at the 
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crossing points of lines which compose lattices in two and 
three dimensions.” 

Section IV is devoted to the theory of the compositions of 
numbers. The word connotes a partition in which account 
is taken of the order of occurrence of the parts. Thus the 
partition a, b, c of the number a+ 6+ ¢ would have six 
compositions abc, acb, bac, bca, cab, cba involving the parts 
a,b,c. Chapter I treats with unipartite numbers; Chapter II 
with multipartite numbers, a graphical representation being 
given; Chapter III with the graphical representation of the 
compositions of tripartite and multipartite numbers. Chapter 
IV gives a complete solution of Simon Newcomb’s problem: 
A pack of cards of any specification is taken—say there are p 
cards marked 1, q cards 2, r cards 3, and so on—and being 
shuffled is dealt out on a table; so long as the cards that 
appear have numbers that are in ascending order of magni- 
tude, equality of numbers counting as ascending order, they 
are placed together in one pack, but directly the ascending 
order is broken a fresh pack is commenced and so on until all 
the cards have been dealt. The probability that there will 
result exactly m packs or at most m packs is required. Chap- 
ter V gives a generalization of the foregoing theory. 

In Section V the subject of the perfect partitions of num- 
bers is dealt with as a necessary preliminary to the discussion 
of arrangements upon a chess board... The latter, as involving 
conditions to be satisfied by the numbers appearing in a row 
or in a column, are of the magic square nature. Operators 
and functions are designed with the object of discovering the 
laws of formation of the systems of diagrams to which they 
naturally lead. As the simplest example choose the operation 
d/dx and the function x”. We observe that if 2” be written 
out in the form axa--- a the operation is equivalent to 
writing unity for one of the w’s in all possible ways and adding 
the results together. We obtain na” because one x can be 
selected in n different ways. So operating n times successively 
with d/dx we dissect the operation into n! distinct operations 
and these give rise to n! distinct diagrams. For consider a 
square of n? compartments; we may place a unit at the inter- 
section of the rth row and cth column to indicate that when 
d/dx was operating for the rth time our process was to sub- 
stitute unity for the cth 2 counting from the left. So we 
obtain mn! diagrams which possess the property that n units 
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appear one in each row and one in each column. We thus by 
the operation upon the function enumerate the diagrams 
with this property. 

The problem of the Latin square is solved. This problem 
is to place n different letters a, b, c, --- in each row of a square 
of n? compartments in such wise that, one letter being in each 
compartment, each column involves the whole of the letters. 
The number of arrangements is required. ‘The question is 
famous because, from the time of Euler to that of Cayley 
inclusive, its solution was regarded as being beyond the 
powers of mathematical analysis. It is solved without diffi- 
culty by the method of differential operators of which we are 
speaking. In fact it is one of the simplest examples of the 
method which is shown to be capable of solving questions of 
a much more recondite character.” Most of the operators 
are those of the infinitesimal calculus and the numbers in- 
volved in the partitions of the functions are positive integers, 
excluding zero. If we admit zero as a part in the partitions, 
we have to do with the operations of the calculus of finite 
differences. 

In Section VI the theory of distributions is applied to the 
enumeration of the partitions of multipartite numbers. 

The author states that “In the present volume there 
appears a certain amount of original matter which has not 
before been published. It involves the author’s preliminary 
researches in combinatory theory which have been carried 
out during the last thirty years.” 

The book is not intended for class room work. There is 
an absence of problems, but plenty of exercise for one who 
carries out in detail all of the work indicated. There is no 
index but a full table of contents. There are errors. It is 
not our intention.to catalogue these. We refer to one merely 
to support our statement: on page 5 last line for a2? write a,’”. 
At certain places conditions are implied which we think 
should be explicitly stated. We mention but one: page 
4 line 3 we should have A; + 2A. + 3A3+ --- + 8d5 = 8. 
Problems concerning symmetry of determinants find no 
place in the present treatise. There are thirteen pages of 
tables at the end exhibiting in a condensed form some of the 
results of the foregoing theory. In general the work is well 
written and clear. 


W. VY. Lovirt. 
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Plane Analytic Geometry, with introductory chapters on the 
Differential Calculus. By Professor Maxime BOcHER. 
Henry Holt and Company, New York, 1916. vii + 235 pp. 


THIS compact and clearly written textbook gives the 
essential properties of the conic sections and ends with two 
chapters on the differentiation of algebraic functions with 
applications. 

The lemniscate is the only curve of higher degree which is 
discussed at any length, but its graph is correct, thereby 
differing from the representations commonly published. 
Other curves are barely mentioned, nor has the book an index. 
Thus the student of engineering especially must wait for a 
later course to unfold cardioids, catenaries, spirals, and 
witches. 

The preface states that “Analytic geometry, if properly 
taught, is a difficult subject, and concentration on a few of 
its important principles is necessary if mastery is the aim,” 
and later, “It is only by degrading it to a course in graphics 
(curve plotting, numerical problems, etc.), that a course in 
analytic geometry can: be made easy to the average student.”’ 

The student will have to be careful to note that in a right- 
handed system of coordinates, a positive (left-handed) rota- 
tion changes the OX axis into the OY axis. In a note the 
author states that “The word ‘normal’ (in Hesse’s normal 
form of the straight line equation) is here used in the sense of 
‘standard.’ It has nothing to do, as some American text- 
books have implied, with the normal to a curve or line.” 

Throughout the book, curves with no real points are con- 
sistently referred to as “no locus,’ and definitions are, so 
framed as to exclude degenerate cases. The chapter on 
determination of loci is short but explicit, while that on the 
general equation of the second degree gives a detailed and 
complete discussion, ending with the problem of a conic 
through five points. 

For the student proceeding to the calculus, a course in 
solid analytic geometry must follow this text, but otherwise 
one who has finished this book will be excellently prepared. 

IF. H. SAFForb. 
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NOTES. 


Tue twenty-third annual meeting of the American Mathe- 
matical Society will be held at Columbia University on 
Wednesday and Thursday, December 27-28, 1916, in con- 
nection with the meeting of the American association for the 
advancement of science. At this meeting President ERNEST 
W. Brown will deliver his presidential address, the subject 
of which will be “The relation of mathematics to the natural 
sciences.”’ Titles and abstracts of papers intended for presen- 
tation atethis meeting should be in the hands of the Secre- 
tary by December 13. Abstracts to be printed in advance 
of the meeting should be sent in by December 6. 


A NEw edition of the List of Officers and Members of the 
Society is now in preparation and will be issued early in Janu- 
ary. Blanks for furnishing necessary information have been 
sent to the members. A prompt response will contribute 
materially to the correctness and completeness of the List. 


Tue first summer meeting of the Mathematical Association 
of America was held under the presidency of Professor E. R. 
Heprick at the Massachusetts Institute of Technology, 
Cambridge, Mass., on Friday and Saturday, September 1-2, 
thus immediately preceding the summer meeting of the 
American Mathematical Society. The attendance numbered 
126, including 110 members of the Association. The pro- 
gramme included the following papers: E. V. Huntineron: 
“The teaching of elementary dynamics”; D. E. Smita: 
“The history of mathematical recreations”; J. N. VAN DER 
VriEs: “Combined courses in mathematics for college fresh- 
men”; F. S. Woops: “Combined courses in mathematics 
for freshmen in technical schools.” An announcement of 
plans was made by the committee on mathematical require- 
ments, and a preliminary report was received from the bureau 
of information. The dinner on Friday evening was attended 
by about 80 members and friends. The Association will hold 
its next meeting at Columbia University on Friday and 
Saturday, December 29-30. 


Tue sixty-ninth meeting of the American association for 
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the advancement of science will be held in New York during 
the week December 26-30 under the presidency of Dr. C. R. 
Van Hist. Professor L. P. EISENHART is vice-president, and 
Professor F. R. Mouton secretary of Section A. 


Tue British association for the advancement of science held 
its annual meeting at Newcastle September 5-9, under the 
presidency of Sir ArtHuR Evans. Professor A. N. WHITE- 
HEAD was president of Section A: mathematical and physical 
science. Professor Whitehead’s address before the section, on 
“The organisation of thought,’ recently appeared in Science 
(September 22). 


THE closing (October) number of volume 38 of the American 
Journal of Mathematics contains the following papers: ‘“Con- 
ditions for the complete reducibility of groups of linear sub- 
stitutions,” by Henry Taper; “On sextic surfaces having a 
nodal curve of order 8,” by C. H. Sisam; “A theorem con- 
nected with irrational numbers,” by W. D. MacMiiuan; 
“On the representation of arbitrary functions by definite 
integrals,’ by W. B. Forp; “Metric properties of nets of 
plane curves,” by H. R. Kineston; “On a special elliptic 
ruled surface of the ninth order,” by H. C. Gossarp. 


On the occasion of his seventieth birthday, December 7, 
1915, Professor A. Voss, of the University of Munich, re- 
ceived from the Munich technical high school the honorary 
degree of doctor of technical sciences. 


Proressor M. Pascu, of the University of Giessen, cele- 
brated the fiftieth anniversary of his doctorate on August 21, 
1915. On this occasion the University of Breslau renewed 
his diploma. 


Tue birthplace of WEIERSTRASS in Osterfelde in Westphalia 
has recently been marked by a memorial tablet. 


Dean T. F. Hoiaate, of Northwestern University, has been 
elected ad interim president of the University. 


Proressor J. J. Luck, of Vanderbilt University, has been 
appointed adjunct professor of mathematics in the University 
of Virginia. 
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Mr. C. H. CLEVENGER has been appointed instructor in 
mechanics and mathematics in the school of mines of the 
University of Minnesota. 


Mr. C. N. Reynoups has been appointed instructor in 
mathematics at Wesleyan University. 


Dr. P. R. Riper has been appointed instructor in mathe- 
matics in Washington University. 


Mr. J. J. Tanzoua, of Columbia University, has been 
appointed instructor in mathematics in the U. 8. Naval 
Academy. 


At Dartmouth College, Dr. C. H. Forsytu, of the Univer- 
sity of Michigan, has been appointed instructor in mathe- 
maties. Dr. F. J. McMackrn has resigned his instructorship 
in mathematics to engage in high school work. 


Proressor F. Prym, of the University of Wiirzburg, died 
December 15, 1915, at the age of seventy-four years. 


Proressor P, Dune, of the University of Bordeaux, died 
in September at the age of sixty-seven years. 


Tue death is announced of Dr. William Esson, Savilian 
professor of mathematics in the University of Oxford, at the 
age of eighty-eight years. 


ProFressor 8. B. MacLaren, of University College, Read- 
ing, died August 14, 1916, from wounds received in battle. 


Prorressor L. L. Conant, of the Worcester Polytechnic 
Institute, was killed in a street accident on October 11, 1916, 
at the age of fifty-nine years. Professor Conant had been a 
member of the American Mathematical Society since 1892. 
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NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


HaALPHEN (G. H.). (éuvres, publiées par les soins de C. Jordan, H. 
4 Poincaré, E. Picard, avec la collaboration de E. Vessiot. Tome 1. 


Paris, Gauthier-Villars, 1916. S8vo. 44 + 570 pp. Fr. 20.00 
Jones (W. H. 8.). Scientific method in schools: a suggestion. Cam- 
bridge, University Press, 1916. 36 pp. Is. 


JORDAN (C.). See HALPHEN (G. H.). 


LINEHAN (P. H.). Contributions to equilong geometry. (Diss., Colum- 
bia.) Lancaster, Pa., P. H. Linehan, 1916. 4to. 6+ 38 pp. 


Paper. $1.00 
Macautay (F. §.). The algebraic theory of modular functions. Cam- 
‘ bridge, University Press, 1916. 14-++ 112 pp. 4s. 6d. 


Picarp (H.). See HaLpHEn (G. H.). 
Porncark& (H.). See HAaLpHen (G. H.). 


ScHWALLER (R.). Etude sur les nombres. Paris, Librairie de l’Art 
indépendant, 1916. 12mo. Pr eieou 


Vessiot (E.). See HaLPHEN (G. H.). 


Il. ELEMENTARY MATHEMATICS. 


BarNaArRD (S.) and Cutup (J. M.). Elements of geometry. Parts 5-6. 
London, Macmillan, 1916. 28. 


Bry (M.). Principes nouveaux de calculs rapides sans l’emploi des 
logarithmes. Paris, Desforges, 1915. S8vo. 


Curtp (J. M.). See BARNARD (8.). 


Hervh (E. L.). Conversion des mesures étrangéres en mesures frangaises. 
Paris, Challamel, 1916. 8vo. Fr. 3.00 


Lreicu (C. W.). See Parmer (C. I.). 
Lemoine (A.). Arithmétique. Cours supérieur et complémentaire, 
brevet élémentaire. Paris, Hachette, 1916. 18vo. Cartonné. 
Fr. 1.80 
LENNES (N. J.). See Suauaut (H. E.). 


Marsu (H. W.). Interpolated six-place tables of the logarithms of 
numbers and the natural and logarithmic trigonometric functions. 
New York, Wiley, 1916. 8vo. 14+155 pp. Cloth. $1.25 


Mitus (J. F.). See Stone (J. C.). 


PAILHADE (J. DE R.). Sur les avantages et les progrés de la mesure 
décimale francaise des angles. Nice, 1916. 


Paumer (C. I.) and LeicuH (C. W.). Plane and spherical trigonometry 
with 5-place tables. 2d edition. New York, McGraw-Hill, 1916. 
8vo. 186 + 1382 pp. $1.50. Text alone, $1.00. Tables alone, $0.75. 


PaTERSON (W. E.) and Tayuor (E. O.). Elementary geometry, theoreti- 
cal and practical, covering Stage III of the recommendations of the 
Board of Education Circular 711. Vol. 1, 1914: Triangles and quadri- 
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laterals; Vol. 2, 1915: Circle and similar figures. Now issued in one 
volume. Oxford, Clarendon Press, 1916. Cr. 8vo. 328 pp. 38. 


Puitre (M.). Algebra through simple equations. New York, Hinds, 
Hayden and Eldredge, 1916. 6 + 52 pp. $0.48 


Rocer-Court (—.). Arithmétique. Cours moyen. Certificat d’études. 
Livre du maitre. Paris, Colin, 1916. 12mo. 590 pp. Cartonné. 
Fr. 4.00 


RoorpDA VAN Eysrnea (H.). Cours de mathématiques élémentaires. III: 
Manuel de géométrie. Théorie et problémes. Paris, Payot, 1916. 


12mo. 194 pp. Fr. 3.00 
ROSENBERG (F.). Preliminary geometry. Oxford, Clarendon Press, 1916. 
6 + 220 pp. 2s. 
Staucut (H. E.) and Lennes (N. J.). Intermediate algebra. Boston, 
Allyn and Bacon, 1916. S8vo. 249 pp. $0.75 
Stone (J. C.) and Minus (J. F.). Plane geometry. Chicago, B. H. 
Sanborn, 1916. 8vo. 10 + 278 pp. $0.85 


TAYuLor (E. O.). See Paterson (W. E.). 


Il. APPLIED MATHEMATICS. 


BauscH AND Loms Optica Company. Metro manual; a handbook for 
engineers, containing technical information regarding the construction, 
adjustment and use of transits, tachymeters, theodolites, alidades, 
levels, etc. (9th and revised edition of Saegmuller vest-pocket hand- 
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AN EXTENSION OF THE THEORY OF NUMBERS 
BY MEANS OF CORRESPONDENCES 
BETWEEN FIELDS. 


BY PROFESSOR L. E. DICKSON. 
(Read before the American Mathematical Society, September 4, 1916.) 


1. To each number a of a field or domain of rationality R 
let correspond a unique number F(a) of R. Define two 
operations ® and © on the numbers F(a) by the equations 


F(a) © F(b) = F(a+b), F(a) © F(b) = F(ab), 


holding for any two equal or distinct numbers a, b of R. 
These operations obey the commutative, associative, and 
distributive laws of ordinary addition and multiplication. 
For example, 


{F(a) © F(b)} © Fe) = F{(a+'b)c} 
= (F(a) © F@)} @ {F(6) © F@)}. 


The set of numbers F(a) combined by these two operations 
therefore form a field F(R), whose zero of addition is F(0) 
and unity of multiplication is F(1). 

2. In particular, let R be the domain of all rational numbers 
and let the coefficients of F(a) be rational. If a, b and a/b = q 
are all integers, then F(a) = F(b) © F(q) and F(a) will be 
said to be divisible by F(b). Since a = bg + r implies 


F(a) = {F(6) © F(Q)} & F(r), 


Euclid’s process for finding the G.C.D. of two integers a, b 
leads to the G.C.D. of F(a), F(b). We call F(a) a prime 
if its only divisors are F(+ a) and F(+ 1). When the pre- 
ceding equation holds, we say that F(a) and F(r) are con- 
gruent modulo F(b). It is now a simple matter to enunciate 
the analogues, for the numbers F(a) and the operations 
® and ©, of the theorems in the theory of numbers. If p is 
a prime not dividing a, then F(a) © F(a) --- © F(a), to 
p — 1 factors, is congruent to F(1) modulo F(p). Again, 
F(1) © F(2) --- © F(p — 1) is congruent to F(— 1). These 
analogues to Fermat’s and Wilson’s theorems follow at once 
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from the latter by the principle of correspondence and need 
not be proved independently of them. A like remark is true 
of the reciprocity law and other theorems of the theory of 
numbers. 

3. The advantage of choosing a linear fractional function 
la + m 
na+t 
as our F(a) lies in the fact that the correspondence between 
the fields R and F(R) is now (1, 1), so that the numbers of R 
form a field also when combined by the new operations ©® 
and ©. We have 


(mn? — 2ntl)aB + Pi(a + B) — mi? 
— ntaB + mn?(a + B) + Pt — 2mnl’ 


3 _ (mn? + l?)aB — mi(n + t)(a+ B) + mim +) 
(3) "00 8 = Ge oh nice ERD (i ee 


In particular, if n = 0, ¢ = 1, then F(a) = la + m, and 
a@Bp=atp—wm, 





(1) Ea) = (it — mn + 0) 








(2), a2068=— 





(4) 1 
aOP=7(a—m)(B — m) + m. 


The special case of the latter in which 7 and m are certain 
expressions in a single parameter was treated by L. Schrutka,* 
who resorted to computations to prove the associative and 
distributive laws in this special case and devoted many pages 
to the proofs of the analogues of theorems in the theory of 
numbers, without making clear that the results follow at once 
by correspondence. 
4. The operation defined by 


_ aa8 + bla + B) +e 
(9) 2.0 8 = cane eemenyeles 


obeys the associative law if and only if 
(66) be=cd, BP+ce=ac+OHf, e+ bd = ae-+ df. 


First, let a, ---, f be integers and let b = bid;, c = byc1, where 
d, and c, are relatively prime integers. Then e = eC, 








* “Theorie der Polygonalreste,’ Monatshefte fiir Mathematik und 
Physik, vol. 16 (1905), pp. 167-192. 
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d = e,d,, where e; is an integer. The remaining conditions 
(6) now hold if and only if a — eye, = qd, f — bidy = — qe, 
where q is an integer. Next, when a, ---, f are any numbers 
(not necessarily integers) of the field R, the conditions (6) are 
equivalent to 


b = bid,, C= b1¢1, Gi CiCT, d = €1d, 
@ = €1C1 + qdy, ve - bid, GET; 


where 6;, ci, di, €1, g are numbers of R. We now have the 
most general operation (5) under which the numbers of K 
form a group. 

5. We are led to a fraction of the form (5) in which @ and £ 
enter linearly if we demand that. the inverse operation shall 
be applicable to every pair of numbers of the field. Suppose 
that also a @ £6 is a similar symmetric function of a and 8. 
If these two operations obey the associative and distributive 
laws, it seems probable that they must be of type (2) and (8), 
defined by the linear fractional correspondence (1). This is 
easily proved for integral functions: 


Ceerieed a a Diora By tC, 
a, O08 = a0B -.b(a 4- B).-- c. 


Of the conditions for (a ® 8B) 0 y= (a © x) @ (8 © ¥), those 
which involve y? show that Ada = Ab = 0, whence 4 = 0, and 
the remaining conditions are 


aC + b = 2Bb, b6C+e¢= 2Be+ C. 


By the associative law for ©, B? = B, whence B= 1. Thus 
b= aC,c = aC? — C, and we get (4) with m = — C,l= l1ysa. 


NOTE ON THE DISTRIBUTION OF QUADRATIC 
RESIDUES. 


BY MR. H. S. VANDIVER. 


(Read before the American Mathematical Society, October 30, 1915.) 


THE present note relates mainly to the distribution of 
quadratic residues for a rational prime modulus. A special 
quadratic form is also considered. 
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1. Let the prime be p = 4n+ 1 and assume that & is the 
number of distinct positive quadratic residues which are less 


than Vp. If x is an integer such that 
(1) at?-)) = — 1 (mod p), 


then by a known theorem* it is possible to write 
m 
Zi -t — (mod 2); = 


where 0 < m < Vp and 0<n< vp. Thereare}(p— 1) dis- 
tinct positive non-quadratic residues of p which are less than 
p, and from (1) we have 


(2)(G)=—» 


We may then assume 


(2)-1 (S)--n 


Let there be / distinct positive quadratic non-residues less 


than Vp. If m/n is a quadratic non-residue of p, then — m/n 
and + n/m are also non-residues, and we therefore have 


(2) eb 2s em) 


We also have + 1= [ Vp], where [ vp] denotes the largest 
integer in Vp. We get, after using (2), 


1 gles INDIA Np aoe 
= 9 3 





which gives 
THEOREM I. If pis a prime of the form 4n + 1, then in the 
set 1, 2, ---, [Vp] there are at least 
[lisa — Vive -3@ - 1 
2 
distinct quadratic residues and at least the same number of non- 
residues. 


2. In connection with the distribution of quadratic residues 
the writer has proved the following: 


* This BULLETIN, 1915, p. 61. 
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TuHeoreM II. Let p be a prime of the form 4n+ 3 and 
let pR be the sum of the quadratic residues of p. Consider the 
b= 3(p — 1) integers h < p defined by 


(3) h-+ [ah] < p, 
where [ah] is the least positive residue of ah modulo p and a is a 


fixed integer less than p—1. Then the number of quadratic 
residues in such a set 1s equal to 


((°#2)=(6)-s}asees 


where S = 0 or pw according as (a/p) = -1,and T=0 ory 
according as (a+ 1)/p= +1. 

The proof of this result will be given in another paper. 
The theorem evidently shows that if the number of incon- 
gruent positive quadratic residues less than $p is known then 
it is possible to write down immediately the number of quad- 
ratic residues in any set (38). 

3. By a theorem already cited it is possible to express all 
the p— 1 incongruent residues of p, which are prime to p, 
by means of the set 


m 


modulo p, where m and n each range over all the distinct 
positive quadratic residues of p which are < Vp. We pro- 
ceed to find another expression for the number of incongruent 
fractions (4). Reduce each fraction to its lowest terms and 
let the number of distinct fractions be K, say. If any two 
are congruent modulo p we must have 

m m’ 

a ha ihe aod ep) 


and, since each m and n is < Vp, we obtain 
(5) mn’ + m’'n = p. 


Corresponding to such a representation of p, we derive the 
following relations: 


the Sato mm 1 Pea mn nn 
en ee more nh: i. Sete m mM’ 
(6) , , / / 
eo ae aL i Wie Tet mn 
1 Cae ior Tk 24 ee The m n’ 
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modulo ». In counting the number of incongruent fractions 
in the set (4) we must therefore consider the number of 
representations (5). We shall regard two representations 


mn’ + m’/n = p, ‘mini! + m'n = p 


as the same if and only if m= m, n’ = ny’, m'’ = my, 
n= n,. If N is the number of representations of this type, 
then the relations (6) show that 
N= K— (p— 1). 
Now K by definition is equal to twice the number of dis- 
tinct positive irreducible fractions whose numerators and 
denominators are each not greater than Vp. Hence* 


K = 4(g(2) + 93) + +++ + o(Lvp)) + 2, 
where y(k) denotes the number of integers < & and prime 
to it. We therefore have 
THEorEM III. Jf p ws a prime, then the number of repre- 
sentations of p vn the form 
ay + 2'y’, 


where x, y, x’, y’ are all positive integers < Vp, is equal to 


[Vp] 
—(+p)+42 o®. 


PROOF OF A GENERAL THEOREM ON THE 
LINEAR DEPENDENCE OF p ANALYTIC 
FUNCTIONS OF A SINGLE VARIABLE. 


BY MR. HAROLD MARSTON MORSE. 


(Read before the American Mathematical Society, September 5, 1916.) 


A proor of the following theorem has to my knowledge 
not been published to date. The theorem contains as a 
special case the ordinary theorem concerning the wronskian. 
Its usefulness in a general treatment of single-valued func- 








* Lucas, Théorie des Nombres, p. 393. 
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tions on a Riemann surface by means of abelian integrals 
of the second kind was pointed out by Professor Osgood in a 
lecture course just completed at Harvard. 

Let there be given p functions, fi(¢), fo(f), ---, fp(t), analytic 
in a region S of the ¢-plane. Consider the p-square functional 
determinant, the 2th row of which (2 = 1, 2, ---, p) is 


(GV bee (ti), beg | alts) fa? (t2), per (to), ee filt), 
Sts mua f: Ow (ty), fu Cay ree, ake) 


We denote this determinant by D[ty, to, ---, t,]. We shall 
have occasion to indicate determinants of the type of D by 
enclosing the 7th row, without the subscript 2, in two vertical 
bars. | 

THEOREM. A necessary and sufficient condition for the 
linear dependence of fi, fo, -+-, fp 1s that D vanish identically 
an all of its arguments. 

Consider a determinant D[t, t1, t2, ---, ¢,], obtained from 
D by replacing the first column of D by a column f:(#), fo(#), 
--+, fp(t), where ¢ is a variable independent of f1, ta, ---, t,. 
We will first show that D = 0 in all of its arguments, if the 
same is true for D. If \; = 0, we have immediately that 


Dit, ti, te, ° °°, ty] See Dit, OF ok: t,] = 0. 


If \; > 0, we will prove that D = 0 by showing that at 
any point t, t, ---, f, and fort = 


Uae al 


g acl Ai—2 
a) ED HLF), FOE), fOMD, yo 
pt) Tit) ese (n = 1, 2, 3, ee), 


where the last » — 1 columns of the determinant of (1) are 
the same as the corresponding columns of D, Equation (1) 
holds for n= 1, since for n= 1 the determinant of (1) 
either has two columns identical, or else is the determinant D. 
We proceed to prove by mathematical induction that (1) 
holds for all values of n. We therefore assume that (1) holds 
for n = m, that is, that 


Cy ie), f° dd, FOP). PED; FE) |= 0 


Wit bye t Upon differentiating (2) with respect to t,, 


we have 


we 
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[for (41), fOsy (41), 5 eae (ti), S00 Se een) ee ets f(t) 
+ fo (t1), fC), pees (t1), + arg) Macamieea F'tta), f(t.) f= 0, 


where the last » — 1 columns of the first determinant of (3) 
are the same as those of (1), and the last p — 2 columns of 
the second determinant of (3) are the same as those of (1). 
To prove the second determinant of (3) equal to zero, con- 
sider a matrix made up of the columns of D together with 
the first column of the determinant of (2). We assume for 


the present that some cofactor A of the elements of the first 
column of D does not vanish identically. We observe that 
in the matrix above there are only two p-rowed determinants 


having + A as a first minor, namely (2) and D. Whence* 
any p-rowed determinant of the given matrix vanishes. The 
latter determinant of (3) is such a determinant. Whence the 
first determinant of (3) vanishes identically. The induction 
is complete, and we have that 


(3) 


D{t, ty, to, niet t,.] == (), 


If D be developed with respect to the elements of its first 
column, and for a set of values of #1, #2, ---, ¢,, for which the 


above mentioned cofactor A + 0, we have 
Afi) + Aafolt) + «++ ¢ Apfel = 0 


in t, where the A’s are constants with respect to ¢, and not all 
zero. ‘I'he proof of the theorem is complete under the assump- 


tion that some cofactor A + 0. 

In the contrary case, we take in place of D, and from the 
upper right-hand corner of D, the largest determinant for 
which not all of the cofactors of the elements of its first 
column vanish identically. There will be such a determinant 
unless all the f’s vanish identically, in which latter case the f’s 
are obviously linearly dependent. Further such a determinant 
will be of the same general form as D. It will be identically 
zero in all of its arguments; for if not, it could not be the 
largest determinant for which not all of the cofactors of 








*If in a given matrix a certain r-rowed determinant is not zero, and 
all the (r + 1)-rowed determinants of which this r-rowed determinant is a 
first minor are zero, then all the (r + 1)-rowed determinants of the matrix 
are zero. Cf. Bécher, Introduction to Higher Algebra, p. 54. . 
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the elements of its first column vanish identically. The 
proof applied to D is therefore applicable to this determinant 
and the theorem is proved in general. 


HARVARD UNIVERSITY, 
June 1, 1916. 


NOTE ON THE LINEAR DEPENDENCE OF 
ANALYTIC FUNCTIONS. 


BY DR. G. A. PFEIFFER. 


(Read before the American Mathematical Society, September 5, 1916.) 


THE theorem proved in the preceding note, that a necessary 
and sufficient condition that p analytic functions, fi(d), fo(), 
--+, f,(t), be linearly dependent is that the determinant whose 
ath row is 


hoe» (t1), fae (t1), i Filh), ie, (t2), Te (tz), Sonar 3 fi(te), 
reyes, fiO (E,.), fu (t,)s es, fit) 


Creed bye Nie ea p=u+ 2d) 


vanish identically in t), fo, ---, tp, can be readily proved if we 
assume the fundamental theorem that the identical vanishing 
of the wronskian of p analytic functions implies their linear 
dependence. 

By rearranging the columns of the determinant of the 
theorem we obtain the determinant A whose ith row is 


fits), fi (h), «++, fC), Filta), Fi (B), +++, FiO"), 
PL war tite), FACE ee, FiO E,,). 
Without losing any generality we shall assume that 
Aa Ae ee 


Now the derivative of order nq of the q-rowed determinant 
whose ith row (7 = 1, 2, ---, q) is 
filt), fi @), es fkOO 


is equal to a positive integer times the g-rowed determinant 
whose 2th row is 
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f&™ (t), ff, ey ferry) (t) 


plus a sum of q-rowed determinants each of which has at 
least one column consisting of the derivatives of fi(¢), fo(t), 
-++, f(t) of an order less than n. 

Using this fact we find upon differentiating the determinant 
A (Ai + 1)(A2 + 1) times with respect to ¢, and putting t = 
that the result is equal to a positive integer multiplied by the 
o-rowed determinant whose 7th row is 


Jeti); fe ia), wuss aoe (ti), ioe (ti), ee tick (t1), 
fi(ts), SSS fi” (ts), "rgd sephaea HUAS) na aay FiO t,). 


The other determinants which result from the differentiation 
drop out when ¢, is put equal to ¢,, since each of them then 
has at least two columns identical. Repeating this process 
for the other variables in turn, we finally have the p-rowed 
determinant whose 7th row is 


filts), fi’), ietaPaes fe (t) 


(or the wronskian of the p given functions) vanishing identi- 
cally if the determinant of the theorem does. ‘The necessity 
of the condition of the theorem follows immediately as in the 
proof concerning the wronskian. 


HARVARD UNIVERSITY, 
July, 1916. 


ON THE LINEAR DEPENDENCE OF FUNCTIONS 
OF ONE VARIABLE. 


BY DR. G. M. GREEN. 


(Read before the American Mathematical Society, September 5, 1916.) 


As is well known, the identical vanishing of the wronskian 
of p functions of a single variable is a sufficient condition for 
their linear dependence if the functions are analytic; if, how- 
ever, they are not analytic the vanishing of the wronskian 
is not sufficient. The same situation arises in connection 
with the theorem proved by Mr. Morse and by Dr. Pfeiffer 
in the present number of the BULLETIN. ‘The former makes 
explicit use of the analytic character of the functions involved, 
whereas the theorem proved by the latter’ may be neatly 
stated only for analytic functions, if it is to afford a criterion 
for linear dependence. 
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The purpose of the present note is to establish a sufficient 
condition under which the vanishing of the determinant of 
Morse and Pfeiffer implies linear dependence, in the case of 
non-analytic functions—real or complex—of a real variable. 
The proof is like Frobenius’s modification for the wronskian 
theorem, as given by Boécher.* The theorem for analytic 
functions of a real or complex variable follows immediately 
from the general one. 

The following seems to be the most convenient form in 
which to state the theorem for non-analytic functions, al- 
though the hypothesis is stronger than it need be. The 
superscripts of course denote differentiation with respect to 
the arguments indicated. 

Let filt), fo(t), ---, fp(t) be p functions of the real variable t 
defined on the interval 
FE: Ca tee) 


and possessing in I all derivatives appearing in the determinant 
fi (41), ree, filts), ote ee a fiC" (E,), ee, filt,) 
Da NI rare Fr 
Goer Cire iniye 75 7s fo ety), 327) Solty) 


where ty, tz, ---, t, are andependent variables on the interval I. 
Suppose that 

1°. There exist a set of values of te, ts, ---, t, for which the 
(p — 1)-rowed determinant formed by deleting the first column 
and the last row of D vanishes for no value of ti in I, and 

2°. For the said values of te, ts, ---, t, the determanant D 
vanishes for every value of ti an I. 

Then the functions f(t), fo(t), ---, fp) are linearly dependent 
an I, and in fact 


Jolt) = efi) + Cafo(t) + +++ + Cp-rfp—1(2). 


We shall suppose throughout the discussion that the set 
of values of te, tz, ---, t, mentioned in the statement of the theorem 





* “Certain cases in which the vanishing of the wronskian is a sufficient 
condition for linear dependence,” J'ransactions Amer. Math. Society, vol. 2 
(1901), pp. 189-149, Theorem II. 

Professor Osgood noticed that Bécher’s proof could be extended to the 
theorem in question; without knowing of this, the present writer sent the 
proof given below to Professor Osgood, who insisted upon its publication. 
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have been fixed once for all. It will now be convenient to 
use a new notation, writing D in the form 
Uy, uy, orenes Uy” 


Uy, U_, eters Uy'”) 


Dae 





Un, Up, Le Up” 


each element standing forthe element in the corresponding place 
in the original determinant. Here the superscripts of course 
do not denote differentiation. 

Let D; denote the cofactor of wu; in D. Then by part 1° 
of the hypothesis D, is zero for no value of ¢; in J. It is im- 
mediately evident that 


(1) uD, + u2 Do + a8 a Se esi 8) = 0 (a = i a os as P); 


for every t; in IJ. From these relations may be obtained as 
follows the p — 1 relations, for every ¢; in I: 


(2) ui Dy’ + ug De! + ip aie Mee De =0 (= 2, 3, ee p); 


where the accents on the D’s denote differentiation with 
respect to t;. Those of equations (2) for which 2 >),+ 1 
follow at once from differentiation of the corresponding equa- 
tions (1), since, if 7 >A, + 1, wi, w™, +++, uw are all 
constants. ‘To obtain the first A; equations of the set (2), 
differentiate with respect to t; each of the first \; + 1 of equa- 
tions (1), except the first, and subtract from the result the 
equation immediately preceding it. 

Now add equations (2), after multiplying the first of them 
by the cofactor of uw: in D,, the second by the cofactor of 
uz in Dy, ete., the last by the cofactor of wi” in Dp. The 
result is the following equation, true for every value of ¢; in J: 


(3) Dy'Dp — D,'D: = 0. 


Since D, is by hypothesis zero for no value of ft; in J, we may 
divide through equation (8) by D,”. This gives the equation 


of DING 
aoa 


for every value of f,. Recalling that the values of fe, ts, 
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--+, t, have been fixed, we may therefore infer that 
dD, = — Gio; 
where ¢; is a constant. In the same way we find that 


Do —_— — CD», ee ig ee AE 4H fact —_ -_ Cpe ot: 


Since the (A; + 1)th column of D consists of the elements 
filts), «++, fp(ts), we have the identity in ¢; 


Dy, fits) 17 Do fo(t1) =i vais sta Dy f(y) a 0, 


which by the relations obtained above may be written 


Dy(— erfilts)  Cofalti) — -+° — Cpafp—ith) + fo(s)) = 0. 


Then, since for the fixed values of to, t3, ---, ¢, the factor D, 
is different from zero for every value of ¢, in J, the expression 
in parentheses must vanish identically in ¢;. This proves the 
theorem. 

An obvious weakening of the hypothesis may be made if 
any of the d’s be greater than d;. In the statement of the 
theorem, we supposed that all-of the derivatives appearing 
in D exist throughout J. Of course all that need be required, 
if derivatives of order higher than )\, appear in D, is that such 
derivatives exist at discrete points in J, constituted by some 
or all of the fixed values to, ts, ---, ¢, mentioned in part 1° of 
the hypothesis. 

The statement and proof of the general theorem, though 
given above only for a real independent variable, hold also 
without any essential modification when the functions are 
analytic and the independent variable complex. From the 
theorem for this case may be proved at once the theorem 
given by Mr. Morse, viz., that if D vanishes identically when 
considered as a function of the uw independent variables ¢,, te, 

--,#,, the analytic functions f1(£), fo(t), ---, fp(t) are linearly 
dependent. For, if D, is not identically zero, there must be 
a set of values of the independent variables, say t, t2, ---, t,, 
for which D, is different from zero. Then for the fixed values 
to, tz, ---, t,, Dp is nowhere zero in a certain neighborhood 
about the point ¢,, but D is identically zero in this neighbor- 
hood. ‘Therefore by the general theorem the functions are 
linearly dependent in this neighborhood, and, being analytic, 
are linearly dependent throughout their common region of 
definition. If, however, D, is identically zero in all its argu- 
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ments, we may proceed afresh, since D, is of the same form 
as D, but contains only the functions fo, f3, ---, fp. Reason- 
ing as above, we find that these p — 1 functions are linearly 
dependent, and hence also the p given functions, unless the 
(p — 2)-rowed determinant in the upper right-hand corner 
of D, vanishes identically. In the latter case we must con- 
tinue in the same way, until we finally reach a determinant 
in the upper right-hand corner of D which is not identically 
zero. But there must be one such, unless f,(¢) is itself identi- 
cally zero, in which case the given p functions are linearly 
dependent. The theorem for analytic functions as stated in 
Mr. Morse’s note therefore follows. 

It may be of interest to point out that many—if not all— 
of the theorems on linear dependence in which wronskians 
or determinants and matrices constructed like wronskians 
are involved* have their analogues in corresponding the- 
orems in which appear determinants and matrices resembling 
the determinant D. 


HARVARD UNIVERSITY, 
July, 1916. 


TRANSLATION SURFACES ASSOCIATED WITH 
LINE CONGRUENCES. 


BY PROFESSOR O. E. GLENN. 


(Read before the American Mathematical Society, October 28, 1916.) 


S81. Introduction. 


In a note published in the BULLETIN in 19147 I established 
an algorism on a class of surfaces associated with line con- 
gruences in 3-space, which result by translation from invari- 
ants of plane n-lines. It is the purpose of this paper to apply 
symbolical methods to the study of some properties of these 
surfaces. 

Two non-homogeneous forms of respective orders m, n, in 
Pliicker’s line coordinates p1, po, 91, G2, 7 [fr = (pq)], con- 
sidered together, represent a congruence (m,n). For the sake 
of symmetry let the variables be changed to the homogeneous 
system 





* Such, for instance, as are given by Bocher, loc. cit., and by Curtiss, 
Math. Annalen, vol. 65 (1908), pp. 282-298. 
{1 BULLETIN, vol. 20, p. 238. 
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Teoh Be Eo = Da; eo Ot, Es = Qe, f=, 
& = 1; (f = £1£4 — &&3). 
Then these forms may be written 
fm = (ores + +++ + ages)” = a = a!" = ++, 
gn = (Bibi + +++ + Bets)” = Be” = B/” = +>. 
The generating line of (m, n) is 


fori — £143 — £324 = 0, fet. — fox3 — 4x4 = O, 





and this generator is contained in an arbitrary plane w, = 
provided 
£:wW1 + f2We + few3 = 0, 


(1) £3w1 + f4we + Sows = 0, 
&w1 + £4W3 — Sow, = 0. 


§2. The Surfaces Associated with (m, 1). 
A canonical form of (m, 1) is furnished by the pair 
Sn = 0, £5 4% l= 0, 


and if we replace & by — 1 inf, the latter becomes the non- 
homogeneous 


OO St tee tk ged ot gees Cg |) 


or, setting as — a5 = a; and introducing, for homogeneity, a 
new & (= 1) in place of &, fin becomes the quinary form 


fim = (arbi + +++ + asgs)” = af" = a,"". 


From (1) we obtain, after replacing the old & by — 1, and 
solving, 


(2) fs = Asi + miés (4 = 1, ---, 5), 
where £ = 1, and 

MI = w= l, M1 = 5 = 0, 2 = W1/We, 
(3) 2 = — Ws/Wo, As = w4/Ws; M3 = — We/Ws, 


NM — W1W4/WoWs3, Ma (WW — W3W4) /wews. 
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We now eliminate £5, £3, £4 from fim by the substitutions (2), 
giving 
F(&1, &) = (ane: + ayes)” = ag™ = a!” 

(ay — QnA fh sass + O'sN5)« 


The coefficients of F are rational expressions in the planar 
coordinates wi, -++, ws; hence any invariant I of this binary 
form translates into a homogeneous quantic ¢g(w) in the w’s 
representing the surface enveloped by the plane w, = 0 when 
the latter moves so as to intersect the congruence (m, 1) in 
an m-line which maintains the property represented, pro- 
jectively, by J = 0. Since every invariant of F is a linear 
combination of products of factors of type 


(aa’) = aydq’ — aray’; I = Dk(aa’)?(aa’’)? ---, 


we must compute (aa’) in order to obtain g(w) explicitly. 


We find 


4 '5—t 


(aa’) = aa,’ — ayo,’ = 2» ez (arar’) se453 AM) ce49, 
— j= 
(4) (AQ )og = Op Ag! oan QgQp » 


THEOREM. The class (order in w,, «++, wa) of the translation 
surface e(w) = 0 equals twice the werght of the invariant I. 

In proof, it is evident from (4) that the order of ¢ in \y, 

+, 5) Mi, ***, Ms 1S twice the weight of J; but these quantities 
A, w, when reduced to the common denominator w2w3, have 


numerators of dimensions 2 in wy, ---, w4. Nevertheless, 
from (3), we calculate 
(Au)i2 = — W3/We, (Au)13 = — We/ws, 
(Au)i4 = (wwe — W3W4) /W2Ws, Au)is = 1, 
(5) (Apes = (wrw2 + W3W4) /WoWs, (Au)oa = — wy /weWs, 
(Au)os = — Wi/we, Au)sa = — we?/wews, 
(Au) 35 = ws/'Ws, (Au)45 = — ww /WeWs. 


Hence the theorem is proved. 
The explicit symbolical form of g(w) is manifest from (4) and 
(5) in a form free from adventitious factors;* in fact (aa’) is 








* If J is the discriminant of F the order of g(w) is 2m(m — 1). Non- 
symbolical methods used in my former paper suggested 4m(m — 1) for 
this order, but the present theory shows that there is always an adventitious 
factor (a ’ product of powers of w1, -+:, ws) reducing it to 2m(m — 1). 
That no further reduction is possible is shown by an example in my previous 


paper. 
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proportional to 


W = (aa’)oawy + (aa’)igw2” + (aa’)i2W3" + (aa’) swe 


(6) = (aa’) 14(Ww3w4 — W1W2) — (aa’)o3(wsws + W1iW2) 
a1 (aa’)o5W1W3 a (aa) 15W2W3 ae (a) 45W1W4 
— (aa’)35W2Wa, 


and (aa’’) differs from W only by the replacement of (aa’) 
by (aa’’). 

The degree of g(w) in the coefficients of fim equals the 
number of symbols in I. 

For illustration, if m = 2 the only invariant of F(é1, &) is 
its discriminant (aa’)?. We may write the quinary form fi» 
as follows: 


fre = Layéé = a? (2,7 = 1, +++, 5; aij = aji). 
Squaring W we readily compute ¢g(w), here a surface of class 4 
and degree 2, viz., 


p(w) a Alans = (22044 aa dina”) Wy" 


+ 2(d14A24 — 44012 + e324 — (1990134) W1> We Sr ene 


$3. The Congruence (m, n). 


Assuming the linear form of the pair representing the 
congruence (m, 1) in canonical form £ + 1 enabled us to 
derive for the result of the elimination (2) a binary form F 
whose invariants represent projective properties of the m-line 
in which w, = 0 cuts (m, 1). We now show that the corre- 
sponding elimination in the case of a plane cutting (m, n) 
gives a pair of ternary forms whose simultaneous invariants 
represent projective properties of the mn-line of intersection. 

Solution of equations (1) with & + — 1, gives 


(7) &; = Aibo + miEs + Vise G@ = 1) = -7,06); 
where 
M = — W/W1, Nor ie As = 0; a 
As = w,4/201, Ng =U) 
hm=0, w=0, w= — w/w, pa = 1, 
Boe w3/W1, Me = O, 
vy = — w3/wW1, ig ee v3 = — w/w, vy, = O, 


vs = 0, ve = Il, 


126 TRANSLATION SURFACES. [Dec., 


and, employing (7) to eliminate &, &3, & from fm, Yn, there 
result the respective ternary forms 


fim aa (ake ai Ones Bs a, £5)” = az” = Oe et 
gin = (Brée + Bués + 8,6)” = b.” = b,’” = see, 


where, for example, 
Ay = Adi + Ade + +++ + AbAs. 


Any invariant J of the pair of forms fim, gin is a linear combina- 
tion of products of third order determinants of the two types 


(aa’a’’), (aa’b). 


Evaluating the typical case of the second type, we deduce, by 
a known theorem on determinants of arrays, 


Oy Ay Qa, 
(8) (aa'b) =|a,' a,’ a,’ ea (ca’B) ii AMY) sk 
sheer dehy) 1h, 

@,j,h=1,-+:,6;4< 79 < & (aa'B)in = leroy Bal 


The number of terms in the summation in (8) is gC3 = 20. 
Substitution from (8) ete. in 


I = dk(aa'a’’)?(aa'b)? --- 


gives a homogeneous form g(w) of degree in the coefficients 
of fim, Jin, Jointly, equal to the number of symbols occurring 
Tare g 

We now prove that the class of this surface equals twice the 
number of determinant factors (aa’b), --- occurring in any 
term of I. ‘This number equals the power of the determinant 
of the collineations in the invariant relation for I, 2. e., the 
index. It is called the weight of J by some writers, and, with 
this terminology, we now require the proof of the precise 
theorem stated in § 2, for the present ternary case and con- 
gruence (m, n). 

Calculating the 20 determinants (Auv);;, and writing, for 
brevity, (Auv)ijx = (2, 7, k), we have 


Ge 2, 3) 7 wews3/wr, ‘at 2, 4) omhis w3/W1, 
(I; 2, 5) aa ws" /wr, Us 2, 6) = 0, 
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(1, 3, 4) = — wew,/wr, Cleon oy 0; 
(1, 3, 6) = w.?/w?, (1, 4, 5) = wgws/w’, 
(1, 4, 6) = — we/wy, (1, 5, 6) = wow3/w2?, 
°) (2, 3, 4) = wa/wi, (2, 3, 5) = — w3w4/wr, 
(2, 3, 6) = — we/w, (254d) =. 0) 
ein o) a 1. (2, 5, 6) = — w3/wi, 
(3, 4, 5) = w2/wr, (85456) ="; 
(3, 5, 6) = wew,s/wr, (4, 5,6) = — w,y/wi. 
Since the non-vanishing fractions in w, ---, ws all have 


second order numerators and a common denominator wy,’, the 
theorem is proved. Substitution of these results in (8) and 
the results from (8) in I gives the explicit form of the trans- 
lation surface g(w), in a form free from extraneous factors. 

It is obvious that a complete set of invariants gives, in the 
present case of the congruence (m, 7) or in the previous binary 
ease of (m, 1), a fundamental system of translation surfaces. 
For the congruence (2, 2), cut by a plane in a quadrilateral, 
the complete system consists of four surfaces (aa’a’’)”, (bb’b’’)”, 
(aa’b)?, (abb’)?, all of degree 3 and class 4. 


UNIVERSITY OF PENNSYLVANIA. 





PAPPUS. INTRODUCTORY PAPER. 
BY DR. J. H. WEAVER. 


(Read before the American Mathematical Society, April 24, 1915.) 


ONE of the most wholesome tendencies in the study of 
mathematics today is the desire to give increased attention 
to the history and genesis of the subject. This tendency has 
led to a more careful study of the works of the old Greek 
mathematicians. Of these Pappus of Alexandria was among 
the last, and from the point of view of the historian one of 
the most important because it is in his works that we have 
the only authentic account of the lost works of a large number 
of preceding mathematicians. 
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Of the life of Pappus we know practically nothing. Even 
the date of his activity is known only within the compass of 
about a century. Suidas places him as a contemporary of 
Theon of Alexandria (879-95 A.D.), while a tenth century 
manuscript has a marginal note connecting him with the 
reign of Diocletian (284-305 a.p.).* 

As a writer, Pappus must have been quite versatile if the 
following list of works attributed to him is any indication: 

(1) Description of the World. (2) Comments on the Four 
Books of the Almagest.t (8) Interpretation of Dreams. 
(4) On the Rivers of Libya. (5) Commentary on the 
Analemma of Diodorus.t (6) Comments on Euclid’s Ele- 
ments. (7) Comments on Ptolemy’s Harmonica. (8) Col- 
lection. 

Of all these the only one extant even in part is the Collec- 
tion, which is a summary in eight books of the principal works 
of preceding Greek mathematicians with comments and 
lemmas on the works in question. <A brief outline of the 
contents of the Collection is as follows: 

Books I and II probably contained an account of the arith- 
metic of the Greeks. However, all of Book I and part of 
Book II have been lost. The portion of Book II that remains 
discusses the methods of multiplication used by Apollonius of 
Perga. 

Book III takes up the geometric side of mathematics. It 
consists of four parts.§ 

1. Discussion of the problem of inserting two mean pro- 
portionals between two given lines, to which form Hippocrates 
had reduced the duplication problem. 

2. Development of the ten means in use among the Greeks. || 





*In this connection see article on Pappus by Sir Thomas L. Heath, 
Encyclopedia Britannica, 11th ed. 

+ This title is given by Suidas, but he is in error on this point, because 
there are thirteen books instead of four in the Almagest of Ptolemy. 

t Of the Analemma we know nothing. Pappus is the only writer, so 
far as I know, who mentions it. See Pappus Alexandrinus Collectio, ed. 
Hultsch, Berlin, 1876-8, p. 246. Hereafter we will refer to this work as 
‘““Pappus.” 

§ Heath, in the article mentioned in the first note above, gives five 
divisions, the fifth being a second discussion of the duplication problem. 
I am classifying these two parts as one. 

|| The means signify the arithmetic, geometric, harmonic, and seven 
other means closely allied to them. For a discussion of these see article 
by J. 8. Mackay, “‘Pappus on the progressions,” Proc. Edinburgh Math. 
Society, vol. 6, p. 48. 
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3. Some theorems on the sums of lines drawn from points 
on the base of a triangle and included by the sides of the 
triangle, and the extension of these to polygons. 

4. Inscription of the five platonic bodies in a sphere. 

Book IV contains: 

1. Some miscellaneous theorems, most of which have a 
bearing on tangent circles. 

2. A discussion of the properties of the conchoid, the quad- 
ratrix and the spiral of Archimedes and their applications to 
the three famous problems of Greek geometry. 

Book V deals with the theory of isoperimetric figures both 
plane and solid. It consists of three parts: 

1. Theory of plane isoperimetric figures. | 

2. Theory of solids as developed by Archimedes. 

3. Comparison of the five platonic bodies when they have 
equal surfaces. 

Book VI discusses some of the more difficult theorems in 
the minor works on astronomy.* 

Book VII is probably the most important one of the eight, 
for here we have set forth in a careful systematic fashion the 
fundamental ideas of the Greeks on loci. Just what the 
contents of this book cover can be summed up in the following 
paragraph from the introduction. 

“This is the order of the books on loci. One book of the 
Data of Euclid, two books of Proportional Section, two of 
Spatial Section, two of Determinate Section and two on 
Contacts, all by Apollonius, three books of the Porisms of 
Euclid, two books on Inclinations by Apollonius,} two books 
on Plane Loci and eight on Conics by the same author, five 
books of Solid Loci by Aristzeus, two books of Surface Locit 
by Euclid and two books on Means by Eratosthenes. There 
are then in all thirty-three books of which, as far as the conics 
of Apollonius, I have set forth the contents for your inspection 
and I have stated the number of loci, of determinations and 





* The Almagest of Ptolemy was known as the major work on astronomy 
and all others were classed as minor. Of these works Pappus gives lemmas 
on the Spherics of Theodosius, the Moving Sphere of Autolycus, Days 
and Nights by Theodosius, Size and Distances of the Sun and Moon by 
Aristarchus, the Optics of Euclid, and the Phenomena of Euclid. 

} For a discussion of the term vedovs or inclinations see Works of Archi- 
medes, ed. Heath, Cambridge, 1897, Chap. V. 

t Whether this work discussed surfaces of the second degree only, or 
sections of these surfaces also is not definitely known. For a discussion of 
this point see Heiberg, Studien iiber Euklid, Leipzig, 1882, pp. 79-83. 
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cases in each book and have set up quite a few lemmas which 
are required, nor do J think I have omitted any question in 
the discussion of these books.’’* 

Book VIII deals with some mechanical problems and a 
few theorems of pure geometry.t 

Although we are not sure what theorems were discovered 
by Pappus, the following are a few which may be due to his 
genius: 

1. Generalization of the pythagorean theorem.{ 

2. Several of the fundamental theorems relating to per- 
spectivity.§ 

3. A theorem showing the relation between the quadratrix 
and the spiral of Archimedes. 

4. Description of a spiral on a sphere and the quadrature 
of the area of the surface included between this spiral and a 
great circle of the sphere. || | 

5. Statement of the so-called theorems of Guldin. These 
are found without proof in the introduction to book VII. 
Their statement there is as follows: “Figures generated by a 
complete rotation about an axis have a ratio compounded 
from the rotating figures and lines similarly drawn to the 
axes from the centers of gravity of the rotating figures: and 
figures generated by an incomplete revolution have a ratio 
compounded from the rotating figures and from the arcs 
which the centers of gravity of the rotating figures describe.” 

6. Proof of the invariancy of the cross ratio under a pro- 
jective transformation. 

The best edition of the Collection is that of Hultsch** which 
is in Greek with a parallel Latin version. Sir Thomas L. 





* Pappus, p. 636. 

+ For a further discussion of the contents of the Collection see the 
article of Heath mentioned in the first footnote on p. 128. Also see Ac- 
count of the Life and Writings of Robert Simson, by W. Trail, Bath, 
1812, pp. 131-180, and Hutton’s Philosophical and Mathematical Dic- 
tionary, 2d ed., vol. II, London, 1815, pp. 146-48. 

t For a statement and proof of this theorem see Teaching of Geometry, 
D. E. Smith, Boston, 1911, p. 263. 

§ See in this connection articles by-R. C. Archibald, ‘‘Centers of simili- 
tude of circles and certain theorems attributed to Monge. Were they known 
to the Greeks?” Amer. Math. Monthly, vol. 22, pp. 6-12, and “ Historical 
note on centers of similitude of circles,’ Amer. Math. Monthly, vol. 23, 
pp. 159-61. 

|| For a discussion of theorems 3 and 4 see Chasles, Apercu His- 
torique, Bruxelles, 1837, pp. 28 and ff. 

{| Pappus, p. 682. 

** See the third footnote on p. 128. 
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Heath did intend to bring out an English edition, but a 
recent private letter from Heath speaks for itself: “I do not 
think that there is much prospect now of my bringing out any 
book on Pappus, at all events for a long time . . . if I ever 
have the time to do it at all.” The writer has spent the 
last fifteen months making a careful translation of the Col- 
lection, during which time he has noticed that most writers 
on Pappus have been either extensive or intensive but not 
both at the same time. In particular he has noticed that 
most writers on Pappus seem to think that he was guilty of 
appropriating work that did not belong to him. However, 
the facts which have come out of this extended study seem 
to set at naught all such accusations. 

First let us turn to a problem that has been most widely 
discussed, the trisection of an angle. Gow* says that in Book 
IV Pappus claims as his own a solution of this problem which 
is doubtless the one that Proclus ascribes to Nicomedes. 
The solution in question is Prop. 32, which reads as follows: 
“Let there be any acute angle ABC and let any line AC be 
drawn perpendicular to BC, and let the rectangle ACBZ be 
completed, and let ZA be extended to /, which is so assumed 
that BE being drawn, the segment of it cut off between the 
lines AC and AE is double the segment AB. Then angle 
EBC = 1/8 angle ABC.” 

Cantor seems to have some doubts in his mind as to whether 
this was the solution of Nicomedes effected by means of the 
conchoid, but does not produce any evidence to support his 
doubts.7 

Hoppe criticizes Cantor for even considering that this 
solution was the one of Nicomedes and supports his criticisms 
by pointing out the fact that the insertion of the line DE was 
accomplished by means of the intersection of a hyperbola and 
a circle, and that in this connection no mention is made of 
the conchoid.t 

R. C. Archibald states that the discovery of the application 
of the conchoid to the trisection problem was claimed by 
Pappus.§ Sturm says that Pappus seems to claim for him- 

* Short History of Greek Geometry, Cambridge, 1884, p. 310. 

+ M. Cantor, Vorlesungen tiber Geschichte der Mathematik, 3d ed., 


Leipzig, 1907, vol. I, p. 354. isel 
t Hoppe, Mathematik und Astronomie im klassischen Altertum, Heidel- 


berg, 1911, p. 308. 
§ Amer. Math. Monthly, vol. 21 (1914), p. 347. 
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self this application.* The only reference that is cited from 
the works of Pappus by the above authorities is the follow- 
ing: “We (Pappus) in the Commentary on the Analemma of 
Diodorus used this curve to trisect an angle.’t And from 
this statement they draw the conclusion that Pappus claims 
to be the first to apply the conchoid to the trisection problem. 
But Pappus was not the first to make the application, and 
does not even claim to be the first, as the following quotation 
clearly shows. ‘ Nicomedes solved this problem (duplication 
problem) by means of the conchoid, by means of which he 
also trisected an angle.’{ This quotation disposes of the 
question of the claims of Pappus and confirms the statement 
of Proclus that Nicomedes used the curve to solve both the 
duplication and trisection problems.§ 

Also Pappus is accused of proving Prop. 10, Book VIII, ina 
manner only accidentally different from that of Heron of 
Alexandria and that he here assumes credit that rightfully 
belongs to Heron.|| To meet this accusation a translation of 
the introduction to the proposition in question will be suf- 
ficient. Itis as follows: “To the same kind of reasoning§ 
belongs the problem that a given weight may be moved by a 
given power. ‘This is found in the Mechanics of Archimedes, 
in which he is led to say exultingly: ‘Give me where I can 
stand and I will move the world.’ Then Heron of Alexandria 
has clearly explained this in his book called Bapoudkés . . . 
this being assumed, that the diameter of the wheel shall have 
to the diameter of the axle the ratio 5:1, the weight to be 
moved shall be 1,000 talents and the power which moves it 
5 talents. Now let it be proved by us in the ratio 2: 1 and 
let the weight be 160 talents and the power 4 talents.’’** 

In the above two instances the evidence is clear that Pappus 
was not guilty of appropriating work that belonged to others, 





* A. Sturm, Das Delische Problem, Linz, 1895-7, p. 80. 

+t Pappus, p. 246. 

{t Pappus, p. 56. 

§ Proclus, ed. Friedlein, p. 272. 

|| See Gow, Short History, p. 310, Cajori, History of Elementary Mathe- 
matics, New York, 1914, p. 86, and Ball, Short History of Mathematics, 
2d ed., New York, 1893, p.101. Cajori and Ball do not mention this case 
specifically, but since it is one of the three current accusaticns I am assum- 
ing that they had this instance in mind. 

{| The reasoning referred to is the reasoning in Prop. 9, in which Pappus 
calculates in general terms the power that will be required to move a 
weight in a horizontal direction on an inclined plane. 

** Pappus, p. 1060. 


1916. ] PAPPUS. INTRODUCTORY PAPER. 133 


but in the third case there is no direct evidence in the works 
of Pappus himself. However, he is accused of claiming as 
his own fourteen theorems on isoperimetric figures which 
Theon of Alexandria says were found in a book written by 
Zenodorus.* _Nokk even goes so far as to claim that all the 
theorems recorded by Pappus on isoperimetric figures were 
given by Zenodorus in his book on the subject. Hoppe 
criticizes Nokk very severely and takes the opposite extreme 
by stating that Pappus probably knew nothing about Zeno- 
dorus and worked out the theorems independently.7 

The proofs of the theorems mentioned by Theon are almost 
identical with the corresponding ones in Pappus. This fact 
along with some other evidence leads Hultsch to think that 
Theon borrowed part of his commentary from Pappus.t 

But aside from the above criticisms the following items 
have a bearing on the situation. 

(1) The object of the Collection was to set forth the theories 
that had been previously developed and not to develop a new 
theory. 

(2) There is a possibility that Pappus may have mentioned 
the name of Zenodorus, for considerable mutilation has taken 
place in Book V. Proposition 9 has been lost entirely and 
Proposition 7 has a portion of its proof incorrectly written as 
we now have it. 

(3) In comparing Apollonius and Euclid Pappus states 
that it is necessary to be kindly disposed toward any one who 
can advance mathematical theory even a little.§ 

(4) In the light of the above discussion this is the only 
instance in the entire Collection as to which there is any 
doubt about the appropriation of material, and the omission 
of a single name (if it was originally omitted) is, in a work the 
size of the Collection, hardly cause enough for an accusation 
of theft. 

These things seem to the writer to be sufficient to give Pap- 
pus the benefit of the doubt, and to clear his name from the 
stigma that has clung to it for so long. At least an accusa- 
tion of theft seems hardly justifiable until we have some more 
evidence on the subject. 











*See in this connection Pappus, pp. 1189-1211, Gow, Short History, 
pp. 271 and 310, Cajori, History of Elementary Mathematics, p. 86, and 
Nokk, Abhandlung iiber Isoperimetrische Figuren, Progr., Freiburg, 1860. 

} Mathematik und Astronomie, p. 313. 

{ Pappus, vol. III, p. xv. 

§ Pappus, p. 676. 
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On the other hand the following is a notable instance where 
Pappus is given credit in some quarters for a thing that he 
does not even claim as his own. Gow* and Taylorj attribute 
the discovery of the focus and directrix definition for the 
conic sections to Pappus. Ball qualifies his statement by 
saying that the discovery is due to Pappus if it was not 
stolen by him.t 

Cantor and Chasles mention the property but make no 
statement other than that it is not found in Apollonius.§ 
Heath states that Pappus gives us the earliest recorded use 
and proofs of the properties in question but that the discovery 
was not due to Pappus, || while Zeuthen seems to think 
that the focus at least for the parabola was known to Euclid. § 

In the Collection there are two references to the properties 
mentioned above. The first is Prop. 384, Book IV, which 
reads as follows: “Some by other reasoning have explained 
the trisection of an angle without inclinations.** Let the arc 
be cut in any ratio for there is no difference whether we cut 
an arc or an angle. Let it be done and let are BC = 1/38 are 
AC and let AB, AC and BC be drawn. Then 4ACB = 
2ZBAC. Let CD bisect 2 ACB and let the lines DE and 
BZ be drawn perpendicular to AC. Then AD = DC and 
AE = EC. Therefore the point £ is given.” 

Then by means of a very simple proof we have the following 
relation 


BZ? + ZC? = 4EZ2’, 


from which Pappus draws the following conclusion. 

“Now because the points F and C are given and the per- 
pendicular BZ is drawn and given and the ratio EZ? : (BZ 
-+ ZC) is given the point B is on a hyperbola.” 


* Short History, pp. 252 and 309. 

+ C. Taylor, Introduction to the Ancient and Modern Geometry of 
Conics, Cambridge, 1881, p. xxxvi. 

t Short History, 2d ed., New York, 1893, p. 101. 

Rana Geschichte, vol. I, p. 452, and Chasles, Apergu Historique, 








p. 4 

I See the first footnote on p. 128. 

{| Geschichte der Mathematik im Alterthum und Mittelalter, Kopen- 
hagen, 1896, p. 211. See also in this connection Zeuthen, Die Lehre von 
den Kegelschnitten im Aiterthum, Kopenhagen, 1886, pp. 212 and ff., 
where an extended account of the properties is found, and Encyclopadie 
der Mathematischen Wissenschaften, Band III, Heft I, pp. 12 and 52-59. 
This last gives extensive references relative to the development of the 
focus and directrix. 

** See the third footnote on p. 129. 
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Now according to the introductory statement of the theorem 
Pappus was only recording the solution of others, but we have 
here everything concerning the focus and directrix definition 
except the definite statement of the theorem, and since Pappus 
by means of the constant ratio was able to say that the point 
B was on a hyperbola the distinction must have been known. 

In the second reference we have the explicit statement 
and proof of the properties.* 

Proposition 238, Book VII, reads as follows: “Let there be 
a line AB and a point C in the same plane and from a point D 
let DC be drawn and also DE perpendicular to AB and let 
the ratio CD : DE be given. ‘Then the point D is on a conic, 
and if the ratio = 1 it is on a parabola, if > 1 on a hyperbola 
and if < 1 an ellipse.” 

The proof of this theorem depends upon the proof that the 
ratio EZ? : (BZ? + ZC’) of Prop. 34, Book IV, is given and 
known. But this is the theorem that Pappus assumes to be 
known. This consideration along with the fact that Prop. 238, 
Book VII, is a lemma on Euclid’s Surface Loci gives some 
weight to the statement of Zeuthen mentioned above. This 
much is evidently true. The idea was not new to Pappus 
even if we concede that he was the first to put it in definite 
form. 

One thing more ought to be emphasized in any discussion 
relative to the Collection and that.is its remarkable suggestive- 
ness. In order to understand this, one has only to turn to 
the works of such men as Chasles,t Giinther,{ Descartes,§$ 
Newton,|| and Steiner, for in the writings of these men it has 
furnished the basic ideas for analytic geometry, projective 
geometry, and other allied theories. And if it had so much to 
offer these men, it ought to furnish some suggestions to the 
careful reader of today. 

West Cuester HicuH ScHoou. 

* Pappus, pp. 1005-1015. 

t Apercu Historique, pp. 28 and ff, 

t ‘Ueber eine merkwirdige Beziehung zwischen Pappus und Kepler,”’ 
Biblioteca Mathematica, 1888, p. 81. 

§ La Géometrie de René Descartes, Paris, 1886. 


|| See Ball, Short History, 2d ed., p. 355. 
‘| Steiner, Werke, herausgegeben von Weierstrass, pp. 81 and ff. 
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SHORTER NOTICES. 


Guida allo Studio della Storia delle Matematiche. By Gino 
Lorta. Milano, Hoepli, 1916. Pp. xvi+ 228. Price 3 
lire. 


No one can pick up such little volumes as those of the 
Sammlung Gdéschen, Sammlung Schubert, Teubner’s Aus 
Natur und Geisteswelt and Mathematische Bibliothek, and 
the Manuali Hoepli without a feeling somewhat akin to 
envy. ‘That economic conditions are, or at least have been 
until now, such as to allow the sale of many of these works 
for a few cents abroad, while in this country it is practically 
impossible to publish similar manuals, always seems un- 
fortunate from the standpoint of scholarship, even if excus- 
able from that of labor. So when we see a book like Pro- 
fessor Loria’s selling for less than sixty cents, we must all feel 
regret that it can be accessible only to students who are 
familiar with the Italian language. 

It is now nearly nine years since Professor Loria expressed, 
at the fourth International Congress of Mathematicians, his 
belief in the advisability of placing before students a guide 
for their study of the history of mathematics. His well- 
known interest in the subject, his contributions to its litera- 
ture, his courses in the University of Genoa, and his editorial 
experience, all have tended to fit him for writing such a work, 
and he is entitled to the thanks of all mathematicians for the 
care he has shown in its preparation. 

The “Guida” is divided into two parts, the first relating to 
the preparation for research, and the second to aids in re- 
search itself. Under the former title are considered the 
questions of historic method in general, of the bibliography 
of the history of mathematics, and of the material to be found 
in periodical literature. In the second part Professor Loria 
considers the material to be found outside the general histories, 
not only that which may be characterized under the head of 
guides to original sources, such as works on the reading of | 
manuscripts, but such bibliographical and biographical works 
as bear upon the subject in hand. ‘The topics include Greek, 
Roman, and Oriental biography and bibliography; biography 
of modern mathematicians in various countries; collections of 
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works of great mathematicians; catalogue material; reviews 
such as those in the Jahrbuch wiber die Fortschritte der Mathe- 
mattk; and the method of using all this material. 

Under each of these heads is given a list of books relating 
to the subject, often with a valuable note concerning an 
important work, so that the student is assisted in weighing 
the value of any book that he is likely to consult. 

It will at once be seen that here is an aid to the study of 
the history of mathematics that will be serviceable to all 
students of the subject and that will save a large amount of 
dictating and directing on the part of those who give instruc- 
tion. Whether or not the bibliography is as good as one 
could wish, it is still a decided help and as such it should be 
received. It is now nearly seventy-five years since such a 
work was first attempted in a small way, by De Morgan, but 
this effort was buried in the British Almanac and Companion 
for 1848, so that it is rarely seen to-day; and after all, there 
is little comparison between the two publications. 

One of the simplest tasks of a reviewer is to pick flaws in 
such a work. The mass of material is now so great that it is 
almost impossible for a single writer to digest it all, especially 
in the case of monographs and articles hidden in the reports 
of associations and in periodicals not directly concerned with 
the history of mathematics. In considering the question of 
completeness this reviewer first went to his card catalogue 
and then to his bibliographical notes to see what was on his 
own shelves that was not listed. It was soon apparent that 
Professor Loria had simply made a selection, although the 
basis of this selection was not always apparent. Naturally 
the Italian writers are more fully considered than those of 
other countries, but numerous names are missing, presumably 
because they represent articles which originally appeared in 
periodicals to which a general reference is made. But whether 
all these periodicals are named, it is difficult to say, there being 
only an index of names of authors. There seems to be no 
reference to the Comptes rendus (Paris), for example, although 
this publication has numerous articles of a historical nature, 
and so it is possible that Italian references of the same kind 
are wanting. 

The English bibliography is naturally less complete than 
that of Italy and France. For example, there is no mention 
of the following works: Anderson, edition of the Arenarius 
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(London, 1784); Harris, Lexicon Technicum (London, 1716); 
Wallis, the English edition of his algebra (London, 1685) 
which, while not as complete as the Latin, is more accessible 
to most readers; Raphson, History of Fluxions (London, 1715), 
a valuable work in spite of its bias; Woodhouse, on Isoperi- 
metrical Problems (Cambridge, 1810), a helpful work on the 
history of the calculus of variations; Hutton, Tracts on 
Mathematical Subjects (London, 1812), worthy of mention 
as well as his dictionary; Taylor, translation of Bhaskara’s 
Lilavati (London, 1816); Rigaud, on the first publication of 
the Principia (Oxford, 1838); Dacier, the English edition of 
his life of Pythagoras (London, 1707); Stewart and Minto, 
Life and Writings of John Napier (Perth, 1787); Trail, Life 
and Writings of Robert Simson (Bath, 1812); Bruce, Memoir 
of Charles Hutton (Newcastle, 1823), and many similar works. 
It may, of course, be said that such a name as Hutton is not 
international; but for English and American students, at 
least, many titles like the above would be needed. ‘There are 
also four rather remarkable articles prepared for encyclopedias 
but often found printed separately, namely, Playfair’s General 
View of the Progress of Mathematical and Physical Science 
(Edinburgh, 1816); Peacock’s article on Arithmetic (London, 
1825), justly held as one of the most scholarly treatments of 
the history of arithmetic in the English language, and his 
report on the recent progress of analysis (London, 1834); 
and John Herschel, Mathematics (Edinburgh, 1830), with 
some good historical material. 

In French there are less frequent omissions, and yet a num- 
ber of important works, some of them doubtless reprints, are 
wanting. Such, for example, are Biot’s Analyse des Ouvrages 
originaux de Napier relatifs 4 Invention des Logarithmes 
(Paris, 1835); De Coste, La Vie du R. P. Marin Mersenne 
(Paris, 1649); Baillet, La Vie de M. Descartes (Paris, 1691, 
with an English edition in 1693); Dupin, Essai historique sur 
Monge (Paris, 1819); Savérien, Dictionnaire universel de 
Mathématiques (Paris, 1789), with considerable historical 
material; Bertrand’s Rapport sur les Progrés de |’Analyse 
(Paris, 1867); and numerous minor works like those of Boyer 
(1900) and Bioche (1914). 

There are also missing such works as Voss, De quatuor 
Artibus (Amsterdam, 1650), containing a chronologia mathe- 
maticorum not to be despised; Ramus, Schole Mathematice, 
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with considerable historical matter; Weidler, De Characteribus 
Numerorum (Wittemberge, s.a.); Biering, Historia Problematis 
Cubi duplicandi (Copenhagen, 1844); Brugsch, Numerorum 
apud veteres Aigyptios Demoticorum Doctrina (Berlin, 1849) ; 
and Budaeus, De Asse et Partibus eius Libri V (Paris, 1514, 
and various other editions), works of no great value, except 
the last one, but still important enough to make it worth 
the while of students to consult them. 

Such a list of omissions could, of course, be greatly ampli- 
fied, and no doubt M. Enestrém will see that this is done 
when the publication of Bibliotheca Mathematica is resumed. 
It would be possible also to mention several unimportant 
misprints, but this matter, too, may well be left for the careful 
if sometimes caustic pen of the Stockholm critic. The omis- 
sions are not mentioned by way of criticism, because no book 
of this size can be expected to give more than a limited selec- 
tion from all the works upon the subject, even from the 
rather important ones; but they are given simply for the 
purpose of calling attention to the fact that students must 
not feel that the list given by Professor Loria is exhaustive. 
The book is merely a guide which points the general way, and 
the student must expect to supplement it at every step of 
his progress. Looked at in such a spirit, the book is a very 
welcome addition to our literature. 

Davip EUGENE SMITH. 


Fundamental Conceptions of Modern Mathematics—V ariables 
and Quantities. By Ropertr P. RicHarpson and Epwarp 
H. Lanpis. The Open Court Publishing Company, Chi- 
eago and London, 1916. 


THe volume under review contains Part I: on Variables 
and Quantities, and a portion of Part X: on Functional Rela- 
tions, of the division on Algebraic Mathematics of the treatise 
entitled Fundamental Conceptions of Modern Mathematics. 
No mention is made of other divisions of the treatise, but 
twelve additional parts of the first division are announced. 
A synopsis of these later parts is given at the end of the 
present volume and the authors invite “suggestions toward 
improving the present redaction of these later parts” as well 
as “comments in criticism of Part I.” Some of the topics 
which are to be treated in the later parts are domains and 
ranges; limits, bounds, and appanages; symbols, signs, and 
sigla; differentiation; integration, etc. 
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The purpose of the work is “to examine critically the 
fundamental conceptions of mathematics as embodied in the 
current definitions.” The authors complain that “ Defini- 
tions are laid down only as they are needed for the work in 
hand, and in their formulation attention is given, not to the 
needs of mathematical science as .a whole, but to those of a 
single book—too often a book whose sole purpose is to enable 
more or less stupid youths to pose as graduates of a course in 
mathematics.”” One feels that they are inspired by uplift 
ideals when one reads that ‘mathematics to-day is indeed 
far behind most other sciences as regards lucidity of exposition. 
In a comparatively short time a young man of average ability 
can become so familiar with chemistry or botany or zoology, 
as to be able to read intelligently a work in any department of 
the science whatsoever. But this is not the case with mathe- 
matics—a student far above mediocrity, who has taken the 
best university course in mathematics to be found, will come 
across mathematical works as unintelligible to him as Chinese 
or Choctaw. It is not merely that he finds himself unfamiliar 
with the theorems proven in such works: this would be neither 
surprising nor detrimental; but he will not even be able to 
understand what it is that the theorems are about. And to 
gain the knowledge requisite for this will not be a matter of 
consulting a lexicon; but one of hard study for several months. 
This state of affairs is not, we hold, an unavoidable one due 
to the peculiar difficulties of mathematics. It is due to the 
lack of systematization; and in particular to the failure of 
text-books to give any thorough exposition of the funda- 
mental conceptions of mathematics.” It behooves the mathe- 
matician to take notice of such a thesis and to examine sympa- 
thetically any contribution made by its positor. The state- 
ments that “the thirst for so-called ‘original research,’ and 
the credit attached to it has led mathematicians to disregard 
such matters”? and that “in many quarters the impression 
prevails that there is nothing more to be done at the founda- 
tions of mathematics” raise some doubt as to the competence 
of the authors to speak authoritatively and put the mathe- 
matical reader on his guard. He is likely to maintain this 
attitude when he reads that “This much-needed revision of 
mathematics ought undoubtedly to be made from a philo- 
sophical standpoint, there being constantly maintained rigid 
adherence to the requirements of a sane metaphysics in the 
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best sense of the word and to the canons of a sound logic”’ 
and when he is shocked by the bad taste of the statement that 
“in making a provisional list”’ of the transformations of equa- 
tions, “we find that the treatment of Vieta was more truly 
scientific than that of the pygmies who followed him in this 
field.” 

The importance of Part I with reference to the work as a 
whole is made clear by the statement that “the keynote of 
our work is the distinction we find it necessary to make 
between quantities, values and variables on the one hand, 
and between symbols and the quantities or variables they 
denote or values they represent on the other.’ Here the 
authors complain that “mathematicians confuse values and 
quantities, and again quantities and variables, though not 
usually values and variables. And they also confuse symbols 
(and in general expressions) with the things these denote or 
represent” and that “the tendency to confusion instead of 
distinction would indeed seem to be growing, and certain 
mathematicians would avowedly make mathematics entirely a 
matter of symbolism.” 

The first 145 pages are devoted to a critique of the defini- 
tion of a variable as a quantity or as a symbol of some sort. 
An explicit statement of what the authors consider to be the 
“proper definition”’ of a variable is nowhere given: “Any 
attempt to give a precise account of the definition of the term 
‘variable’ would require a somewhat lengthy consideration of 
the philosophical theory of the categories, which cannot be 
given in this place.” An idea of what they have in mind 
may be gained perhaps from the following quotations: “The 
quantities contemplated together, when a variable is the object 
of inquiry, compose a class of quantities which we may call 
a variable-class. But a wide gulf separates the inquiries 
instituted with respect to variables and all other inquiries 
instituted with respect to the members of classes composed 
of quantities;” “the propositions enunciated concerning a 
variable do not, in the typical cases, treat of the members of 
the variable-class taken separately; they treat of the mutual 
relations between the members of the class. And among 
these relations, the most common is that state of affairs which 
exists when the variable possesses a limit—a limit being a 
quantity which may or may not belong to the variable;”’ 
“in any inquiry concerning a variable, one of the most im- 
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portant, though one of the least regarded facts, is the arrange- - 
ment in order of the quantities which compose the variable;”’ 
“we shall say that the quantities of a variable are arranged in 
order, when every quantity of the variable has had conferred 
upon it a relation or order with respect to at least one other 
quantity of the variable;” “to discover what character 
quantities must possess to be amenable to those inquiries for 
which a variable is formed, and therefore to be eligible to join 
in forming a variable, we will inspect the most typical of all of 
the relations between the quantities of a variable—the rela- 
tions which subsist when the variable incessantly approaches 
a quantity, either as a limit or otherwise. The qualifications 
hereby educed are conformed to by the quantities of every 
variable, as an exhaustive examination of the variables found 
in the mathematical sciences will show. For a variable x to 
incessantly approach a quantity a, it is requisite: first, that 
there should be a unifarious arrangement of the quantities of 
the variable; second, that each quantity in the variable should 
be nearer a than is every previous quantity; third, that no 
quantity of the variable should be equal to or identical with a. 
The second condition is that relevant to our inquiry. In 
stating it we use the word nearer in a technical algebraic sense. 
Of two quantities x; and we, the latter is said to be nearer the 
quantity a than is the former when the difference between 
xv, and a is less numerically than the difference between 2; 
and a;” “hence, in order that the variable x shall incessantly 
approach the quantity a, it must be possible to find the differ- 
ence between every quantity of « and a—in other words, 
with each quantity of xz, it must be possible to either sub- 
tract this quantity from a or to subtract the latter from the 
former. And for these operations of subtraction to be possible, 
there must be a certain uniformity of character of a and the 
quantities of x.” We shall not indulge in comment upon. 
these statements. Much space is devoted to a classification 
of quantities into sorts, kinds and varieties, but unfortunately, 
we do not find anywhere an explicit statement of what “quan- 
tity’? means. The authors present their views upon vectors 
and quaternions (comment on these views will doubtless come 
from specialists in the field) and proceed to build up a theory 
of negative, imaginary, complex, and hypercomplex numbers. 
We are told that “of the services rendered by Hamilton to 
mathematical science, one of the most important has not been 
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recognized by mathematicians. With the admission of the 
relations between vectors of the same sort to membership 
among the quantities of mathematics, there is furnished 
ample argument to banish forever, to the limbo of doctrines 
outworn, the tenet so widely taught by mathematicians, even 
at the present day, that negative, imaginary, and complex 
‘numbers’ are mere svmbols.’’ Indeed they hold that “the 
ordinary algebra of the present day . . . ought to be largely 
developed as a complanar vector analysis; and it is on such a 
basis that we deal, not merely with the imaginary quantities 
but also with the real negatives, the abstract as well as the 
applicate. The method of introducing the negative real 
abstract quantities by the sanction of the Principle of Perma- 
nence we are constrained to regard as especially unsatis- 
factory, though this method is used, in formulating algebra 
as a system, by the most eminent mathematicians. Our own 
way of dealing with these and with the imaginary abstract 
quantities is the natural result of not confining our attention 
to the formal side of algebraic science, but taking into account 
its matter as well as its form. Those who would develop 
algebra as a purely formal science, and as nothing more, are 
satisfied to stop when they have ascribed the origin of the 
conception of a negative real abstract quantity to such equa- 
tions as x-+1= 0, «+ 2 = 0, etc., and the conception of 
an imaginary abstract quantity to such equations as z+ 1 
= 0, 27+ 2=0, etc. But the conceptions attained when 
one does not look beyond the equations are nothing more 
than purely formal conceptions of quantities, and he who 
would master the matter as well as the form of the science 
must look deeper. He must attain what might be termed 
entitative conceptions. He must find classes of entities ade- 
quate to fulfill the conditions fixed by the formal conceptions.” 

In the next ten pages the authors review and criticize most 
unmercifully the definitions of a variable given by various 
authors, including Baire, Gennochi-Peano, Czuber, Burk- 
hardt, Pringsheim, Pierpont, and Russell. Part I closes with 
a consideration of certain variables. “The most simple of all 
variables are the ordinary progressions of arithmetic: arith- 
metical, geometrical, harmonical, ete.’’ Series are considered 
in the same connection. 

The portion of Part X which occupies the last 30 pages of 
the volume begins with the statement that “the essential 
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characteristic of a functional relation between variables we 
hold to be the like order of corresponding quantities in these 
variables. For two variables, y and 2, to be in functional 
relation, it is necessary and sufficient that there be two or 
more quantities of x, 1, x2, etc., which respectively corre- 
spond to y1, yz, ete., quantities of y, and that with every two 
pairs of corresponding quantities am and Ym, %n and Yn, Ym 1S 
subsequent to yn, when 2, 1s subsequent to x, and vice versa; 
Ym 1S prev ous to Yn When 2m is previous to a, and vice versa; 
and finally when 2, is neither previous nor subsequent to vp 
(e. g., 18 abreast of it, as may be the case under a multifarious 
arrangement) ym bears a like relation of order to y,, and is 
neither previous nor subsequent to the latter and vice versa. 
In the case of three or more variables, 2, y, 2, etc., the suf- 
ficient and necessary conditions are quite analogous.” Com- 
ment seems quite superfluous here.—After reviewing some 
of the historical definitions of the notion of function, the 
authors take up current views of functons by quoting from 
Dini, Harkness and Morley, Osgood, and Pringsheim, none of 
which authors succeed in finding favor with our crusaders. 
The last six pages of the volume are devoted to an exposition 
of the “errors of Riemann.” 

While some of the criticisms made by the writers of this 
book are doubtless well-founded (confusion in the use of the 
words same, equal, and identical; inthe use of the word series; 
apparently erroneous ascription to Dirichlet of the definition 
of function usually credited to him), and while some of the 
ideas they introduce are interesting and perhaps valuable, 
(confluence and contrafluence, e. g.), 1t must be clear from 
the passages quoted that the book does not contribute in any 
important way to the solution of the problem which it set, 
viz., the critical examination of the fundamental conceptions 
of mathematics. 

In the first place much space is devoted to dealing in a 
superficial way with the nomenclature of mathematics, and 
introducing without reason which seems sufficient to the 
reviewer, a considerable number of new terms. It is not at 
all clear for instance, why “negative protomonic abstract 
non-zero”’ is less “crude” and less “unsuited to the present 
state of mathematics” than “negative number.’ While 
uniformity in usage is doubtless desirable, it is really not of 
much consequence whether the term “complex number”’ shall 
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or shall not include the reals or the pure imaginaries or both. 
To make this issue the basis for a tedious quarter of a page 
and for the statement that “inability to use language with 
precision seems to be a failing endemic among mathematicians, 
and Riemann was not immune” under a page heading “the 
errors of Riemann” is amusing arrogance. The book does 
not lack other passages of a similar character. It does not 
seem necessary nor perhaps even desirable to the reviewer 
that an elementary text in algebra (as Bauer’s Vorlesungen 
tiber Algebra or Burnside and Panton’s Theory of Equations) 
should introduce the most general notion of function. The 
authors seem to find a failure to do so sufficient reason to 
accuse an author of “serene omninescience of the progress 
made since the middle of the eighteenth century.” 

In the second place the authors seem to be oblivious of the 
fact that mathematics intends to be an abstract science and 
that it is not primarily concerned with the concrete instances 
from which the abstractions with which it deals may be made. 
The larger part of the present volume, stripped of the parts 
irrelevant to its own purpose, is occupied with finding con- 
crete instances for the abstractions number, variable, and 
function, upon the basis of vector analysis. The classifica- 
tion of quantities into sorts, kinds, and varieties is without 
significance for the numbers of mathematics, though perhaps 
useful if one wishes to provide a concrete basis for each of 
the types of numbers which occur. To do this may be of 
interest to the pedagogue, but it is without importance for the 
mathematician and of questionable value for the scientific 
philosopher, particularly when for the genesis of the vector 
analysis itself at least the real number system would be 
requisite. It is not surprising that the authors can not be 
satisfied with the definitions of variable and function which 
they find in mathematical books, when we realize that the 
writers of these books are not dealing with the things their 
critics seem to be interested in. 

And in the third place it appears to the reviewer that the 
method pursued by this book is entirely inadequate for its 
purpose. It is recognized generally that in a systematic dis- 
cussion of the foundations of any division of mathematics, 
we must begin by knowing precisely what it is we are going to 
talk about and what our fundamental assumptions are going 
to be, 1. e., we begin by laying down indefinables and postu- 
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lates. This the authors of this book have not done and the 
result is that in many places we are at a loss to determine the 
meaning of the words used, and that, if we make a correct 
guess at their meaning, we find ourselves confronted with 
numerous instances of “vicious circle definitions,” i. e., defini- 
tions which do not define. We call attention to the dis- 
cussion of sorts on pages 24 and 25 (what does it mean to add 
two quantities?); to that of kinds on page 27 (when is one 
quantity equal to, greater than or less than another?); to the 
discussion of units on page 39 (what is + 1 when we do not 
yet know what a unit is?) and to the definition (?) of sort on 
page 76 et seq., as well as to the discussion of the meaning of 
zero on page 139. 

That the authors do not have any respect for authority will 
perhaps be regarded as a merit by many, although the manner 
in which this “originality” finds utterance can not fail to irri- 
tate the mathematical reader, particularly when positive evi- 
dence of a lack of mathematical maturity comes before him. 
Such evidence is found in the meaningless discussion on page 
188 which aims to “make plain to the veriest tyro in mathe- 
matics” that the definition of function as given, for instance, 
in Osgood’s Funktionentheorie is “erroneous”; also in the 
discussion of Riemann’s definition of a function of a complex 
variable on pages 196 and 197. 

The reviewer considers the appearance of this book there- 
fore as a distinctly unfortunate occurrence and he hopes that 
wiser counsel may prevail if the publication of future parts 
of the work should be under consideration. Poincaré, Russell, 
and others have done much to bridge the gulf which has 
separated philosophy and mathematics. Their work has un- 
doubtedly contributed a great deal on the one hand to the 
appreciation on the part of mathematicians of the problems 
in the foundations of their science, and on the other hand to 
the initiation of a new tendency in philosophy. Further work 
in this field will therefore be received with interest and hope 
by mathematicians, provided it give clear evidence of the 
author’s competence in both mathematics and philosophy. 
Unless this be the case, the workers in the two fields will be 
driven apart, for each group 1s inclined unfortunately to hold 
the other group responsible for the acts of any one whom they 
have reason to suspect of belonging to that group. It is 
earnestly to be hoped that the mathematicians who may 
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happen to read the volume under review may not base upon 
it a general condemnation of the utterances of philosophers 
concerning mathematics, but will give themselves an antidote 
in the form of such books as Russell’s Scientific Method in 
Philosophy or Holt’s Concept of Consciousness. 

ARNOLD DRESDEN. 


Homogeneous Innear Substitutions. By Haroxtp Hirton, 
M.A., D.Sc. Oxford at the Clarendon Press. 1914. 
Pp. 184. 


PROFESSOR Hilton’s book is a welcome addition to the text- 
book literature on the subject of linear substitutions. In the 
preface the author states that he has “attempted to put 
together for the benefit of the mathematical student those 
properties of the homogeneous linear substitution with real 
or complex coefficients of which frequent use is made in the 
theory of groups and in the theory of bilinear forms and 
invariant factors.”’ 

The first four chapters, comprising a little more than half 
of the book, are intended to form an introduction to the whole 
subject. In the first chapter, which is much the longest in 
the book, the ordinary method of transforming the general 
substitution into the normal and canonical forms by means 
of the poles is shown and the simpler properties of symmetric, 
orthogonal, unitary, and Hermitian substitutions are given. 
In the second the author gives a very brief account of in- 
variant factors* and develops the second canonical form which 
is the direct product of substitutions of the type 


ies felis / sy 
hy = 9, ks, FS 23, 8 ey 1 ry 
| pelees 
Le = 61% + Coke — + ** fF Opty. 


In the third chapter devoted to bilinear forms the Hermitian 
forms play a prominent part. 

To the student who comes to the subject for the first time 
the fourth chapter on Applications will be one of the most 
interesting in the book. Illustrations from the theory of 
equations, from differential equations, from the theory of 
maxima and minima, from geometry, and from mechanics 
serve to show the wide range of application of the subject. 





* Following Bromwich, Hilton uses the term “invariant factor’’ instead 
of “elementary divisor.” 
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Not the least interesting of these applications is the develop- 
ment of the theorems of Thompson and Bertrand on the 
kinetic energy of systems acted upon by impulses. 

The last five chapters are somewhat more advanced in 
character and are concerned principally with the more detailed 
properties of symmetric, orthogonal, and Hermitian substi- 
tutions. Two brief chapters are devoted to permutable 
substitutions and to families of bilinear forms. 

The book contains a large list of examples which, on the 
whole, serve to illustrate rather than to extend the subject. 
For the greater part of the examples indications of the methods 
of solution are given. 

The book contains so much material that has not hereto- 
fore been available in one place that it may seem out of place 
to criticize it for what it does not contain. Nevertheless one 
can not help feeling that the author has taken his title too 
literally. For example, it contains no hint of the relation 
of homogeneous to non-homogeneous substitutions, though 
in many fields, as in projective geometry and theory of func- 
tions, the non-homogeneous form is frequently more con- 
venient. 

Again, the reader who is familiar with the group theory 
will wonder why the word “group” has been excluded from 
the body of the book even though, as the author says, this 
phase of the subject has been well treated by Burnside. The 
introduction of even the elements of the group theory would 
have given to the book a symmetry and a completeness that 
it does not now have. Moreover, even Burnside’s excellent 
treatise omits much important material that is to be found in 
the best continental texts, Weber’s Lehrbuch der Algebra, for 
example. ‘This is particularly true of the fundamental the- 
orems relating to invariants of groups of substitutions of which 
Hilbert’s theorem on the finiteness of form systems is the 
completest generalization. This gap for English-speaking 
students has recently been filled in part by the publication of 
Miller, Blichfeldt, and Dickson’s Finite Groups. 

The treatment of permutable substitutions, covering as it 
does a scant seven pages, of which nearly two pages are taken 
up by examples, could well have been amplified. Of the 
equations of Weierstrass and Dedekind which play an im- 
portant part in the theory of algebraic integers as well as in 
the theory of complex number systems no mention is made. 


1916. ] ITALIAN TECHNICAL SCHOOL. 149 


Likewise the beautiful theorem which asserts that two per- 
mutable substitutions must have a common pole is omitted. 

The author follows Jordan, Klein, and Burnside in writing 
the accented, i. e., the new, variables on the left, and writes 
the factors of a product in such order that multiplication of 
substitutions is effected through columns-by-rows multi- 
plication of the matrices. 

In spite of the omission, of some things that the reviewer 
would have liked to see included, the book is a noteworthy 
contribution to a subject that is of increasing importance to 
students of mathematics. It is well written, though the 
condensed notation makes it rather difficult reading for the 
beginner in the subject. 

ERNEST B. SKINNER. 


MATHEMATICS AT AN ITALIAN TECHNICAL 
SCHOOL. 


THE regular courses in the Italian technical schools are 
five years long, most of the work being prescribed. The 
schedule is not exactly the same in all of them, yet the general 
scheme followed can be understood by following the plan of 
instruction in any one of them. For this purpose we choose 
that at Milan (Reale Istituto Tecnico Superiore di Milano), 
which includes a two-year course in mathematics, physics, and 
chemistry and also in Italian and two foreign languages as 
preparatory to the regular three-year courses in mechanical, 
electric, civil, and mining engineering, architecture, industrial, 
physical, and electric chemistry, and a four-year normal 
course. Candidates for admission must have a diploma from 
a recognized Italian secondary school or equivalent credentials. 
In mathematics they must be familiar with plane and solid 
geometry, plane trigonometry, algebra including determinants, 
theory of equations and graphical processes, and the elements 
of projective geometry. 

The following outline applies to all the students except those 
in architecture, who have briefer courses in all the subjects 
mentioned. 

During both terms of the first year there are three weekly 
lectures and one hour of exercises in plane and solid analytic 
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geometry (Professor A. Jorini); four lectures and three hours 
of exercises in mathematical analysis (Professor U. Cisotti); 
three hours in physics, six in drawing, four (no laboratory) in 
chemistry, one in Italian literature, and two each in English 
and German. The first term’s work is very similar to that 
given under the same heading in our American institutions, 
the main difference being that much less time is given to 
exercises. But while the internal structure in analytic 
geometry is similar, there is a marked difference in the work 
in mathematics as a whole, for during this same term the 
student also takes a much more comprehensive course in the 
calculus. It begins with a review of determinants, systems 
of linear equations, complex numbers, and the idea of func- 
tionality. Derivatives of algebraic functions are introduced 
as soon as the student has completed the geometry of the 
straight line, and it is at once followed by a generous treat- 
ment of maxima and minima. In the treatment of series 
general questions of convergence are studied, the theorems 
of Taylor and Maclaurin derived, and the remainder em- 
ployed. The next chapter is that on geometric applications, 
including tangents, inflexions, curvature, evolutes, and singular 
points. 

In analytics, the entire second term is devoted to space; 
the instruction includes an extensive discussion of quadric 
surfaces, making free use of polar properties. In analysis, 
we begin with integration as a formal process, then as sum- 
mation, followed by the usual elementary geometric applica- 
tions. Then go back to functions of two or more variables, 
implicit functions and some geometric applications of partial 
derivatives. Finally, a short survey of elliptic integrals, 
integration by series, and a glimpse at differentiation and 
integration under the sign of integration. 

In the second year analysis is taught six hours per week 
during the first semester (Professor U. Cisotti), projective 
and descriptive geometry is taught throughout the year, three 
lectures and six hours of drawing per week (Professor C. 
Capelli), and rational mechanics both terms, four lectures 
and one hour of exercises per week (Professor B. Caldonazzo). 
The hours in physics, chemistry, and languages are about the 
same as for the first year. ‘The number of actual hours per 
week required of each student is 30 the first year, 38 the second. 
In analysis, the topics considered are space curves, multiple 


1916. ] ITALIAN TECHNICAL SCHOOL. 151 


integration, differential equations, approximate solutions, 
Fourier series, functions of a complex variable, conformal 
representation, and an introduction to vector analysis. 

In projective geometry the work is taken up in the sequence 
and about the extent treated in Cremona’s book* followed by 
reciprocal radii and general quadratic inversion. In descrip- 
tive geometry, the course given is about the same as is found in 
our better institutions, with the addition of further work on 
axonometry, central perspective, ruled surfaces of orders 
three and four, and brilliant points and lines. 

The course in mechanics begins with vector analysis fol- 
lowed by statics, including center of gravity, then by kine- 
matics of a point and of a rigid body, precession and relative 
motion, ellipsoid of inertia. After about two months dy- 
namics is introduced, mass, weight, force defined, impulses, 
kinetic energy, free and restrained vibrations, resonance, gravi- 
tation, central motion, Kepler’s law, and the centrifugal pendu- 
lum being studied. In the second term the topics considered 
are d’Alembert’s principle, potential energy, examples, in- 
cluding loop the loop, stability of equilibrium, dynamics of a 
rigid body, compound pendulum, Euler’s equations, the 
gyroscope, and various applications. Finally, dynamics of 
continuous systems, hydrostatics and hydrodynamics, equa- 
tions of Laplace and Poisson, lines and tubes of flux, gravi- 
tational field, potential of spherical strata, ete. 

This completes the regular work in mathematics. During 
the third year courses differ for students in the various 
branches, but all take the thermodynamics (three hours), 
and applied mechanics, nine hours per week. 

If we include rational mechanics and projective geometry 
in pure mathematics, but exclude descriptive geometry, 
thermodynamics and applied mechanics, we see that the 
Italian technical school student has thirty-six hours per 
week for one term of pure mathematics, and has had pre- 
liminary work at least equal to that required of our most 
exacting schools. Moreover, a more advanced course in 
analysis is offered as an elective by Professor G. Vivanti, to 
be taken in the fourth or fifth year, and similar choices are 
possible in several branches of applied mathematics. 

VIRGIL SNYDER. 





*Cremona was professor of geometry at the Milan technical school 
when he wrote his well-known treatise on projective geometry. 
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NOTES. 


THE concluding (October) number of volume 17 of the 
Transactions of the American Mathematical Society contains 
the following papers: “On the invariant system of a pair of 
connexes,” by O. E. Guienn; “Algebraic properties of self- 
adjoint systems,” by Dunuam Jacxson; “On the second de- 
rivatives of an extremal-integral with an application to a 
problem with variable end points,’ by ARNOLD DRESDEN; 
“Deformable transformations of Ribaucour,”’ by L. P. 
EISENHART; “Jacobi’s condition for the problem of Lagrange 
in the calculus of variations,” by D. M. Smrru; “On tran- 
scendental numbers,” by A. J. Kempner; “The linear de- 
pendance of functions of several variables, and completely 
integrable systems of homogeneous linear partial differential 
equations,’ by G. M. Green; “On the factorization of ex- 
pressions of various types,” by HENRY BLumBeEre; “The 
formal modular invariant theory of binary quantics,” by O. 
EK. GLENN. 


THE May, June, September and October numbers of the 
Proceedings of the National Academy of Sciences contain the 
following mathematical papers: “On the foundations of plane 
analysis situs,” by R. L. Moors; “A general theory of sur- 
faces,” by E. B. WILson and C. L. E. Moors; “Theory of an 
aeroplane encountering gusts,’ by E. B. Wrizson; “ Differ- 
ential equations and implicit functions in infinitely many 
variables,’ by W. L. Hart; “Note on Lucas’ theorem,” by 
M. B. Porter; “A variable system of sevens on two twisted 
cubic curves,” by H. S. Wuits; “A proof of White’s porism,”’ 
by A. B. CoBLe; “On certain asymptotic expressions in the 
theory of linear differential equations,’ by W. E. MILNE; 
“On Newton’s method of approximation,’ by H. B. FINg; 
“Point sets and cremona groups. Part III,” by A. B. CoBLE; 
“Some problems of diophantine approximation: a remarkable 
trigonometrical series,’ by G. H. Harpy and J. E. Lirrie- 
woop; “Newton’s method in general analysis,’ by A. A. 
BENNETT. 


Tuner Hamburg mathematical society recently decided not 
to celebrate its two hundred and twenty-fifth anniversary, on 
account of the war. The society had in 1915 a membership 
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of 121, including 21 foreign and 9 honorary members. Of 
these 49 were serving in the army. 


Ar Queen’s University, Kingston, Ontario, Dr. DANIEL 
BucHANAN has been promoted from an associate professorship 
of mathematics to the professorship of astronomy and mathe- 
matics. 


At Washington University, Dr. W. H. Rorver has been 
promoted to an associate professorship of mathematics, and 
Dr. G. O. JAMEs to an associate professorship of astronomy 
and mechanics. 


At Lafayette College Dr. W. M. Smiru has been promoted to 
a full professorship of mathematics. 


At the University of Arizona Professor H. B. LEonarp, of 
the University of Oregon, has been appointed professor of 
mathematics. Assistant professor G. H. CressE has been 
promoted to an associate professorship of mathematics. 


At the University of Oregon assistant professor R. M. 
WINGER has been promoted to a full professorship of mathe- 
matics. 


Dr. J. K. Lamonp, of Wesleyan University, has been ap- 
pointed professor of mathematics in Pennsylvania College. 


At the University of Pennsylvania Dr. R. L. Moore has 
been promoted to an assistant professorship of mathematics. 


AT the University of Illinois Dr. A. R. CeatHorne has been 
promoted to an assistant professorship of mathematics. 


At Purdue University Drs. W. V. Lovirt and T. E. Mason 
have been promoted to assistant professorships of mathe- 
matics. 


Dr. W. E. Mitne, of Bowdoin College, has been promoted 
to an assistant professorship of mathematics. 


Mr. H. W. Myers has been appointed professor of mathe- 
matics in Huron College. 


o> 
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Mr. F. L. Smiru has been appointed instructor in mathe- 
matics at Princeton University. 


Tuer death is announced of Professor Eva S. MAaGiLott, who 
had held the chair of mathematics in Ohio Northern University 
for the past thirty-two years. 


PROFESSOR CLEVELAND ABBE, of the U.S. Weather Bureau, 
died October 28 at the age of seventy-eight years. Professor 


Abbe was a member of the American Mathematical Society 
from 1892 to 1914. 


Proressor A. G. Smitu, head of the department of mathe- 
matics and astronomy in the University of Iowa died Novem- 
ber 5 at the age of forty-eight years. 


Book catalogues:—Galloway and Porter, Cambridge, 
England, catalogue 82, mathematical and physical books, 
about 680 entries.—G. E. Stechert and Company, 151 West 
125th Street, New York, Sets of mathematical periodicals, 
42 entries. 





NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


ANGELEScCO (A.). Sur des polynomes généralisant les polynomes de 
Legendre et d’Hermite et sur le calcul approché des intégrales multi- 
ples. (Thése.) Paris, Gauthier-Villars, 1916. 4to. 3+ 141 pp. 


BaniER (E.). Recherche méthodique et propriétés des triangles et 
rectangles en nombres entiers. Paris, Hermann, 1916. 8vo. 7 + 
266 pp. Fr. 8.50 


Casorr (F.). William Oughtred. Chicago, Open Court, 1916. S8vo. 
“114 pp. $1.00 


Carstaw (H. S.). Elements of non-euclidean plane geometry and trig- 
« onometry. London, Longmans, 1916. 8vo. 12+ 179 pp. OS. 


CHEMIN (O.). See PETERSEN (J.). 


Giraup (G.). Sur une classe de groupes discontinus de transformations 
birationnelles quadratiques et sur les fonctions de trois variables 
indépendants restant invariables par ces transformations. (Thése.) 
Paris, Gauthier-Villars, 1916. 4to. 8 + 169 pp. 


GLoBA-MIKHAILENKO (B.). Sur quelques nouvelles figures d’équilibre 
d’une masse fluide en rotation. (Thése.) Paris, Gauthier-Villars, 
1916. 4to. 3+ 79 pp. 
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Harpy (G.H.). The integration of functions of a single variable. (Cam- 
; bridge Tracts in Mathematics and Mathematical Physics, No. 2.) 
2d edition. 8 + 67 pp. Ba. 


Keyser (C. J.). The human worth of rigorous thinking. Essays and 
addresses. New York, Columbia University Press, 1916. 8vo. 
6 + 314 pp. Cloth. $1.75 


?Myrewr (A.). Storia generale del pensiero scientifico dalle origini a tutto 
il secolo XVIII. Le scuole Ionica, Pythagorica ed Eleata (I Pre- 
aristotelici, 1). Firenze, Libreria della Voce, 1916. 8vo. 16+ 
504 pp. L. 12.00 


PETERSEN (J.). Méthodes et théories pour la résolution des problémes de 
. constructions géométriques, avec application 4 plus de 400 problémes. 
Traduit par O. Chemin. 5e édition. Paris, Gauthier-Villars, 1916. 

, 8vo. 4+ 111 pp. Fr. 4.50 


Royat Socipry catalogue of scientific papers. Fourth series (1884— 
1900). Vol. 15, Fitting-Hyslop. Cambridge, University Press, 1916. 
Demy 4to. Cloth. 50 s. 

Vivantrt (G.). TFElementi della teoria delle equazioni integrali lineari. 

9 (Manuali Hoepli.) Milano, Hoepli, 1916. 16+ 398 pp. Cloth. 

L. 4.50 


Il. ELEMENTARY MATHEMATICS. 


Brestico (E. R.). Second-year mathematics for secondary schools. 
2d edition. Chicago, University of Chicago Press, 1916. 12mo. 


20 + 348 pp. Cloth. $1.00 
Evans (G. W.) and Marsy (J. A.). First year mathematics. New 
York, Merrill, 1916. 2385 pp. $0.90 
Hats (A. W.). Problems and exercises in algebra and geometry. Boston, 
Heath, 1916. 8vo. 54 pp. Paper. $0.36 
Hoyt (F. 8.) and Perr (H. E.). Everyday arithmetic; two-book course. 
Boston, Houghton-Mifflin, 1916. $0.40 + 0.40 


Marsa (J. A.). See Evans (G. W.). 
Mituis (J. F.). See Stone (J. C.). 


Mitne (R. M.). Mathematical papers for admission into the Royal 
military academy and the Royal military college, February—June, 
1916. London, Macmillan, 1916. 380 pp. Is. 


Pret (H. E.). See Hoyt (F. §8.). 
Remick (B. L.). See Strarron (W. T.). 
Stone (J. C.) and Miuuis (J. F.). Solid geometry. Chicago, Sanborn, 


1916. Pp. 8 + 277-450. $0.85 
StraTTONn (W. T.) and Remick (B. L.). Agricultural arithmetic. New 
York, Macmillan, 1916. 8vo. 10 + 239 pp. $0.50 


Ill. APPLIED MATHEMATICS. 


ANNUAIRE pour l’an 1916 publié par le Bureau des Longitudes, contenant 
des notices par G. Bigourdan et E. Picard. Paris, Gauthier- 
Villars, 1916. 6+ 657 pp. + 3 cartes magnétiques. Cartonné. 

Fr. 2.00 
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BaTTeLu (A.) e Carpant (P.). Trattatto di fisica sperimentale ad uso 
delle universita. Volume 3 (Calore). Milano, F. Vallardi, 1916. 


8vo. 12 + 423 pp. L. 11.00 
BazaRD (—.). Cours de mécanique. Tome 5: Moteurs 4 combustion 
interne. Paris, Geisler, 1916. 8vo. 382 pp. _ Fr. 12.00 


Bere (EK. J.). Electrical engineering. Advanced course. New York, 
McGraw-Hill, 1916. 8 + 3382 pp. 


BerGcet (A.). See CHAppPuls (J.). 
BicourDAN (G.). See ANNUAIRE. 


Byerity (W. E.). Introduction to the use of generalized coordinates in 
mechanics and physics. Boston, Ginn, 1916. 118 pp. $1.25 


CarRDANI (P.). See BAaTrexii (A.). 


Cuappulis (J.) et Bercret (A.). Cours de physique, a l’usage des candidats 
aux écoles du gouvernement, conforme aux derniers programmes. 
2e édition, entiérement refondue par J. Chappuis et M. Lamotte. 
Paris, Gauthier-Villars, 1916. 4-++ 702 pp. Relié. Fr. 19.00 


FLAMARD (E..). Etude sur les méthodes nouvelles de la statique des con- 
structions. Paris, Gauthier-Villars, 1914. 6+ 114 pp. Fr. 5.00 


LaMoTTE (M.). See Cuappuis (J.). 


Lémpray (KE. M.). Le principe de relativité. Cours libre professé 4 la 
faculté des sciences de Marseille pendant le premier trimestre 1915. 
(Bibliothéque des actualités scientifiques.) Paris, Gauthier-Villars, 


1916. 16mo. 4 + 156 pp. Fr. 3.75 
Mavunpeir (EK. W.). The stars as guides for night marching in north lati- 
tude 50°. London, C. H. Kelly, 1916. 2s. 


PicarpD (E.). See ANNUAIRE. 


Rovuspauvpi (C.). Traité de géométrie descriptive, 4 usage des éléves des 
classes de mathématiques spéciales et des candidats a l’Ecole poly- 
technique. Paris, Masson, 1916. Gr. 8vo. 6+ 552 pp. Fr. 15.00 


SKINNER (E. B.). Tables reprinted from a mathematical theory of invest- 
ment. Boston, Ginn. 8vo. Pp. 218-242. Cloth. $0.36 


VecELLIO (A.). Equilibrio cosmico. Parte I: L’equilibrio nel mondo 
fisico. Feltre, tip. P. Castaldi, di O. Boschiero, 1916. 8vo. 89 pp. 
Lao 


Wuitt (J. D.). Steering by the stars: for night-flying, night-marching, 
and night boat-work between latitudes 40° N. and 60° N. London, 
J, L. Potter 916; Is. 
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THE OCTOBER MEETING OF THE AMERICAN 
MATHEMATICAL SOCIETY. 


THE one hundred and eighty-sixth regular meeting of the 
Society was held in New York City on Saturday, October 28, 
1916. ‘The attendance at the morning and afternoon sessions 
included the following forty-two members: 

Professor M. J. Babb, Dr. F. W. Beal, Mr. D. R. Belcher, 
Professor E. W. Brown, Dr. Emily Coddington, Professor 
F. N. Cole, Professor Elizabeth B. Cowley, Professor Louise 
D. Cummings, Dr. H. B. Curtis, Professor L. P. Eisenhart, 
Mr. G. W. Evans, Dr. C. A. Fischer, Professor T. 8. Fiske, Dr. 
C. H. Forsyth, Professor O. E. Glenn, Dr. T. H. Gronwall, 
Professor C. C. Grove, Professor M. W. Haskell, Professor 
H. E. Hawkes, Professor Dunham Jackson, Dr. L. L. Jackson, 
Mr. S. A. Joffe, Professor Edward Kasner, Dr. J. R. Kline, 
Mr. E. H. Koch, Jr., Mr. Harry Langman, Professor H. B. 
Mitchell, Professor R. L. Moore, Mr. G. W. Mullins, Professor 
H. W. Reddick, Mr. J. F. Ritt, Mrs. J. R. Roe, Dr. Caroline 
Seely, Professor L. P. Siceloff, Professor D. E. Smith, Professor 
P. F. Smith, Professor Oswald Veblen, Dr. J. H. Weaver, Dr. 
Mary E. Wells, Professor H. S. White, Mr. J. K. Whittemore, 
Professor J. W. Young. 

The President of the Society, Professor E. W. Brown, oc- 
cupied the chair. The Council announced the election of the 
following persons to membership in the Society: Mr. A. C. 
Bose, Calcutta, India; Professor L. C. Emmons, Michigan 
Agricultural College; Professor A. M. Harding, University of 
Arkansas; Dr. W. L. Hart, Harvard University; Dr. J. R. 
Musselman, University of Illinois; Mr. S. Z. Rothschild, Sun 
Life Insurance Company, Baltimore, Md.; Professor Pauline 
Sperry, Smith College. Six applications for membership in 
the Society were received. 

The Council submitted a list of nominations for officers and 
other members of the Council to be elected at the annual 
meeting. Committees were appointed to arrange for a joint 
session at the annual meeting with other scientific bodies and 
for the summer meeting of 1917. 

The following papers were read at the October meeting: 


(1) Mrs. J. R. Roe: “ Interfunctional expressibility problems 
of symmetric functions.” 
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(2) Professor E. D. Rog, Jr.: “A geometric representation.” 

(3) Professor E. D. Rok, Jr.: “Studies of the Kreisteilungs- 
gleichung and related equations.” 

(4) Professor E. D. Ror, Jr.: “The irreducible factors of 
gyri o gn? -— ardor oe Las 

(5) Professor H. B. MircHe.u: “On the imaginary roots of 
a polynomial and the real roots of its derivative.” 

(6) Dr. J. H. Weaver: “Some properties of parabolas 
generated by straight lines and circles.” 

(7) Professor F. N. Coie: “Complete census of the triad 
systems in fifteen letters.” 

(8) Professor O. E. GLENN: “Translation surfaces associated 
with line congruences.” 

(9) Professor O. E. GLENN: “Methods in the invariant 
theory of special groups, based on finite expansions of forms.” 

(10) Professor R. L. Moore: “A theorem concerning con- 
tinuous curves.”’ 

(11) Dr. J. R. Kure: “The converse of the theorem con- 
cerning the division of a plane by an open curve.”’ 

(12) Mr. H. 8S. Vanpiver: “Note on the distribution of 
quadratic and higher power residues.” 

(13) Mr. H. S. Vanpiver: “The generalized Lagrange in- 
determinate congruence for a composite ideal modulus.” 

Professor Roe’s first two papers were read by Mrs. Roe; his 
third paper, Professor Glenn’s first paper, and Mr. Vandiver’s 
papers were read by title. Abstracts of the papers follow 
below. ‘The abstracts are numbered to correspond to the titles | 
in the list above. 


1. If ais a complex of numbers, b the elementary symmetric 
functions of the a’s, S the power sums. and ¢ the complete 
symmetric functions, then, of the complex a, Mrs. Roe 
undertakes to investigate the relations of the four kinds of 
functions, viz.: the monomial symmetric functions, the power 
sums, the elementary symmetric functions and the complete 
symmetric functions. If the four kinds of functions are taken 
two at a time, six combinations arise, and a consideration of 
the expressibility of each of a pair in terms of the other leads 
to a systematic study of twelve tables of coefficients. 

The principal object of the investigation is to derive the 
properties of, and interfunctional relations and general for- 
mulas for, the coefficients in these tables. 
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The problems of the t’s and the a’s and also those of the S’s 
and the a’s are especially considered in this paper. ‘Tables 
up to weight ten illustrate the results obtained. 


2. Professor Roe adjoins the complex plane to the x axis 
of the real plane for the graphical realization of the complex 
values, when such exist, of y in y = f(x), and also for the 
purpose of representing some real curves in space by a single 
equation in x and y. The complex plane is adjoined so that 
its origin is always in the axis of 2 with its axis of positive 
reals parallel to the positive direction of the axis of y, in fact 
in the real plane, as the complex plane slides along always 
perpendicular to the x axis at the distance x as x changes. By 
this representation every curve has an actual locus from — « 
to +o. ‘The method is applied to the function 


ise eran an in ae) 


In the usual simplest real representation this consists of a 
curve in the real plane between 2 = — © and x = 0, and 
z= 1tox= + o~, but between vz = 0 and x = 1 consists only 
of discrete points. But if the complex value of y correspond- 
ing to a value of 2 is laid off on the complex plane adjoined to 
the z axis at the distance z, the curve between 0 and 1 becomes 
multiple valued for each simplest branch, continuous, and 
consists of an infinite number of spirals which pierce the real 
plane in the discrete points and all lie on a real surface of 
revolution y? + 2? = [mod {a 4(a — 1)*}!/@-*)]? where a, y, 
z are the coordinates of real space of three dimensions. Fi- 
nally the general equation in x and y alone of all real spirals in 
space of three dimensions winding around the axis of x is 
shown to be 
y = filxe? i, 


3. In this paper Professor Roe studies the four equations 
cos no + cos (n+ 1)g = 0, cos (n — 1)e@ + cos (n+ 1)¢=0, 
obtaining the number of and expressions for their distinct 
roots and applying the results to some geometrical con- 
structions. The “Kreisteilungsgleichung”’ in algebraic form 
(derivable from the second equation) is studied and an explicit 
expression is obtained for the general coefficient of any term 
in it. ‘The same is also done for a like algebraic equation 
derivable from the first equation above. 
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4. In this paper Professor Roe considers the irreducible 
factors of f(a, n) = a7 1-+ g™?-+ ----+ 1 by means of sums 
of powers of the roots of (2 — 1)f(x, n) = 0. 


5. The object of Professor Mitchell’s paper is the deduc- 
tion of simple criteria which may enable us to infer, without 
laborious calculation, the approximate position of a pair of 
imaginary roots of a polynomial with real coefficients, when 
the existence of imaginary roots is revealed through the 
vanishing of the derivative, (a) beyond the interval between 
the greatest and the least real root of the polynomial, (6) more 
than once in an interval between two consecutive real roots. 
Under the first assumption, upper and lower limits are de- 
termined which depend only upon the degree of the poly- 
nomial and the distance between a real root of the derivative 
and the adjacent real root of the polynomial. Under the 
second assumption it is shown that if the polynomial have not 
more than 8 imaginary roots, the real part of at least one 
pair must lie in the interval where the derivative vanishes 
more than once, and that the coefficient of 2 must be less in 
absolute value than the extent of that interval. When the 
polynomial has more than 8 imaginary roots, but when the 
number of real roots on one side of the interval is not greater 
than 8, it is shown that not all of the imaginary roots can 
have their real parts without and on one side of the interval 
—this restriction thus applying to all polynomials with real 
coefficients whose degree is less than 20. 

The criteria are particularly suited to graphical analysis, as 
they involve only the approximate positions of the real roots 
and bend points. 


6. Starting with the well-known fact that the locus of the 
center of a circle tangent to a given straight line and a given 
circle is two parabolas (one of which may be degenerate), 
Dr. Weaver proves several theorems showing relations 
between the three curves and involving questions of col- 
linearity and concurrence. He then extends some of these 
results to the triangle and its circles and sets forth some sets 
of perspective triangles for which the axis of perspectivity 
passes through the center of perspectivity. 


7. Professor H. S. White has determined all the triad sys- 
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tems in fifteen letters that have groups of substitutions into 
themselves, the number of types being 44.* Professors White 
and Cummings have also identified 33 groupless systems in 
fifteen letters, but a complete census of the groupless systems 
remained to be carried out. No method of doing this is 
known except that of actual sifting of all possible cases. 

In forming triad systems in fifteen letters 1, 2, 3, ---, 15 
the seven triads that contain 1 may be wr*tten in the style 
meee iet io 6 76 ls 9, 11011, 1 12-13,-° 1.14 15. 
For the triads containing 2 there are then four types of 


opening 

(eee eao i, 25 10,92 9 11) 212 14) 2 13:15; 
pee Us Ol, 2 O02 211 12 215714, 2°99 15; 
forme 0, 2918, 25 Oe 2 102 2138.14) “Ud1 15; 
foe 0 2 eo, 2 O10, 2 11 12) 23 14, 2° 5 15; 


which may he designated as the triple tetrad, single tetrad, 
hexad, and duodecad types, respectively. Professor Cole 
has found that the only triad system in fifteen letters that can 
be made up from hexads and duodecads exclusively is the 
known system of Heffter. All others involve tetrads. 

If to the tetrad 1 2 3,145,167; 246, 257 there be 
added the triads 347, 356, the result is a triad system in 
seven letters within that of the fifteen letters, which is then 
said to have a 7-head, or merely head. If 356 is replaced 
by 358, we may perhaps speak of a semi-head. The com- 
plete census of the triad systems in fifteen letters may then 
be tabulated as follows: 

I. Types with triple tetrads, 60, of which 22 have heads, 
12 have semi-heads but no heads, and 26 have neither head 
nor semi-head. 

II. Types with tetrads but no triple tetrads, 19, of which 1 
has a head, 3 have semi-heads but no heads, and 15 have 
neither head nor semi-head. 

III. Heffter’s headless system, 1. 

Total, 80 systems. 

The 23 types with heads all have groups; of the headless 
types 21 have groups and 36 are groupless. 


8. Professor Glenn’s first paper appeared in full in the 
December BULLETIN. 


9. A paper by Professor Glenn published in the Trans- 
* See this BULLETIN, vol. 21, pp. 164, 488. 
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actions in 1914 contains the determination of the expansion of 
the general binary form f of order n(m-+ 1) — 1 as a binary 
m-ic in two arbitrary forms fin, fon of order n, the coefficients 
of the expansion being quantics ¢jn-1 (1 = 0, ---, m) of 
order n — 1. Assuming, in the present paper, that fin, fon 
are the universal covariants of a definite linear group G, it is 
shown that the gin_1 are covariants; and a complete system 
of f under G is the simultaneous system of the set Qin-1, 
fin, fon. Particular cases are treated; the most elementary 
being an explicit derivation of the (known) system of orthog- 
onal concomitants of an m-ic. 

As a result of applying methods similar to the above in the 
case when G is the group of binary linear transformations 
modulo p, p + 2, a superior limit for the order of an irre- 
ducible formal covariant modulo p-of any binary form or set 
of forms 1s determined. 


10. Professor Moore proposes to show that every two 
points of a continuous curve (no matter how crinkly it may 
be) can be joined by a simple continuous arc that lies wholly 
in the curve. 


11. In his paper* “On the foundations of plane analysis 
situs,’ Professor R. L. Moore defines an open curve as a 
closed connected set of points M such that if P is any point 
of M, then M — P is the sum of two mutually exclusive 
connected sets of points, neither of which contains a limit 
point of the other. He shows that if / is an open curve and 
S is the set of all points, then S —1= S;-+ Se, where Sj 
and S». are connected point sets, such that an are from a 
point of S; to a point of S_ contains at least one point of U. 
This theorem is proved on the basis of his set of axioms 23 and 
is therefore true in certain spaces which are neither metrical, 
descriptive nor separable. 

Dr. Kline proves the converse of this theorem for open 
curves. ‘The statement of the converse theorem 1s as follows: 

Suppose K is a closed set of points and that S—K=8 +8. 
where S; and S2 are non-compact point sets such that 

(1) every two points of S; (¢ = 1, 2) can be joined by an 
are lying entirely in S;. 

(2) every arc joining a point of S; to a point of S» contains 
a point of K. 


* Transactions, vol. 17, no. 2, p. 131 (April, 1916). 
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(3) if O is a point of K and P is any point not belonging to 
K, then P can be joined to O by an are having no point 
except O in common with Kk, 

Every point set K that satisfies these conditions is an open 
curve. 


12. If pis a prime of the form 4n + 8, consider the number of 
quadratic residues included in the set 1, 2, ---, 2n-+ 1. In 
the present note Mr. Vandiver proves a theorem which sets 
forth a connection between this number. and the number of 
quadratic residues in any set defined by h + [ah] < p, where 
a is a fixed integer less than p — 1 and fh ranges over the set 
1, 2, ---, p — 1, the expression [ah] denoting the least positive 
residue of ah, modulo p. Analogous theorems are also found 
concerning the distribution of higher power residues. 


13. Consider the indeterminate congruence of Lagrange 
ee ee eee np eh) eee, —— 1 (mod’p), 


where x is an indeterminate and =: is a prime integer. Mr. 
Vandiver obtains some generalizations of this relation such 
that the set 1, 2, ---, » — 1 modulo p is replaced by all the 
incongruent residues of a composite ideal modulus which are 
prime to the modulus. The paper will appear in the Annals 
of Mathematics. 

- EF IN? COLE, 


Secretary. 





CORRECTION. 


Tue following regretable errata in the reports of the sum- 
mer meeting and colloquium of the Society, published in the 
November BuLLeTINn, have been brought to the attention of 
the Secretary: 

I. In the report of the summer meeting, page 65, it is stated 
that Professor C. N. Moore’s paper appeared in full in the 
October BuLLETIN. A paper with the same title did appear 
in the October BULLETIN, but it was read at the annual meet- 
ing held last January. The abstract of Professor Moore’s 
summer meeting paper is printed below, with apologies to 
the author. 
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10. In Professor Moore’s paper an example is given of a 
function continuous in an interval 0 Sz S 1, whose develop- 
ment in Bessel’s functions is not summable (Cd) at the point 
x = 0, for any value of ) in the interval 0 =) < 3. 


II. In the report of the colloquium, pages 85-88, Professor 
Veblen’s subject matter appears distributed in six “ Lectures,”’ 
whereas only five lectures were actually delivered by each 
author. The headings in Professor Veblen’s synopsis repre- 
sent certain divisions of the subject matter, not the division 
into lectures, and the word ‘‘ Lecture” should have read 
* Section.” 





THE MAXIMUM NUMBER OF CUSPS OF AN ALGE- 
BRAIC PLANE CURVE, AND ENUMERATION 
OF SELF-DUAL CURVES. 


BY PROFESSOR M. W. HASKELL. 


(Read before the San Francisco Section of the American Mathematical 
Society, October 24, 1914.) 


It is well known that the double points of a rational algebraic 
curve can not in general all be cusps, and the maximum number 
of cusps has been determined in certain special cases. It is 
not difficult to find the maximum number from the consider- 
ation that none of the numbers in Pliicker’s equations can 
be negative. 

Let m be the order and n the class, d the number of double 
points, & of cusps, 2 of inflexions and ¢ of double tangents. We 
may first assume d= 0. In this case 


2t = [m2 — 9 — 8k][m? — 2m — 8k] 


and the following inequalities must be satisfied: 


(1) ole << mii 1), 
(2) 8k = 3m(m — 2), 
(a) 2k = (m — 1)(m — 2), 


(4) Either 3k S m?— 9 and 38k S m? — 2m simultaneously 


or else 
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(5) 8k 2 m? — 9 and 8k = m? — 2m simultaneously. 


Now, if m is greater than 9, m? — 9 is greater than m(m — 1) 
while if m= 7, 8, 9, m*—9 is greater than 3m(m — 2), 
so that if m is greater than 6, (4) must be satisfied. Hence, 
if m is greater than 6, 


k =4m(m — 2). 


Indeed, this formula is satisfied for m = 3 and m = 5, as is 
well known. The only exceptions are therefore m = 4 and 
m = 6. 

Now, if m is of the form 84 or 8k + 2, it is easy to show that 
a curve with the maximum number of cusps can have no 
further double points. The curve is self-dual, and 


n=m, d=t=0, k=i=4m(m— 2), 
p = ¢(m — 2)(m — 3). 

If, however, m is of the form 3k + 1, the curve may have 
one double point in addition. This curve is also self-dual, and 
nm=m, d=t=1, k= i= 4[m(m— 2) — 2]; 

p = ¢(m — 1)(m — 4). 
This result allows us to enumerate all self-dual curves. For, 
if n = m, 
k=r1=m—2-+ 2p, 
= t= 3(m — 2)(m — 38) — 3p, 
so that the minimum number of cusps for a self-dual curve is 
m — 2, and there is hence just one self-dual curve for every 
value of m corresponding to each value of p from zero up to 
the value given above. 
Moreover, since 
k=m—2+ 2p =4m(m — 2), 


the lowest order of a self-dual curve of given deficiency 
»( > 0) is the smallest integer satisfying the inequality 

5+ V24p+ 1 

re a : 


IIV 


™m 


New York, 
November, 1916. 
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NOTE ON ASYMPTOTIC EXPRESSIONS IN THE 
THEORY OF LINEAR DIFFERENTIAL 
EQUATIONS.* 


BY PROFESSOR W.. E. MILNE. 


(Read before the American Mathematical Society, December 28, 1915.) 


LET n independent solutions of the linear differential equa- 
tion : 
du Lie 


CUR a renee) Ko kgm igro a P,(x)u + p™u = 0 


be denoted by yi, y2, +++, Yn. It is the aim of this note to 
establish asymptotic representations of a particular form for 


the n functions 91, j2, «++, Jn determined by the n identities 
“ OMe aa Bie eae es I 

9 (eg = 1?) lta , 

(2) 2 Yi us Raeaees: 


For this purpose we employ asymptotic forms for the y’s, as 
follows.t If the coefficients P,(2) in (1) have continuous 
derivatives of order (m+ n — 8s), m being a positive integer 
or zero, in the interval a = x = J, then there exist n inde- 
pendent solutions of (1) of the form 


We ui(2, 0) ae EP Ge) Ha pay 


(3) 
y,* = u;™ (x, p) a eps(e—o) Bi | pmti—k 
OhrS ihe oe) 1 kK itt cia She Ly 
where 
(9) Some] 1 eS eit) | 
ae E Tw; | (pw 


The functions 9;(7) have continuous (m+ n — j7)th deriva- 
tives in (a, b) and are independent of 2, while for 2 in (a, b) 





* Theformulas given here were published without proof in the Pro- 
ceedings Nat. Academy of Sciences, vol. 2 (1916), pp. 5438-5. 

+ The existence of asymptotic solutions of (1) in nearly the form given 
in (3) was proved by Birkhoff, Transactions Amer. Math. Society, vol. 9 
(1908), pp. 219-231, 381-2. The proof of the formulas in (38) and (4) is 
conducted in a similar manner and offers no essentially new difficulty. 
For an explicit statement of the difference between Birkhoff’s formulas 
and those here given, see the note in the Proceedings referred to above. 
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and p in a suitably chosen sector* S; of the p-plane the L;; 
are analytic in p and bounded as p becomes infinite. 

By the use of the above formulas we can now show that 
when the coefficients Ps(x) have continuous (m+ n— s)th de- 
rivatives in (a, b), the n functions 7; have when |p| is large the 
asymptotic formt 


(5) Vi 


—puj(xz—c) 


e a ! 
Gane [ei(t; py se sip? 

(= aes eee n), 
where 
(6) a(x, p) = 1+ Yilx)/pwi t+ --- + Wm(x)/(pws)™. 
The functions W;(x) are independent of 1 and have continuous 
(m+ n — a)th deriwatives in (a, b), and for x in (a, b) and p 


on S;, the E; are analytic in p and bounded as p becomes infinite. 
The method of proof is to substitute in (2) from (5) and 


(6) and show that the m w’s and n E’s can be chosen to satisfy 
(2). It will readily be seen that y;™ can be written 


(7). ys” = (pw.)Pe?-[05,(a, p) + Ein’ /p™™, 


(a = 1, 2, -snzsk = 0, 1 vend Sam 1 
where 


(8) Vin(, p) = 1+ giz/pwit --> + Ome/(pwi)”, 


and 
k! 
Se EEG, wpe fa (r) 
Ojk Pe ail 


Substitute in (2) from (5) and (7), cancel the exponentials, and 
divide out the factor — 1/np"~* from the sth equation. The 
result is f 


n rs 1 n a) 
2» W8V;, s—10i + ome | 2d (wie + E/p)E,+ r| 


-| 0,ifs=1,2,---,n—1], 
 |—nifs=n. 


(9) 





* For the precise definition of S;, see either Birkhoff, loc. cit., or the note 
in the Proceedings. 

j A similar but less explicit formula was used by Birkhoff, loc. cit., p. 
391, formula (56). 

t The letter # is here used in a generic sense to denote any function 
analytic in S; and bounded in S; as p becomes infinite. 


168 ASYMPTOTIC EXPRESSIONS. [Jan., 
By (6) and (8) 


(10) D> wd}, 101i = D> D>, Op Fw F + E/p™*!, 
4=1 0 


11 4= 


O75 = Da Vado, elk ity 


Tt) 


where 


Now >> w;* is zero except when j — s = kn, where k is 
1=1 

integral, in which case it is (— 1)*n. Therefore, if we denote 

kn + s by z, the double sum in (10) reduces to 


I, 


py cS 1)*n8.5/p? 


k=0 


when s = l, 2, ---, n — 1, and to 


I, 
ce oartaria oD hs 1)*n625/p? 
k=0 


when s=n. The symbol J, denotes the integral part of 
(m — s)/n. Substituting back into (9), we now get 


T, 1 n iti : 
2, (— 1)*n6.0/p* + ome | LD (wi* + E/p)E; + B | = 0 


(sD) oe 


Since these are identities in p, the coefficient of every power of 
1/p up to and including the mth must vanish separately, giving 


the m equations 
t<z2 


(11) Gas = 0, or Vz a es ps Or,s—1Wt 


+t=2 
(k = 0, ibs Twas A 2s  () 


and leaving the 7 equations 
(12) Di (we + E/p)E; + B= 0) (= 1, 2) 22s 
i=1 


From equations (11) the m functions Y; may be determined in 
succession, and are readily shown by mathematical induction 
to have continuous derivatives of order (m+ mn-— J) in 
(a,b). ‘The functions represented by the letter E in equations 
(12) can be expressed in terms of the ¢g’s, the y’s, and the E;;’s, 
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and are therefore now to be regarded as known functions. 
When |p| is sufficiently large the determinant of the coefficients 


in (12) is not zero, so the ;’s can be uniquely determined. It 
is plain that for p in S; they are analytic in p and bounded as 
p becomes infinite. 


Bowvo1n COoLuEGE, 
October, 1916. 


ON NOTATIONAL EQUIVALENCE. 


BY PROFESSOR EDWIN BIDWELL WILSON. 


In reply to my query* to Dr. Poor “ Why not make the work 
short?” he statest that brevity was not his aim, that one of his 
purposes was to exhibit the Burali-Forti and Marcolongo no- 
tation. I must accept that answer and admit my error in 
assuming that his only aim was to derive as directly as possible 
some transformations which are needed in certain studies in 
applied mathematics. It is, however, difficult for me to admit 
many of his other contentions. I have no desire to enter 
upon any polemic in regard to these matters, but it does seem 
that further explanation from Dr. Poor would be valuable to 
all who are interested in vectorial methods. 

1. He states: That the use of words, such as grad, div, rot, 
is hampering seems to be a matter of opinion, since they may 
be used interchangeably with other symbols. 

I hold that because two sets of symbols may be used as 
interchangeably as these and Y is no criterion at all that one 
is not more hampering than another. For instance, 94 and 
XCIV are equivalent symbols, so are 8 and VIII, and also 
752 and DCCLII. Yet for the arithmetical operation of 
multiplying eight and ninety-four the Arabic notation is far 
superior to the Roman (or Greek); indeed so marked is the 
superiority that one may well wonder how far mathematics 
would now be advanced had no better system than the Roman 
been devised. 

May we not fairly maintain that notationally Arabic and 
Roman numerals are not interchangeable? Is it true that 
two notations in terms of which premises and conclusions 
may both be stated are for that reason interchangeable? 'To 











* Wilson, this BULLETIN, vol. 22, April, 1916, p. 336. 
t Poor, this BULLETIN, vol. 22, July, 1916, p. 503. 
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me the whole series of formal operations by means of which 
the passage is made from premise to conclusion must be given 
a fundamental place in determining the question of notational 
interchangeability in so far as concerns the discussion of what 
is hampering and what felicitous. 

What was Maschke’s object in developing a symbolic 
method, analogous to that of Clebsch-Aronhold, for dealing 
with differential forms? It could hardly have been merely 
to introduce a new notation interchangeable with older ones 
with all the attendant liability to irritation and confusion. 

2. Dr. Poor states that Burali-Forti and Marcolongo have 
pointed out how the dyadics of Gibbs constantly depend on 
cartesian coordinates, a non-linear system. 

Dr. Alexander Macfarlane called my attention to this 
remark (and others) in one of his letters written shortly before 
his death. He did not, nor do I, believe all the things those 
eminent authors say about Gibbs’ system—or else I do not 
understand them. If it is meant that in the Gibbs-Wilson 
Vector Analysis many properties of dyadics are proved by 
means of cartesian coordinates, I should admit that some 
proofs of that sort were given, but should call attention to a 
subsequent work* also done after Gibbs’ lectures, in which no 
such proofs are given. I have always taught my students, 
as I learned from Gibbs, that dyadics are in no way dependent 
on coordinates, no matter how proofs may be given. I am 
sorry if I have been propagating heterodoxies. 

3. He states: It is unfortunate that Professor Wilson in- 
troduced cartesian coordinates into his proof since a coordinate 
system has no place in vector analysis. 

To be sure, puristic ideals have enraptured the gaze of some 
students of vector analysis, as of some students of projective 
geometry and other branches of mathematics. ‘The refine- 
ments of method which have sometimes resulted from this 
striving toward the puristic goal have been of great value. 
Whether, however, the insistence on such ideals under all 
circumstances is fortunate is a mooted question. Certainly 
it is possible to define cartesian coordinates in terms of vectors 
(a method recommended by Heaviside); it is then the coor- 
dinates which depend upon vector analysis and consequently 
have as much place in it as anything else. 


* Wilson, Trans. Conn. Acad. Arts Sci., New Haven, vol. 14, 1908, 
pp. 1-57. 
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The case in which I used cartesian coordinates in my note 
was in proving the operational identity f dS() = — ff dr(). 
The proof of this well-known formula was not essential to 
my work—I could have merely quoted and applied the result 
as Dr. Poor quoted and applied many results from Burali- 
Forti and Marcolongo.* 

4. He states: The notation of Burali-Forti and Marcolongo 
could have been made to compare very favorably with Pro- 
fessor Wilson’s compact reproduction of the formulas in the 
Gibbs notation. 

It would please me much to see this done. It is suggested 
that we need only compare the analytic statement of the the- 
orems in the two notations. I am unable to make the com- 
parison satisfactorily, or to admit that the comparison if 
made would be a just criterion.. To my mind it would be 
necessary to compare the whole proofs in detail, and in par- 
ticular to determine what propositions were needed for the 
proofs in the two notations which were not obvious conse- 
quences of the simple laws of operation in the respective no- 
tations. 

For instance, Dr. Poor writes the relationt 


divyau = — u X gradp Ka, 
u independent of M, which in Gibbs’ notation is 
Vue (a u) = (Viare a) -u=—- —-uUu -(Vp°a), 


and is obvious (it being understood that Vy = — Vp). But 
the relation is derived by Dr. Poor from a quoted formula 


du 
div,au = u X grady Ka+ I; (as) 
from Burali-Forti and Marcolongo. It may be that there is 
some way of remembering all such formulas in their notation, 
but I have never deciphered any. In the Gibbs notation 
we should have 


Ve(a-u) = (V-a)-at Vie (a* a1) = (Vea)-ut+ Vuia 
by the usual method of differentiation in situ. 
*There seem to be ten such citations. See, Poor, this BULLETIN, 


vol. 22, January, 1916, pp. 174-181. 
t Loc. cit. above, p. 178. 
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The important thing here is fundamental to the whole 
question of notation and particularly to notational inter- 
changeability. The rule of differentiation in situ and the 
ordinary rules for the use of dot and cross in vector algebra 
taken with the identity | dS() = — 4 dr() suffice to prove 
all Dr. Poor’s theorems and many others of the sort without 
reference to any list of formulas—the whole thing has become 
mere formal operation which for a student of Hamilton, Tait, 
Gibbs, and McAulay is in the same category as the work 
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is for the schoolboy.* If this is equally true of the student of 
Burali-Forti and Marcolongo, I am both surprised and happy. 





ON PIERPONT’S INTEGRAL. REPLY TO PRO- 
FESSOR PIERPONT. 


BY PROFESSOR MAURICE FRECHET. 


My single aim in my previous contribution to this journal 
(“On Pierpont’s definition of integrals,’ volume 22, number 
6, March, 1916) was to point out that, in my own words, this 
new definition 1s inappropriate. I still hold to my original 
assertion (though for partly different reasons) and will show 
why I do so. 

Thus the question whether two non-measurable sets with 
no points in common are separated or not is far from being 
the vital point. This being explicitly stated, I hasten to say 
that concerning this last particular question, Professor Pierpont 
is entirely justified in saying: “ Professor Fréchet has been 
misled at this point . . . and his example establishes not an 
error on my part but a carelessness of reasoning on his.” 
As a matter of fact, I too quickly assimilated in my mind 
“separated ” with “having no point in common.” The 
same thing occurred with the word “exterior” and my 
objection to theorem 341, page 346 arose from a miscon- 

* It would not have been obvious to the schoolboy, perhaps not even to 


a professional mathematician, in the days before a suitable notation for 
elementary algebra had been developed. 
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ception of the meaning of this word in Pierpont’s terminology. 
Indeed, as I was at the front (where I am still) when I wrote 
this article, I could only compose it out of notes formerly 
taken. And even now, I do not understand what Professor 
Pierpont describes as “ sets exterior to each other.” I will 
then let fall my objections to formulas (2), (5), (7), in Pro- 
fessor Pierpont’s reply. 

However, under present circumstances (I write this on 
June 30) it is wiser not to postpone my answer. And with 
but the information I have in hand, I will make good my 
point as follows: 

The main differences between Lebesgue and Pierpont 
integrals are two in number. 

I. When £E is measurable and f(#) is summable the com- 


mon value of Lebesgue and Pierpont integrals Jf (a)da is 


arrived at in different manners. 

Then, I still maintain that in this case the real difference 
between their definitions is not that—as Professor Pierpont 
asserts—he makes use of an infinite instead of a finite number 
of parts 6; of E (asin Riemann’s definition). It lies essentially 
in the use of measurable sets instead of intervals. For, in 
the most important case: when f(a) is bounded, the finiteness 
or infiniteness of the number of parts 6; of E is indifferent in 
Pierpont’s definition. ‘This is easily seen, starting from Pier- 
pont’s theorem, that the remainder 


Teas 310, c+ neas. -O,e1- > + 


(of a series equal to meas. EF) converges to zero. 

It is open to Professor Pierpont to prove that this former 
assertion of mine is wrong. 

I mention in passing that apropos of a different memoir, 
M. Lebesgue kindly pointed out to me that a definition of 
Lebesgue’s integrals by means of Riemann’s sums was given 
as early as 1905 by W. H. Young (Philosophical Transactions). 

II. Pierpont’s definition enables him to give a definite 
value to integrals which are not integrable according to M. 
Lebesgue. 

Whereas when £ is non-measurable, M. Lebesgue contents 
himself with saying that the measure of FE is contained be- 


tween meas. # and meas. E, Professor Pierpont goes further. 
According to his definition, the function f(x) = 1 is integrable 
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on any set E and 


fae = meas. FH. 
dH 


It is questionable whether this precise formula is a decided 
emprovement over M. Lebesque’s statement. But, further, from 
this formula it is deduced that the Pierpont integral does not 
enjoy the fundamental property that if E, F are sets with no 
points im common 


J, fede = J feoaet f fear 


é 


(which however is true when EH, F are “ separated,” accord- 
ing to Professor Pierpont). It suffices to apply this formula 
when f(z) = 1, H+ Fis an interval and E is non-measurable. 





A REPLY TOU A REPLY? 


BY PROFESSOR JAMES PIERPONT. 


As I view the issue between Professor Fréchet and myself, 
it may be summed up as follows: 

1°. Professor Fréchet thought that it was possible to split 
a measurable set into two separated non-measurable sets, and 
he gave an alleged example. Since no such division is possible 
this example proved to be an ignis fatuus. 

2°. Supported by this example, it was easy for Professor 
Fréchet to bring a number of grave charges against my work, 
in fact it might seem as if my whole theory had toppled to 
the ground. 

3°. Professor Fréchet now admits (provisionally) that he 
was in error on this score, but he still holds to his “original 
assertion” that my integral definition “is inappropriate,” 
“though for partly different reasons.” What are these new 
reasons? Although I have read and reread the above article 
I have found but one, viz.: Suppose A is non-measurable and 
suppose B and C form a non-separated division of A, then the 
relation 


(1) f=f+f] 


may not hold. | 
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This very obvious fact I have known from the start; it is 
one that any one would discover. ‘To Professor Fréchet this 
may be an insuperable objection and I have no contention 
with any one who holds this view. A similar peculiarity is 
presented in many theories. For example, one may take the 
stand that the double series 


A311 + G12 + Gig-+ °°: 
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is convergent only when it is absolutely convergent,* but 
many authoritiesdo not. In the latter case one is led to a num- 
ber of unexpected results; e. g., the series (2) may converge 
although every series formed of a row or a column of (2) is 
divergent. 

To my mind it does not seem wise to be doctrinaire in such 
matters. The relation (1) does hold for separated divisions of 
A, and when A is measurable no other divisions are possible. 
Since no one as yet has exhibited a non-measurable set, only 
the existence of such sets having been established, it seems at 
least premature to argue on a priori grounds against any 
theory which makes a step in advance. 

In any case the nature of Professor Fréchet’s objections has 
been widely changed; as first formulated they struck at the 
very foundation of my theory by impeaching the correctness 
of one of its main theorems; at present the only objection I 
see 1S an expression of a personal opinion. 

4°. Polemics are apt to be interminable; fresh charges are 
made, fresh rejoinders necessitated and so on ad infinitum. 
I therefore am not astonished that Professor Fréchet has 
injected a new element into the discussion. It now seems 
that the vital point is the “real difference” between Lebesgue’s 
definition and my own. ‘To me this question is one of com- 
plete indifference and I leave Professor Fréchet to settle it 
entirely to his own satisfaction. 


* Cf. C. Jordan, Cours d’Analyse, vol. I, p. 302. 





176 SHORTER NOTICES. [Jan., 


SHORTER NOTICES. 


The Teaching of Algebra (including Trigonometry). By T. 
Percy Nunn, M.A., D.Sc. London, Longmans, Green 
and Company, 1914. xvi-+ 616 pp. Price $2. 

Exercises in Algebra (including Trigonometry). By T. PERcyY 
Nunn. PartI. 1913. xii+422 pp. Price $1.10. Part IL. 
1914. xu-+552 pp. Price $1.75. 


A FEW years ago one would have been justified in expressing 
surprise had an American teacher of mathematics gone to 
England to study modern tendencies in secondary education. 
To-day, however, if one were to study the present efforts at 
reform in the teaching of mathematics, he would certainly 
go to England for some of the most prominent leaders in the 
movement. Fifteen years have wrought a great change, and 
while the change has not been along the exact lines suggested . 
by Professor Perry there is no doubt that he was the most 
influential of those who awakened the teachers of mathe- 
matics in the English-speaking world from the lethargy into 
which they had fallen. Naturally, the movement to better 
the work in mathematics has not been uniformly successful; 
for many ill-considered attempts have been made in addition 
to the few which give reasonable promise of producing satis- 
factory results. England has had her extremists as America 
has had hers, but on the whole she has been more consistent 
than we in her insistence upon a high degree of scholarship. 

Among the strongest advocates both for reform in teaching 
and for a maintenance of high scholarship is Dr. Nunn, vice- 
principal of the London Day Training College, a teacher of 
experience and a man who adds character to the title of edu- 
cator. In the publication of the three works under review, 
Dr. Nunn has doubtless been assisted by the judgment of the 
editors of the series of which these books are a part, Messrs. 
Abbott and Jackson and Dr. Macaulay, three of the best- 
known leaders in the progress of secondary mathematics in 
England. 

The general introduction considers the nature of algebra, 
the formula, the graph, and the questions of method and the 
curriculum. Part I first discusses non-directed numbers, 
then directed numbers, and finally logarithms. Part II is 
concerned chiefly with the trigonometry of the sphere (in 
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particular, projections), complex numbers, periodic functions, 
limits, and statistics. Each of these topics is fully amplified 
by the accompanying exercise manuals where abundant 
material is given for the student’s mastery of the respective 
chapters. 

To the American teacher it will be of chief interest, so far 
as a review is concerned, to have attention called to a few of 
those features of the books which reveal the new and richer 
field which it is proposed to open to the English student. 
One of the advantages of so doing is that we Americans may 
see a serious effort at improving algebra without making the 
subject so soft and insipid as to have no interest for any 
healthy student. If the reader shall conclude that the teach- 
ing of algebra, as here treated, means merely the teaching of 
Dr. Nunn’s algebra, this will not militate against the fact 
that the book will be found suggestive and helpful to teachers 
who follow courses which are quite at variance with the one 
which the author here lays down. 

In the first place the reader will be struck by the fact that 
Dr. Nunn is not merely a mathematician but a philosopher 
and a psychologist as well. A single excerpt will reveal this 
fact, but it may be added that the fact is commonly apparent 
as one reads the pages of the work. ‘‘ Mathematical truths 
always have two sides or aspects. With the one they face 
and have contact with the world of outer realities lying in 
time and space. With the other they face and have relations 
with one another. ... From its dim beginnings by the 
Euphrates and the Nile mathematics has been on the one hand 
a means by which man has constantly increased his under- 
standing of his environment and his power of manipulating 
it, and on the other hand a body of pure ideas, slowly growing 
and consolidating into a noble rational structure... . Our 
purpose in teaching mathematics in school should be to enable 
the pupil to realize, at least in an elementary way, this two- 
fold significance of mathematical progress. A person, to be 
really ‘educated,’ should have been taught the importance of 
mathematics as an instrument of material conquests and of 
social organization, and should be able to appreciate the value 
and significance of an ordered system of mathematical ideas. 
There is no need to add that mathematical instruction should 
also aim at ‘disciplining his mind’ or giving him ‘mental 
training.’ So far as the ideals intended by these phrases are 
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sound they are comprehended in the wider purpose already 
stated... . The theoretical questions which are of most 
importance in an elementary course are just those which 
arise naturally out of attempts to apply mathematical ideas 
and methods to practical purposes.”’ 

With this principle to guide. him, Dr. Nunn proposes to 
consider those parts of algebra which have the highest prac- 
tical value, and if at times he seems to depart from the path 
he lays out it should be said that this is with the definite 
intent to develop his theoretical discussions from a consider- 
ation of the practical. In America we have the pedantic 
term “ motivation” to designate this method of approach 
to the theoretical, but it adds nothing to the idea. 

The author’s idea is the sound one that the point of approach 
to algebra is the formula, “ illustrations being drawn largely 
from the ‘ Pocket Book’ of the engineer and similar formu- 
laries. . . . A little later comes the study of those manipu- 
lations of a formula by which it may be made to yield truths 
unknown or unperceived before. . .. The gradual elabora- 
tion of the formula as an instrument of description and in- 
vestigation is, then, the first business of the course in algebra.”’ 

To carry out this idea the author proposes a fusion plan 
which has distinct advantages, differing herein from the ill- 
considered ideas occasionally met of fusing such subjects as 
algebra and geometry. His idea is that trigonometry, being 
largely a science of formulas and identities, should grow out 
of algebra, and that the calculus:should do the same. ‘These 
ideas seem practical, although the details of their execution 
may vary under such conditions as our colleges impose upon 
the secondary schools. Carrying out his plan, the author not 
only introduces work in plane trigonometry, but proceeds to 
the trigonometry of the sphere, Mercator and great-circle 
sailing, and map projections. His study of complex numbers 
develops into a study of circular functions, this into periodic 
functions, this into progressive and stationary wave motion, 
and this into hyperbolic functions. ‘The course ends with a 
very satisfactory presentation of limits, including the elements 
of differentiation and integration, and with a helpful intro- 
duction to the mathematics of statistics. 

In the work in graphs Dr. Nunn takes a very sane staal 
The extremes of a few years ago find no place in his plan. He 
recognizes the value of the graph, and gives it a large place 
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in his scheme, with many examples to show its use; but he 
also recognizes that “‘it is inferior to the symbolic formula 
in many important respects. Its accuracy depends largely 
upon mechanical or non-intellectual conditions, such as the 
skill of the draughtsman and the exactness of the squared 
paper. It is less compact and less easily reproduced. Its 
message is frequently inarticulate and obscure. For these 
and similar reasons it should be regarded as a subsidiary 
algebraic instrument which fulfills its best office when it 
either leads up to a formula by which it may itself be super- 
seded, or serves to unfold more fully the implications of a 
formula whose properties. have been only partially explored.” 

After such a carefully considered statement the reader 
will probably be surprised that Dr. Nunn should resort to 
graphic treatment in certain cases where it is, to say the least, 
of doubtful value. Such cases are his elaborate development 
of the identities ac + be = (a+ b)c, ac — be = (a — De, 
and especially a? — 6? = (a+ b)(a— 6), and the colored 
graphs in connection with negative numbers. 

Another feature in Dr. Nunn’s scheme that will strike the 
reader as of very doubtful value is his postponement of the 
negative number. Under the older plan of teaching, this 
delay would have been desirable; but the facility with which 
the negative number is now illustrated, and the ease with 
which pupils grasp the idea, renders such delay unnecessary. 
If the theory is to be presented as scientifically as the author 
proposes, there is some reason for waiting, but it is probable 
that the loss exceeds the gain at this stage of algebra. 

It is not desirable in a review of this nature to consider 
further the large number of details that are found in three 
volumes aggregating over 1,500 pages. The present review 
has already extended beyond the limits usually allowed in the 
BULLETIN, but it is proper to add that there has never before 
appeared a work so helpful to a teacher of algebra. The 
reviewer does not believe in the sequence that Dr. Nunn 
lays down; he does not believe in certain uses of the graph 
that are set forth; he does not believe in several of the efforts 
at “ motivation’? which are advanced; and he does not 
believe that we are ready, in this country at any rate, to under- 
take certain parts of the course which is planned. But on 
the other hand he has not failed to recommend the work to 
hundreds of teachers of mathematics as the most noteworthy 
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contribution to the teaching of algebra that has yet appeared. 
Teachers who know our American problem, who are well 
enough balanced not to be enticed into fields that are certain 
to resist cultivation at the present time in this country, and 
who are searching for sane methods of reform, should read 
the pages which Dr. Nunn has here written with such care 
and erudition, and with such force and clearness. 
Davip EUGENE SMITH. 


Syllabus of Mathematics. A symposium compiled by the 
Committee on the Teaching of Mathematics to Students of 
Engineering. Published by the Society for the Promotion 
of Engineering Education, Ithaca, N. Y., 1912. 186 pp. 


THE purpose of this syllabus is to collect those principles 
and methods of mathematics which should constitute the 
minimum mathematical equipment of the student of engineer- 
ing, or “‘ those things for which a student ought never to be 
obliged to refer to any book—the things which he should have 
constantly at his fingers’ ends.” The book contains separate 
syllabi on elementary algebra (14 pages), elementary geometry 
and mensuration (7 pages), plane trigonometry (19 pages), 
analytic geometry (28 pages), differential and integral cal- 
culus (44 pages), and complex quantities (3 pages) together 
with a report of the discussion of these syllabi at the Pittsburgh 
meeting of the Society (14 pages). 

Such syllabi will be of great value to students or teachers 
who wish to review the essentials of elementary mathematics 
courses. ‘They will especially aid those students who end 
courses without proper perspectives. However, some may see 
danger of low standards in so much stress upon the minimum 
mathematical equipment of an engineer. ‘The ideal of the 
committee is hardly realized, for few engineers “ know by 
heart ’’ and never need to “ look up in a book”? all the ma- 
terial in these syllabi. While admitting the value of such 
synopses of minimum essentials, yet as pointed out in one 
discussion (page 126), there is also need for lists of all the topics 
and principles that should be included in mathematics courses 
for engineers since there is some danger of too little rather 
than too great mathematical equipment. 

Only few illustrative problems appear. A valuable sup- 
plement would be two sets of problems; one set giving an 
illustrative problem corresponding to each principle; the 
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other set giving problems without specifying the particular 
principles involved. ‘The committee is firmly of the opinion 
that the principal part of the engineering mathematics course 
should be problems worked by the students. 

When the important principles of elementary algebra may 
be summed up in fourteen pages, it is surprising to find such 
universal weakness in algebra among our college students. 
In addition to the usual topics of algebra are found logarithms, 
inequalities, and the progressions. The part on exponents 
would be clearer to students if accompanied by translated 
word forms, for the full meaning of symbolic statements is 
often missed. Under neither algebra nor trigonometry is the 
distinction between equations and identities given. The 
operations which introduce or take out roots of an equation 
are not sufficiently brought out. An ingenious form for 
solving simultaneous linear equations is given. 

Under geometry and mensuration we find properties of 
right and oblique triangles, angles in a circle, proportion of 
similar figures, area, volume and surface formulas, Cavalieri’s 
theorem, theorems of Guldin or Pappus, and the prismoidal 
formula all given in seven pages. 

The usual topics in trigonometry are given with com- 
mendable emphasis placed upon the sine, cosine, and tangent, 
thus making the other functions secondary. Line functions 
and graphic methods of remembering certain relations are 
prominent. The form of generalizing the definitions of the 
functions for any angle is to be commended. 

Most of the part on analytic geometry is devoted to the 
conic sections. There is not sufficient emphasis placed upon 
methods of finding the equation when the locus is defined. 
Under neither algebra nor analytic geometry do we find suf- 
ficient treatment given to plotting and locating roots of 
numerical equations of higher degree; such theory as that 
usually given under the topic “theory of equations” in 
college algebra seems entirely missing. ‘The part given to 
surfaces of the second degree is too condensed to be worth 
much. ‘The part on the general equation of the second degree 
might well be condensed or even omitted in a syllabus giving 
only that which one “ should have constantly at his fingers’ 
ends.” 

The first section on the calculus is a good summary of func- 
tions and their graphic representation. In the definition of 
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function it would be better to emphasize the notion of cor- 
respondence rather than dependence. Graphs of the elemen- 
tary functions are given and a short treatment of fitting func- 
tions to empirical data is included. In many places the notion 
of a limit is used but nowhere is limit defined. ‘The funda- 
mental relations of increments, derivatives and differentials 
are well presented. We are glad to find theorems on in- 
finitesimals which are needed in setting up problems and 
which are frequently neglected when the calculus is approached 
from the standpoint of limits. 

The part on differential equations seems too short. In- 
tegration by partial fractions is omitted. An illustrative 
problem would have emphasized the importance of the con- 
stant of integration. Some illustrations of the use of the 
definite integral are needed to make plausible their statement 
that “ The concept of the definite integral is the most useful 
concept in the application of the calculus.”’ 

The promised parts on “‘ Functions of Two or More Vari- 
ables,’ ‘‘ Numerical Computation,’ and on “ Elementary 
Dynamics ”’ have not yet appeared so far as the reviewer is 
aware. 

Ernest B. Lyte. 


Einfiihrung in die héhere Mathematik. By Hans von Man- 
GoLtpT. Vol. 1: Anfangsgriinde der Infinitesimalrechnung und 
der analytischen Geometrie. 1911. xiv+477 pp. Vol. II: 
Differentialrechnung. 1912. xi+566 pp. Vol. ILI: In- 
tegralrechnung. 1914. x+485 pp. Leipzig, S. Hirzel. 


THE volumes before us constitute an important contri- 
bution toward the solution of a problem which is of great 
concern to the majority of teachers of mathematics. That 
problem has to do with the amount and arrangement of the 
mathematical methods to be included in courses for students 
of physics and of engineering. We are of course agreed that 
there must be included the analytical geometry of two and of 
three dimensions, differential and integral calculus. But 
though we realize the deficiencies of the traditional college 
courses in these subjects, we are not well agreed as to the 
remedy. ‘There are on the one hand those who claim that 
the student in question need only learn when and how certain 
formulas should be used, on the other hand those who would 
teach all mathematical courses merely as if they were an 


1917. | SHORTER NOTICES. 183 


end in themselves, with no regard at all to the future interests 
of the student. Between these extremes the advocates of the 
middle course have had a hard time. Many more or less 
successful attempts have been made to solve the problem by 
combinations of the old courses, eliminating some of the es- 
tablished chapters here and there, and introducing the funda- 
mental notions of analytic geometry and the calculus at earlier 
stages, mainly with a view to saving time that had hitherto 
been employed either in solving problems in several different 
ways, or in the study of subjects which had no immediate 
application to physics and engineering. Most of the com- 
binations which have come to the reviewer’s attention seem 
to him to fall short in the lack of a central idea which should 
weld the whole course into an harmonious whole. The old 
courses have been mixed without being unified. 

The book under review is centered on the differential and 
integral calculus. The first volume is introductory. As- 
suming the student acquainted with elementary geometry, 
trigonometry and algebra, the author first discusses certain 
chapters in advanced algebra, viz. permutations and combi- 
nations, the binomial theorem, probabilities, determinants, 
irrational numbers, this latter including a clear and sound 
exposition of Dedekind’s theory. ‘These matters occupy 177 
pages. He then takes up the fundamental notions of analytic 
geometry, with emphasis on the idea of a function, concluding 
the volume with a full account of limits and continuity. The 
chapters on analytic geometry include both two and three 
dimensions, but are confined to problems on lines and planes, 
leaving all curved lines and surfaces to be treated in the suc- 
ceeding volumes in connection with the calculus. The chap- 
ter on functions is unusually full and thoroughly modern, based 
on a brief, but clear, exposition of point-sets. In this chapter 
are included the interpolation formulas of Lagrange and New- 
ton. 

The second and third volumes are characterized by the 
same thoroughness of treatment and soundness of method 
that I have tried to indicate in this too short account of the 
first volume. In the second volume, the subject of infinite 
series receives a full algebraic treatment in a chapter of 75 
pages in addition to a long chapter on Taylor’s theorem. In 
the case of functions of several variables, the condition for 
validity of 6°f/da6y = 6°f/5yda is adequately presented. The 
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volume closes with 87 pages on functions of a complex variable, 
including the fundamental theorem of algebra and conformal 
representation. 

The third volume, on the integral calculus, includes such . 
matters as Cauchy’s theorem, the theorem of Gauss on trans- 
formation of a volume integral into a surface integral, Green’s 
and Stokes’s theorems, with a short discussion of vectors in 
connection with the latter. There is an admirable chapter on 
improper integrals, that is, on integrals of discontinuous func- 
tions and integrals with infinite limits. ‘The final chapter, on 
differential equations, is confined to those equations which 
commonly occur in the applications, but contains a good treat- 
ment of the geometric interpretation of a differential equation 
and the existence proof. ) 

The volumes contain very much more material than could 
possibly be included in any ordinary university course even 
in Germany, but at the same time there is scarcely anything 
which should not be of essential value to every student of 
physics or of engineering. As a supplementary hand-book, to 
which the teacher could refer for a sound and clear discussion 
of fundamental principles, it is all that could be desired, and 
is quite the best book of this kind, so far at least as the 
students referred to are concerned, which has come to the 
reviewer's attention. 


M. W. HASKELL. 


Functions of a Complex Variable. By E. J. TowNnsenp. 
New York, Henry Holt and Company, 1915. vii + 384 pp. 
Svo. Price $4.00. 


THERE has been a noticeable dearth of text-books in the 
English language on the elements of the theory of functions of 
a complex variable. The student with an easy command of 
German and French has found a rich and delightful literature, 
while his companion still in the period of language difficulties 
has had little opportunity to choose his reading in function 
theory in accordance with his individual tastes and require- 
ments. But within the last three years there have appeared 
English translations of the classic works of Burkhardt and 
Goursat, a very full volume by Pierpoint, and the book we 
have before us for review. 

The most obvious advantage of Townsend’s treatment 
seems to be the absence of the synoptic character common to 
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texts written for advanced students of mathematics. Appar- 
ently no knowledge of matters beyond the elementary calculus 


b 
is assumed, unless the existence of the definite integral { f(x)dz, 


where f(x) is a continuous function of the real variable x in 
the interval a < x < b, may be regarded as such an assump- 
tion. The general theory of the line integral based on the 
foregoing existence theorem is completely developed. In this 
connection it may be remarked that the author’s use through- 
out the book of an ordinary curve (precedent is cited for the 
terminology, page 47) as the path of integration makes it 
practicable to attain complete rigor in the proofs with a 
minimum of complexity. The ordinary curve has as its 
most convenient property the quality of being monotone by 
segments finite in number, a property not possessed by the 
more general regular curve used in Osgood’s treatise. To 
the beginner the fundamental theorems of function theory are 
fully as satisfactory stated in terms of the simpler curve. 
The zest for generalization naturally comes at a later period 
in his study. We have here then a treatment of the function 
theory which appears to go to the bottom of things without 
being led into delicate generalizations and which requires on 
the part of the reader only a thorough first course in calculus 
and a certain maturity of mind. 

The book is unique in its extraordinarily detailed treatment 
of the elementary functions (55 pages). It thus affords 
opportunity for an intimate acquaintance with old friends 
from a new point of view and offers an interesting concrete 
field of application for many of the general theorems. ‘This is 
all the more important in view of the fact that “the material 
chosen deals for the most part with the general properties of 
functions of a complex variable, and but little is said con- 
cerning the properties of some of the more special classes of 
functions, as for example elliptic functions, etc.” It may well 
be questioned whether a first course in function theory should 
include among its objects the introduction of a variety of 
new functions or whether the emphasis should be rather on a 
more profound acquaintance with the old functions and a 
clearing up of difficulties naturally arising in the study of the 
calculus, incidentally laying foundations for work in the field 
of elliptic functions, ete., if the occasion for such work presents 
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itself. The latter seems to be distinctly the view-point of the 
author of the present volume. 

Chapter I is devoted to the arithmetic of complex numbers 
including the geometric representation of the processes of 
addition, subtraction, multiplication, and division. Chapter 
II is concerned with the notion of a limit in the complex 
domain. A number of theorems useful later on are estab- 
lished. For example, it is proved that if f(z) is continuous in a 
closed region, this continuity is uniform—a theorem not 
always presented in books of an elementary character. It is 
in this chapter only that one finds the author yielding to the 
temptation to generalize beyond the immediate needs of the 
student. The definition given of continuity in a boundary 
point of a region is such that the continuity of a function in a 
closed region does not imply by definition the continuity of 
the set of boundary values itself. Instead of merely supplying 
the proof that the set of boundary values is actually con- 
tinuous, the author states and proves the more general theorem 
(page 88) that “if f(z) is defined for a closed region S and 
converges uniformly along an are C of the boundary of S, 
then f(f) is continuous, where ¢ denotes the values of zg on C.” 
So far as later applications are concerned this theorem seems 
to be needless. However, the whole chapter is a vigorous 
exercise In ¢€, 6 reasoning and the added refinement may 
increase its disciplinary value. 

Chapter III, a long chapter devoted to the fundamental 
integral theorems, is one of the most interesting in the book. 
The existence of a definite integral of a continuous function 
f(z) over an ordinary curve C having been once established by 


means of the relation { f(z)dz = { udx — vdy + 2 { vdx + udy, 
Cc Cc 


Cc 
f(z) is thereafter kept intact. The Cauchy-Riemann differ- 
ential equations are not given until near the end of the chapter 
and are then derived by means of the very integral theorems 
which usually depend on them. The development of the 
integral theorems starts with the Goursat proof of the Cauchy 
theorem, or as the author calls it, the Cauchy-Goursat the- 
orem, a title which seems proper since Goursat really contrib- 
uted a new theorem rather than a new proof of an old theorem. 
Then follows the derivation of the Cauchy integral formula 
and the proof that the mere existence of a derivative of a 
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function of a complex variable in a region implies the con- 
tinuity of the derivative. 

Morera’s converse of the Cauchy theorem is given particular 
prominence and finds wide application. Using this theorem it 
is easily shown that the necessary and sufficient condition for 
a continuous function f(z) = w+. to be holomorphic is 


either that f(z) satisfy the integral equation Ih f(z)dz = 0 or 
C 


that wu and v have continuous first partial derivatives satisfying 
the Cauchy-Riemann differential equations. The integral 
theorem renders unnecessary the usual ¢e, 6 proof of the 
sufficiency of the differential equations. The chapter closes 
with the usual theorems concerning Laplace’s differential 
equation and a brief discussion of its significance in mathe- 
matical physics. 

In Chapter IV the elementary functions are mapped in 
greater detail than in any other English text with which the 
reviewer is familiar. The definition of the exponential func- 


tion as 
: aA 
Gage (1 ¥ ) 
and the definitions of the sine and cosine functions as 


: ett Be. et e'? - et 
sin s = ——-—_ , COS ae oa 


24 
permit the discussion of the properties of these functions in 
advance of the introduction of power series. In addition to 
‘the usual elementary functions several particular cases of the 
function 
(Seri ee Ove ae an) 


fe Bi) eat Bo) aa ae gn) 


having important physical applications are mapped and the 
physical interpretations pointed out. 

Chapter V, on linear fractional transformations, is sufficiently 
full to serve as a foundation for the theory of automorphic 
functions. The figures in illustration of the process of stereo- 
graphic projection are unusually clear and accurate and 
should be a great aid at this point to the student’s imagination. 

Chapter VI, on infinite series, can be criticized only on the > 
ground that it comes so late (approximately at the beginning 





w = log 
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of the second half of the volume). The author’s purpose 
seems to have been to do first everything that can be conveni- 
ently done without the use of power series and then, having 
once introduced power series, to make rapid and continual use 
of them in developing the general analytic function theory. 
Logically this method is beyond criticism and it may have 
pedagogical advantages. In this chapter the usual theorems 
on power series are developed, closing with Taylor’s expansion 
of a function holomorphic in a given region. 

Chapter VII takes up the theorem on Taylor’s expansion and 
out of it develops the notion of analytic continuation and the 
general definition of an analytic function. This discussion is 
as clear cut and accurate as one often finds. Particularly to 
be noted, as serving to dispel any hazy notions the student 
may have at this stage, is the comparison by means of ex- 
amples of the properties of functions of a real variable which 
are differentiable infinitely many times with the properties of 
analytic functions of a complex variable—also differentiable 
infinitely many times. For example, the function 


(2) tei 


considered zero when 2 is zero, has infinitely many derivatives 
in the real domain for all real values of x. Nevertheless 


lim f(x) = (0 
x=0 gk “afm 

where k is any integer however large. This it is pointed out 
is in sharp contrast to the behavior of a single valued analytic 
function at a zero point, in that the zero points of the latter 
are necessarily of definite positive integral order. Several 
examples, such as the series 

2 of 


HO) > Ton aaa ee 





convergent except for values of z upon the unit circle, are 
given to make clear the distinction between an analytic func- 
tion and a function defined by an analytic expression. 

The notion of analytic function having been established, 
zero points, poles, and essential singular points are defined 
and the usual theorems are included. Regular and singular 
points at infinity, Laurent’s expansion, and the theory of 
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residues are next in order. We then have a full discussion 
of the properties of rational functions, with a proof of the 
fundamental theorem of algebra. Passing to transcendental 
functions, the Mittag-Leffler theorem in its simplest form is 
proved. An innovation in connection with this proof con- 
sists in the introduction of a figure as an aid to the reader in 
following the analytic reasoning. The function ¢(z) and the 
elliptic function (z) = — ¢’(z) are used in illustration of the 
theorem. Such properties of infinite products as are essential 
to an understanding of Weierstrass’s primary factors are de- 
veloped. The chapter closes with a brief discussion of the 
properties of simply and doubly periodic functions. 

Chapter VIII, the last, is devoted to a brief but fairly com- 
prehensive treatment of the properties of multiple-valued 
functions. 

On the whole the book is well coordinated with our under- 
graduate courses and covers just about the ground in function 
theory which the first year graduate student of mathematics 
should get well in hand. 

H. B. PHries. 


Plane and Spherical Trigonometry and Tables. By G. WENT- 
wortH and D. E. Smirn. Boston, Ginn and Company, 
1914. 230-+ 104 pp. 


QuotTine from the preface, this is “a work to replace the 
Wentworth Trigonometry which has dominated the teaching 
of the subject in America for a whole generation.” . . . “With 
_respect to sequence the rule has been followed that the practi- 
cal use of every new feature should be clearly set forth before 
the abstract theory is developed.” 

In several particulars the book could be made more useful 
for students intending to pursue mathematics further. For 
instance, no mention has been made of Argand’s diagram or 
of hyperbolic functions, though the logarithms of negative 
numbers are unusually well treated. This excellence is 
balanced by the unfortunate use of negative characteristics 
which will lead the student into endless trouble later. 

Inverse function theory merits more extensive treatment 
even at the cost of fewer examples, but the related general 
formulas for all angles having the same sine, cosine or tangent 
are to be commended. ‘The small pink representations of co- 
ordinate paper are attractive to the eye, but the graphs of 
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the trigonometric functions are too small and not accurate. 
One full page graph with carefully distinguished curves would 
be more satisfactory. In the early pages the definition of co- 
ordinates is correct, but unfortunately all notion of directed 
lines is abandoned in the proofs of the summation formulas 
for sines and cosines. 

Reduction of functions to the first quadrant, which in many 
books is needlessly diffuse, is here given in a compact form 
which lacks only a good rule as a summary to be quite suf- 
ficient. The double inequality in the proof for the sines of 
small angles follows the usual course, and as in most of our 
text-books does not show that the two tangents are longer 
than the arc. The corresponding S and 7 tables have been 
made relatively inconspicuous and supplemented by more 
useful tables of functions of small angles given for each second. 

In the discussion of variation of trigonometric functions 
double signs have been used to advantage with the zero values 
as well as with the infinity sign. The solid perspective figures 
in the latter part of the book are good, and at the end is 
found, what is none too common in our text-books, an index. 

As a whole the book does not differ noticeably from the 
many text-books covering the same ground. Examples are 
particularly abundant while the theoretical portions might 
well be amplified and improved. 

F. H. Sarrorp. 


Wilhelm Schells Allgemeine Theorie der Kurven Doppelter 
Kriimmung. Dritte Auflage neu bearbeitet von Ericu 
SALKOWSKI. Leipzig, B. G. Teubner, 1914. 196 pp. 
Price 8 marks. 


THE first edition of this book appeared in 1859, the second 
in 1898. It was the purpose of the author to develop the 
elements of the theory of curves of double curvature by the 
geometric method of infinitesimals without recourse to higher 
analysis. Since the investigation included the study of the 
three surfaces generated by the tangents, principal normals, 
and binormals of a general curve, there appears incidentally a 
considerable amount of material concerning the geometry of 
a surface in the neighborhood of an ordinary point. Con- 
sequently a reader (who might easily be an undergraduate) 
could obtain from the book a very good idea of the elements 
of the differential geometry of curves and surfaces. 
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Any one familiar with Salkowski’s papers in this field would 
recognize his fitness to prepare a third edition of the book. 
For a number of his papers are written from its point of view. 
Many sections have been rewritten and there are a number of 
essential additions. A notable one is the proof of the funda- 
mental theorem concerning the determination of a curve 
by its intrinsic equations. A new chapter is devoted to a full 
discussion of skew ruled surfaces, in preparation for the 
study of those generated by the principal normals and bi- 
normals of a curve. 

When two curves in space are in one-to-one correspondence 
such that corresponding tangents, principal normals, and bi- 
normals respectively are parallel, the curves are in the relation 
of a transformation of Combescure, to use the terminology 
due to Bianchi. One readily thinks of other correspondences 
involving parallel arrangements, as well as ones having to do 
with differential quantities. An investigation of these ques- 
tions appears in the new edition for the first time, as do also 
the ideas and properties of successive evolutes. 

A student reading one of the advanced treatises on differ- 
ential geometry will do well to consult this little book, because 
of its method of attack and its richness in material. 

LuTHER PFAHLER EISENHART. 


Ten British Mathematicians. By ALEXANDER MACFARLANE. 
No. 17, Mathematical Monographs edited by Mansfield 
Merriman and Robert 8. Woodward. New York, John 
Wiley and Sons, 1916. 148 pp. Price $1.25. 


THis is somewhat of a departure from the preceding sixteen 
numbers of this series in subject matter, being an account 
of individual mathematicians and their contributions to mathe- 
matics, rather than a survey of some particular field of the 
subject. The ten men are George Peacock, Augustus De 
Morgan, Sir William Rowan Hamilton, George Boole, Arthur 
Cayley, William Kingdon Clifford, Henry John Stephen Smith, 
James Joseph Sylvester, Thomas Penyngton Kirkman, and 
Isaac Todhunter. The author had the advantage of personal 
acquaintance with a number of the men of whom he wrote, as 
well as the interest of having been born a fellow countryman. 
He has given us the life history of the man without too much 
detail, and yet with enough intimacy, so that we have a pic- 
ture of the man as a man, as well as a scientist. 
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The book consists of ten lectures delivered to audiences 
composed of students, instructors, and townspeople at Lehigh 
University during the years 1901 to 1904. As each was 
delivered as a separate lecture, there is no direct connection 
between them. The critical analysis of the contributions of 
each mathematician is probably as well done as would be 
possible considering the character of the audience and the 
length of time at the disposal of the speaker. We get a very 
good general notion of what each contributed and its value 
to the science. 

The ten men chosen are not equally well known to American 
mathematicians. Certainly we have a deeper interest in and 
knowledge of Sylvester than of the others. ‘Todhunter would 
be best known for his many textbooks, and De Morgan for 
his Paradoxes. It is doubtful if American mathematicians 
know the English as well as the continental mathematicians, 
especially the German. American students of mathematics . 
who have gone abroad for study have gone chiefly to the 
German universities. ‘This has tended to bring American 
mathematicians into closer relations with the German mathe- 
maticians and their work than with the English. For that 
reason, this book on English mathematicians is valuable. 

There is a tendency today to try to give some comprehension 
of the problems and methods and achievements of mathematics 
to those who are not specialists in mathematics. A recent 
book by Professor G. A. Miller, of the University of Illinois, 
is such an effort. These lectures by Dr. Macfarlane serve that 
purpose, as they were not prepared for specialists in mathe- 
matics alone. 

We have a partial promise in the preface that there will bea 
later volume dealing with ten mathematicians who worked 
chiefly in applied mathematics. We hope that this promise 
may be speedily fulfilled. 

The reading of the page proofs does not seem to have been 
done carefully enough. There are too many letters that have 
dropped out. Otherwise this volume has the same convenient 
size and neatness of appearance that characterize the other 
volumes of this set. 

Tuos. E. Mason. 
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Das Perpetuum Mobile. By F. Icuax. Béindchen 462 of the 
series: Aus Natur und Geisteswelt. Leipzig, ‘Teubner, 1914. 
104 pp. Price M. 1.25 


THE question of perpetual motion has interested mankind 
for many centuries. ‘The author says: “We see before us an 
almost endless series of attempts of different sorts which have 
one thing in common—a negative result. But mankind does 
not let itself be convinced of the impossibility of the under- 
taking by these unnumbered failures: here the wish is mightier 
than the judgment.” 

This little book does not claim to be an exhaustive treatise 
on the subject, but does cover the field remarkably well in 
such short space. This is largely due to the systematic ar- 
rangement of the material. Perpetual motion is discussed 
under three heads: first, that perpetual motion which depends 
upon the creation of energy by some device, and this is what is 
usually meant by perpetual motion; second, that which does 
not create energy but transforms it from one form to another 
in some cycle; and third, that motion which is not perpetual 
but of indefinite length, like the motion of the radium clock. 
The first of these is the oldest and has been the goal of the 
greatest number of perpetual motion seekers. ‘The efforts to 
make a device for the creation of energy which could be utilized 
in doing work are discussed under several types, such as 
mechanical, magnetic, hydraulic perpetual motion, ete. 
Type machines and machines which have attracted unusual 
attention are described in detail and often illustrated. The 
- effect of learning and the development of science upon the 
efforts at finding such a machine are discussed as well as the 
reaction of these experiments on science. With the theory of 
the conservation of energy came the attempts to secure per- 
petual motion of the second sort mentioned. The perpetual 
motion machines of the third sort, or apparent perpetual 
motion machines, like the radium clock or the radiometer, do 
not create energy but have it furnished from nature, and 
while the supply is very great it is not inexhaustible. The 
author closes with a section on perpetual motion in the future, 
in which among other things is mentioned the possibility of 
getting around the difficulties of the conservation of energy by 
a new theory concerning energy. There is also a prophecy, 
likely to be fulfilled, that we shall always have the perpetual 
motion seekers with us. 

Tuos. E. Mason. 
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Constructive Geometry. Exercises in elementary geometric 
drawing. Prepared under the direction of EARLE Ray- 
MOND Heprick. New York, Macmillan Company, 1916. 
4to. 72 pages; 43 figures. 

Tuts book is a manual in very elementary work in geometric 
drawing. ‘The scheme is first a discussion of a problem, then 
a number of exercises, finally a number of blank pages on 
which to draw the exercises. It begins with divisions of a 
straight line, and emphasizes neatness and accuracy in each 
detail. 

Exercises on the circle include a considerable number in 
design, all of which are very elementary. While this drill is 
in the right direction, it is almost too simple to be of much 
value. In fact one of the greatest needs of our instruction in 
geometry 1s a more comprehensive treatment of construction 
by means of ruler and compass, including a full discussion of 
the graphical solution of quadratic equations. 

VIRGIL SNYDER. 


Grundziige der Perspektive nebst Anwendungen. By Professor 
Kart DoEHLEMANN, of the technical school at Munich. 
(Aus Natur und Geisteswelt, volume 510.) Leipzig, 
Teubner, 1916. 104 pages, 91 figures, and 11 photographs. 


Tue volumes of this series are to be written in a popular 
style, suitable for readers with little or no previous training 
in the specific line discussed by each volume. ‘Thus, in the 
present case no use is made of solid geometry, and only the 
most elementary properties of similar polygons in plane 
geometry are assumed as known. Probably for this reason 
the introductory chapter strikes a reader as heavy and prolix, 
although the method of introduction is unusually well chosen. 
The author finds it necessary to present the essentials of the 
h — v orthogonal projection, but only in so far as points and 
straight lines are concerned, and these are employed immedi- 
ately to produce a perspective picture. 

The concept of the vanishing point and vanishing line is 
developed in great detail. No exercises are proposed for the 
reader, except that an occasional construction is left to be com- 
pleted, but on the other hand a large number of drawings 
and several reproductions of paintings are given, to assist in 
illustrating the point under discussion. Apart from the very 
brief explanation of the two-plane orthogonal projection, the 
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discussion of figures bounded by planes is treated in sufficient 
detail. A short discussion of the perspective of the circle is 
added, and a still shorter discussion of shades and shadows. 
The book has a table of contents, an index, a list of books for 
further reading, and is almost entirely free from typographical 
errors. It is well fitted for its purpose of providing a knowl- 
edge of the essentials of perspective in a small popular 
volume. 
VIRGIL SNYDER. 


A Treatise on Statics. By Grorce M. Mincuin. Vol. II. 
Fifth Edition. Revised by H. T. Gerrans. Oxford, The 
Clarendon Press, 1915. 


“In December, 1913, when the preparations for a new edi- 
tion became necessary, it was suggested to the author (1) that 
certain portions should be omitted (in the hope that they might 
form the basis of a separate work); (2) that some account of 
the author’s recent researches in spherical harmonics should 
be given; (8) that a substantial number of examples should be 
added.”’ ‘The author determined which chapters and articles 
should be left out, but his death occurred before the task of 
revision was begun. | 

In this latest edition 467 examples have been added in an 
appendix, also a very few in the text, while the original num- 
bering of the articles in the fourth edition has been retained. 
Three entire chapters (of the fourth edition) have been omitted, 
Chapter XVIII, Analysis of Strains and Stresses, Chapter XIX, 
Electrostatics, also the chapter on Astatic Equilibrium, viz., 
Chapter XIV, in which the subject was treated with the aid 
of quaternions. 

Other omissions are arts. 221-226, 228-234, on reciprocal 
screws, etc., arts. 280, 281, on general properties of static 
energy and stable configuration, arts. 288-296 on elastic wires, 
inextensible surfaces and liquid surfaces, arts. 307-814 on 
tortuous curves and kinetic analogues. Note A, on the equa- 
tion of capillarity, has disappeared, as well as the index to 
Volume II. 

Otherwise this edition is a verbatim reproduction of the 
fourth edition, with occasional obvious omissions of subscripts. 
In art. 235 the correct reading is ¢ = gAR and K = pR. 
In the last equation in art. 241, the — sign should be +, and 
in equation (2) of problem 9 at the end of the same article 
a/u should be a/u. 
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Certain errata found in the fourth edition, all but one of 
which were noted by Professor Hoover of Ohio University, have 
been corrected, except that a superfluous 1 still remains in the 
answer to problem 12, art. 8325. Other errors uncorrected in 
both editions are W/2 in place of W as the answer to problem 5, 
art. 205; and in art. 227 the variables should be connected by 
three equations if the body has three degrees of freedom. 

It is evident that this edition is essentially a reprint, and 
that the reviser felt a commendable reluctance in changing in 
any way, except as sanctioned by the author, a text which 
holds such a high reputation among scholars. 

F. H. Sarrorp. 





NOTES. 


AT the meeting of the Edinburgh mathematical society on 
November 10 the following papers were read: By E. T. Wurt- 
TAKER: “Some theorems on determinants”; by H. Datta: 
“On the theory of continued fractions.”’ 


Tuer National academy of sciences held its autumn meeting 
at the Massachusetts Institute of Technology on November 
13-15. ‘The programme included the following mathematical 
papers: By F. R. Movtuton: “ On analytic functions of in- 
finitely many variables’; by H. S. Wuits, F. N. Coie, and 
Louise D. Cummrinas: “ Enumeration of all triad systems on 
fifteen elements’; by W. E. Story: “Some variable three- 
term scales of relation.” The list of scientific exhibits in- 
cluded graphic representations of triad systems, by H. S. 
WHITE. 


Tue Association of mathematics teachers of New Jersey 
held its fifth regular meeting at Newark on November 25th. 
The programme included the final report of the committee 
on trigonometry courses and papers by: A. W. BELCHER: 
“The first year high school course in mathematics ”’; W. D. 
Rees: ‘ Newton’s analytical triangle”; C. R. MacInnes: 
“‘ Some theorems on regular polygons described on the sides of 


a triangle’; WILLIAM STRADER: “ Teaching first year alge- 
bra.” 
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Tue two Benjamin Peirce instructorships in mathematics 
at Harvard University (see BULLETIN, volume 21, page 315) 
are again open to general competition. Applications for the 
year 1917-1918, accompanied by the necessary papers, should 
be sent to Professor Bécher, who will be glad to furnish 
further particulars. All applications must be filed by Febru- 
ary 1, 1917. 


A complete list of American doctorates conferred during 
the academic year 1915-1916 has been compiled for School 
and Society. From advanced proof sheets kindly furnished 
by Professor Cattell it appears that the total number during 
this period was 603, of which 327 may be assigned to the 
sciences. The list of mathematical doctorates, 34 in number, 
follows below, the title of the dissertation being given in each 
case. 

J. W. ALExanpeER, II, Princeton, “Functions which map 
the interior of the unit circle upon simple regions”; P. M. 
BaTCHELDER, Harvard, “The hypergeometric difference equa- 
tion’; R. W. Brinx, Harvard, “Some integral tests for the 
convergence and divergence of infinite series”; A. F. CARPEN- 
TER, Chicago, “Ruled surfaces whose flecnode curves have 
plane branches”; L. C. Cox, Cornell, “The finite groups of 
birational transformations of a net of cubics’”’; J. V. DEPorTE, 
Cornell, “Irrational involutions on algebraic curves’’; W. 
Van N. Garretson, Michigan, “On the asymptotic solution 
of the non-homogeneous linear differential equation of the 
nth order. A particular solution”; R. E. Gitman, Princeton, 
“On the summability by the Cesaro method of partial deriva- 
tives of Laplace series”; A. M. Harprnc, Chicago, “On 
certain loci projectively connected with a given plane curve”; 
W. L. Hart, Chicago, “ Differential equations and implicit 
functions in infinitely many variables”; M. G. Hasreman, 
Bryn Mawr, “Knots with a census of the amphicheiral with 
twelve crossings”; J. O. Hasster, Chicago, “Plane nets 
periodic of period three under the Laplace transformation”’; 
ARCHIBALD HENDERSON, Chicago, “The twenty-seven lines 
upon the cubic surface”’; J. R. Kine, Pennsylvania, “ Double 
elliptic geometry in terms of point and order”; PrEysau 
LryzeRAH, Clark, “On the indeterminate linear inequality 
with irrational coefficients”; G. H. Liaut, Yale, “The de- 
pendence of the topography of envelopes of systems of ex- 
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tremals on curvature”; P. H. Linewan, Columbia, “ Contri- 
butions to equilong geometry”; F. J. McMacxin, Columbia, 
“Some theorems in the theory of summable divergent series”’ ; 
A. L. Mruier, Harvard, “Systems of pencils of lines in 
ordinary space’; NoRMAN MILLER, Harvard, “Some problems 
connected with the linear connectivity of manifolds’; F. D. 
Murnacuan, Johns Hopkins, “The lines of electric force 
due to a moving electron”; J. R. MussELMAN, Johns Hopkins, 
“A set of eight self-associated points in space’’; A. L. NELSON, 
Chicago, “Plane nets with equal Laplace-Darboux invari- 
ants’; T. A. Prercr, California, ‘The numerical factors of 
the arithmetic forms”; C. H. Rawurns, Jr., Johns Hopkins, 
“Complete systems of concomitants of the three-point and 
the four-point in elementary geometry”; S. W. REAVEs, 
Chicago, “Metric properties of fleenodes on ruled surfaces”’; 
A. R. ScHweiTzER, Chicago, “Les idées directrices de la 
logique génétique des mathématiques”; T. M. Simpson, 
Wisconsin, “On a functional equation of Abel”; E. 8S. Smiru, 
Virginia, “Solution of the equation of secular variation by a 
method due to Hermite”; PAULINE SPERRY, Chicago, “ Proper- 
ties of a certain projectively defined two-parameter family of 
curves on a general surface”; J. H. WEAVER, Pennsylvania, 
“Some extensions of the work of Pappus and Steiner on 
tangent circles”; Mary E. Wetts, Chicago, “The determina- 
tion of all inequalities of certain types in general linear integral 
equation theory”; A. R. WiuuiaMs, California, “A birational 
transformation connected with a pencil of cubics”; C. H. 
YEATON, Chicago, “Surfaces characterized by certain proper- 
ties of their directrix congruences.”’ 


TuE Royal Society has awarded the Sylvester medal to 
Professor Gaston Darpoux, of the University of Paris. 


Dr. A. SIGNORINI, of the University of Padua, has been 
appointed associate professor of rational mechanics at the 
University of Palermo. 


At the U. 8S. Naval Academy Dr. R. E. Root has been 
promoted to a full professorship of mathematics and me- 
chanics. 


Proressor J. F. REILLy, of the State University of Iowa, 
has been promoted to an associate professorship of mathe- 
matics. 
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At the University of Washington Dr. E. T. Bruit has been 
promoted to an assistant professorship of mathematics. 


At Indiana University Dr. Cora B. HENNEL has been pro- 
moted to an assistant professorship of mathematics. 


Mr. C. W. WEsTER, of the State University of Iowa, has 
been appointed assistant professor of mathematics in the 
Iowa State Teachers College. 


Dr. D. F. Barrow, of the University of Georgia, has been 
appointed instructor in mathematics in the Sheffield Scientific 
School. 


Proressor R. M. Barton, of Lombard College, has been 
appointed instructor in mathematics in the University of 
Minnesota. 


Dr. A. L. MILER has been appointed instructor in mathe- 
matics in the University of Michigan. 


PROFESSOR G. PENNACCHIETTI, of the University of Catania, 
died August 21 at the age of sixty-six years. 


ASSISTANT professor J. C. RAywortu, of Washington Uni- 
versity, died November 11 after an illness of several months. 


Dr. HENRY GUNDER, formerly professor of mathematics at 
Findlay College, died November 25 at the age of seventy-nine 
years. : 
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NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 
Horxins (L. A.). See Zrwnrt (A.). 


Lecat (M.). Tahle des matiéres des tomes I 4 XX (1894-1913) de 
L’Intermédiaire des Mathématiciens. Paris, Gauthier-Villars, 1916. 
8vo. 4+280 pp. Fr. 8.00. To subscribers to L’Intermédiaire for 
1915 and 1916, Fr. 4.00. 


Lorry (W.). Das Studium der Mathematik an den deutschen Univer- 
sitaiten seit Anfang des 19. Jahrhunderts. (Abhandlungen tiber den 
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THE TWENTY-EIGHTH REGULAR MEETING OF 
THE SAN FRANCISCO SECTION. 


THE twenty-eighth regular meeting of the San Francisco 
Section of the Society was held at the University of California 
on Saturday, November 25, 1916. The total attendance was 
nineteen, including the following members of the Society: 

Professor R. E. Allardice, Dr. B. A. Bernstein, Professor 
H. F. Blichfeldt, Dr. Thomas Buck, Professor G. C. Edwards, 
Professor L. M. Hoskins, Dr. Frank Irwin, Professor C. J. 
Keyser, Professor D. N. Lehmer, Professor W. A. Manning, 
Professor C. A. Noble, Professor E. W. Ponzer, Professor 
T. M. Putnam. 

Professor D. N. Lehmer was elected chairman of the Section 
and presided at the meeting. Professor W. A. Manning was 
elected secretary and Professors Blichfeldt, McDonald, and 
Manning members of the programme committee of the 
Section for the ensuing year. 


The following papers were presented at this meeting: 

(1) Professor W. A. Mannina: “ The degree and class of 
multiply transitive groups.”’ 

(2) Professor W. A. Manninea: “ The primitive groups of 
class fifteen.” 

(8) Miss Epna JoHNsToN: “ Graphical determination of 
the nature of the roots of cubic and quartic equations.” 

(4) Miss Maurine Laser: “ Concerning the combinations 
of 36 elements 6 at a time.” 

(5) Professor A. F. CARPENTER: “ Some fundamental re- 
lations in the projective differential geometry of ruled surfaces.” 

(6) Professor C. J. Keyser: “‘ A note concerning groups of 
dyadic relations.” 

(7) Professor L. M. Hosxtns: “ The theory of strain of an 
elastic solid from a condition of great initial stress; with ap- 
plication to two cases of strain of a gravitating sphere.” 

(8) Mr. J. S. Taytor: ‘“ Complete existential theory of 
Bernstein’s set of four postulates for Boolean algebras.”’ 

(9) Professor H. F. Butcuretpt: “ Linear groups which 
contain transformations having only two distinct character- 
istic roots.” 

The papers of Miss Johnston and Miss Laber were communi- 


204 MEETING OF THE SAN FRANCISCO SECTION. — [Feb., 


cated to the Society by Professor Griffin. Mr. Taylor was 
introduced by Dr. Bernstein. In the absence of the authors 
the papers of Miss Johnston, Miss Laber, and Professor Car- 
penter were read by title. 

Abstracts of the papers follow below. The abstracts are 
numbered to correspond to the titles in the list above. 


1. Professor Manning presented the following theorem: 
Let » be the degree and yp the class of a multiply transitive 
substitution group G that contains a substitution of order 2 
and degree yw; then if the transitivity of G is 


double, > ee ele 
triple, Uncen 

4-ple, tes etal 
5-ple, M 2 aN; 

6-ple, = an; 

7-ple, we 1875 


more than (pi + po ane - + p,)-ple, where p1, po, -*°; 
Dy are distinct odd primes (r > 1), 


(pi iL) (pal) ee De oe 
(pi =) pon teen eee 


Bochert, in the proof of his theorem, makes the commutator 
the corner stone of the whole structure. Here the commutator 
is abandoned and a close study of diedral rotation groups takes 
its place. The results of that study may be thus summarized: 
If the order of a group of class uw generated by two substitutions 
s and t of order 2 and degree uw is divisible by each of the odd 
primes 7, D2, -**, Dr, its degree n does not exceed u-+ u/ (pi—1) 
(po—1) +++ (pr—1); if the order N of st is odd or is divisible 
by 4, n does not exceed uw + 2u/N; if N (> 2) is twice an odd 
number, n is not greater than pw + 2u/N + 8yu/N?. 





Nn. 


2. It has been known for some time that the only primitive 
substitution groups of class 3p, p an odd prime, that contain 
a substitution of degree 3p and order p are three in number 
and belong to one class only, class 15. In addition to these 
groups Professor Manning finds that there are just four other 
primitive groups of class 15. In fact, if k is any positive whole 
number greater than three, there are three simply transitive 
primitive groups of degree k? and class 3k, and one simply 
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transitive primitive group of degree 3(k-+ 1)(k+ 2) and 
class 3k. The last is simply isomorphic to the alternating 
group of degree k. The others are simply isomorphic to the 
three imprimitive groups of degree 2k whose intransitive head 
is the direct product of two alternating groups of degree k 
in two different sets of letters, or is the dimidiate of the direct 
product of two symmetric groups of degree & on distinct 
letters. An auxiliary theorem suggested by this problem is 
this: If the degree of a transitive constituent of the subgroup 
leaving one letter fixed in a simply transitive primitive group 
exceeds by two (ormore) units the degree of any other transi- 
tive constituent of that subgroup, then the constituent of 
highest degree is a simply transitive group. 


3. In this note Miss Johnston points out a simple way to 
determine the nature of the roots of a quartic, in the various 
possible cases, by considering the points in the complex plane 
which represent the roots of the reducing cubic and their 
respective square roots. Similarly for a cubic and its reducing 
quadratic (sextic). Certain questions relating to discrimi- 
nants are also discussed. 


4. In his Mathematical Essays and Recreations, Ball de- 
scribes methods of finding n(n + 1) combinations of n? ele- 
ments taken n at a time without repetition of any pair, in the 
cases n = 4, 5, 7, 8. In the present note Miss Laber proves 
this to be impossible in the case n = 6, reported by Ball as 
having “ baffled all attempts to find a solution.” The proof 
is based upon a very convenient symmetrical system of nota- 
tion, and a method of enumeration by which combinations 
involving common pairs can be rapidly eliminated. The 
number of admissible combinations resulting from various 
types of substitutions is noted. 


5. In his projective theory of ruled surfaces, Wilczynski 
makes frequent use of a moving tetrahedron of reference, the 
homogeneous coordinates of whose vertices, when referred to 
any fixed system of homogeneous coordinates, are solutions 
of the system of differential equations 


y+ puy’ + pie2’ + guy + 9122 = 0, 
gi! oa poy’ - 22%" oe 21Yy ai 222 


206 MEETING OF THE SAN FRANCISCO SECTION. [Feb., 


If a point, line or plane is to be fixed in space, its coordinates 
when referred to this moving tetrahedron must satisfy certain 
conditions expressible as differential equations, and conversely. 
Professor Carpenter’s paper (a) determines necessary and 
sufficient conditions for fixed points, lines and planes and (b) 
indicates by a number of theorems the usefulness of these 
conditions in enriching the theory of ruled surfaces. A portion 
of this paper was communicated to the Chicago Section of the 
Society at the meeting of April, 1915. 


6. The abstract relations studied in symbolic logic fall into 
various cardinal classes. The relations of a class are combin- 
able in accordance with certain fundamental rules or modes, as 
logical addition, logical multiplication, relative multiplication. 
Professor Keyser’s paper points out the desirability of exam- 
ining the more important systems thus arising with a view to 
ascertaining which of them are groups. ‘The paper presents 
some results found on the threshold of such an examination. 
It is found, for example, that under any of the mentioned 
rules of combination the ensemble of relations that constitute 
a type (as this term is understood in the Principia Mathe- 
matica of Whitehead and Russell) possesses the group prop- 
erty and two but only two of the other properties re- 
quired in the four-property definition of a group. On the 
other hand, the ensemble of one-one relations that cover and 
are restricted to an arbitrarily chosen field of relations is a 
group if the rule of combination be relative multiplication, 
though the same ensemble does not possess even the group 
property if the rule of combination be logical addition or 
logical multiplication. 


7. The earlier papers upon the strain of a gravitating elastic 
sphere were based upon a defective physical theory, in that 
the stress-strain relations were assumed to hold for a fixed 
element of space rather than for a definite element of matter. 
This defect was pointed out by Professor Hoskins in 1910 
(Transactions, volume 11, page 504) and by A. E. H. Love in 
1911 (Some Problems of Geodynamics, page 89). An amended 
theory was stated by Love and applied to certain problems 
including that of the tides in a gravitating sphere of uniform 
density. ‘The present paper is based upon a theory in essential 
agreement with that of Love but formulated in a somewhat 
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more general manner. Professor Hoskins gives two applica- 
tions: (1) to the problem of the strain of a gravitating com- 
pressible sphere of uniform density; and (2) to that of a gravi- 
tating incompressible sphere composed of a shell and nucleus 
of different densities. Both solutions follow the lines of the 
analysis employed in two former papers (Transactions, 
volume 11, page 203 and page 494). The same method can 
be extended to more complex cases such as that of a sphere 
composed of several shells and a nucleus, all of different den- 
sities and rigidities, such extensions being merely a matter of 
algebraic labor. 


8. The complete existential theory of Dr. Bernstein’s set 
of four postulates for Boolean algebras is shown by Mr. Taylor 
to consist of six propositions of non-existence and ten proposi- 
tions of existence. The non-existences are expressed by the 
proposition 21D 2%, The propositions of existence are 
proved by the exhibition of ten systems 2: two examples for 
K singular, six examples for K dual, and two examples for 
K triple. The postulates are shown to be completely inde- 
pendent in the sense defined by Professor E. H. Moore if the 
minimum number of elements of the class K be postulated as 
three. 


9. Professor Blichfeldt proves that: 

(a) No primitive linear group can contain a transformation 
of order k > 5 whose “ multipliers ” (characteristic roots) have 
only two values. For instance, no primitive group in three 
variables can contain the transformation x1 = 21’, %2 = €%’, 
23 = ex3’, whose multipliers 1, «, e€ (€ + 1) are kth roots of 
unity; & > 5. 

(b) If a primitive group G, say in 7 variables, contains a 
transformation S of order k, where 6 > k > 3, having just 
two distinct multipliers, then these multipliers are each re- 
peated 3n times. Moreover, G contains an invariant sub- 
group K. This is of monomial type and order 2? when 
k= 4. Ifk = 5, then K is the direct product of say q groups 
of order 60g and icosahedral type, and n must be divisible 
by 2%. 

W. A. MANNING, 
Secretary of the Section. 
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THE TENTH REGULAR MEETING OF THE 
SOUTHWESTERN SECTION. 


Tue tenth regular meeting of the Southwestern Section 
was held at the University of Kansas, at Lawrence, on Satur- 
day, December 2, 1916. About thirty persons were in attend- 
ance, among them the following twenty-three members: 

Professor C. H. Ashton, Professor A. A. Bennett, Professor 
Henry Blumberg, Professor W. C. Brenke, Professor P. J. 
Daniell, Professor E. W. Davis, Professor I. M. DeLong, 
Professor E. P. R. Duval, Professor W. H. Garrett, Professor 
W. A. Harshbarger, Professor E. R. Hedrick, Professor O. D. 
Kellogg, Professor S$. Lefschetz, Dr. G. H. Light, Mr. W. A. 
Luby, Professor U. G. Mitchell, Professor Mary W. Newson, 
Professor S. W. Reaves, Dr. Paul R. Rider, Professor W. H. 
Roever, Mr. L. L. Steimley, Professor E. B. Stouffer, and Pro- 
fessor J. N. Van der Vries. 

Attending members were very Hoenitable entertained at a 
smoker on the evening before the meeting, and at lunch be- 
tween the sessions, at the University Club. It was decided 
that the next meeting of the Section should be held at the 
University of Oklahoma, at Norman, on December 1, 1917. 
The following programme committee was appointed: Professors 
S. W. Reaves (chairman), Henry Blumberg, O. D. Kellogg (sec- 
retary). 

The following papers were presented: 

(1) Professor A. A. BENNETT: ‘“‘ Newton’s method in general 
analysis.” 

(2) Professor S. LerscHetTz: “Double integrals of the 
second kind belonging to an algebraic surface.” 

(3) Professor S. LerscHETz: “On the residues of double in- 
tegrals belonging to an algebraic surface.”’ 

(4) Dr. P. R. Riper: “A note on discontinuous functions 
in the calculus of variations.” 

(5) Professor W. H. Rorver: “Series for computing the - 
roots of the equation x + p tan a = 0.” 

(6) Professor E. B. Stourrer: “On the calculation of in- 
variants and covariants of linear homogeneous differential 
equations.” 
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(7) Professor P. J. DANIELL: “The Lebesgue-Stieltjes inte- 
gral.”’ 

(8) Professor HENRY BiumBeErRe: “An example of a dis- 
continuous function with a certain remarkable property.” 

(9) Dr. G. H. Licut: “Note on the relation between the 
focal points of an extremal when both end points are free.”’ 

(10) Professor G. C. Evans: “An extension of Hadamard’s 
formula for a linear functional.” 

(11) Professor H. C. Gossarp: “On the relations between 
the faces and edges of a tetrahedron.”’ 

(12) Professor HENRY BLUMBERG: ‘‘ Convex functions.” 

(13) Professor E. R. HEpricx: “Functions that are nearly 
analytic.” 

Professor Blumberg’s first paper and Professor Gossard’s 
paper were read by title. Abstracts of the papers follow. 


1. In this paper, Professor Bennett considers the formal 
character of Newton’s method of approximating to a root of an 
equation, whether algebraic or transcendental. By general- 
izations of the notions sum, unknown quantity, coefficient, 
product, absolute value, etc., Newton’s method is shown to 
apply also in a general field whose restrictions are considered 
explicitly. In particular, application is made to certain types 
of non-linear integral equations. ‘The paper appeared in the 
Proceedings of the National Academy of Sciences, October, 
1916. 


2. The plan followed by E. Picard in his development of the 
theory of double integrals of the second kind is somewhat as 
follows: (a) reduction, largely by algebraic processes, of these 
integrals to a normal form; (6) development of the theory of 
integrals of total differentials of the third kind; (c) application 
of (b) to aspecial class of double integrals of the second kind; 
(d) investigation of the periods of integrals in the normal 
form; (€) enumeration of integrals of the second kind. In 
this note, Professor Lefschetz shows that this theory can be 
much simplified by starting with d. From this a and b then 
~ follow easily, and thus most of the algebraic work found in 
Picard’s presentation is avoided. 


3. A double integral belonging to an algebraic surface F 
may have cyclic or polar residues. It is shown in Professor 
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Lefschetz’s second paper that the latter have the following two 
properties: (a) those with respect to points on the same al- 
gebraic curve have a zero sum; (b) those with respect to a given 
ordinary point of F also have a zerosum. ‘The first follows at 
once from a well known theorem, while by means of quad- 
ratic transformations the second is reducible to a proposition 
given by Poincaré. Conversely, given a set of numbers cor- 
responding in a suitable way to an assigned set of algebraic 
curves of F and satisfying the conditions a and b above, there 
is a double integral belonging to F of which they are the polar 
residues. No special conditions have to be satisfied by cyclic 
residues. This note will appear in the Quarterly Journal of 
Pure and Applied Mathematics. 


4. In this paper, Dr. Rider gives the corner conditions and 
the Carathéodory Q-function for discontinuous solutions in 
the calculus of variations for the form of the problem con- 
sidered by Bliss in several papers, and for a new form of the 
space problem discussed by the author himself in a paper to 
be published in the American Journal of Mathematics. 


5. For computing the roots z, (n= 0, 1,2, ---) of the 
equation «+ p tan x = OQ, Professor Roever gives two types 
of series. The first is a power series in 7, the coefficients in 
the series for 2, being polynomials in the reciprocals of the 
number t, = (2n-+ 1)7/2. The second type is a power 
series in p+ 1, the coefficients being polynomials in the re- 
ciprocals of the numbers r,, or the nth solution of the equation 
2—tan p=0. As ro = 0, a special formula is needed for 
the root ao in the second type of series. 


6. Consider the system of linear homogeneous differential 
equations 


(A) yi + De (2pinyr’ + guy) = 0 (§ = 1,2, ---, n), 


where p;, and q,, are functions of the independent variable z. 
In a paper presented to the Society at Chicago in April, 1915, 
Professor Stouffer calculated the complete system of sem- 
invariants of (A). In the present paper, he obtains the 
complete system of semi-covariants by the use of certain 
operators. He also sets up the systems of partial differential 
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equations which must be satisfied by any invariant or covariant 
of (A). ‘These equations are expressed in terms of the sem- 
invariants and semi-covariants. Itis thus easy to test whether 
an expression in the seminvariants and semi-covariants which 
may arise in the geometry of the system is also an invariant 
or covariant. 


7. The Lebesgue-Stieltjes integral is defined by Professor 
Daniell in this paper by means of sets of points in a way similar 
to that employed in defining the Lebesgue integral. It 
possesses the Lebesgue property that the limit of the integral 
is the integral of the limit. Like the Stieltjes integral, it is 
discontinuous, and the ‘‘ measure” of even a single point 
may be finite. It is therefore suitable for use in physics, 
particularly electricity, where charge (or mass) may be used 
as a “measure ” of a set of points. Most of the fundamental 
properties of Lebesgue integrals are shown to be satisfied by 
it. The paper will be offered to the Transactions. 


8. Professor Blumberg shows with the aid of Zermelo’s 
Wohlordnungssatz that there exist real, one-valued, discon- 
tinuous functions f(x), defined in the linear continuum, such 
that if P is a given perfect set, then f(x) is discontinuous with 
respect to P at every point of P. 


9. In the Mathematische Annalen, volume 75, Rasmadse 
has considered the case of one fixed and one variable end point. 
He found that the focal point ts’’ comes before the focal point 

t 


t;’’ if the integral J = Ge pee ey eiseanminintm..) Dr 
o/ ty 
Light shows that #,’’ and ¢,’’ must coincide in the general 


case in which both end points are free. 


10. In a recent paper in the BULLETIN (November, 1916) 
Dr. Fischer gives an interesting formula for a linear functional 
T{¢] which has continuity merely of order k in its argument 
g(x), instead of order zero. Hadamard’s form for a linear 
functional, which is itself slightly more general than the 
others, admits, according to Professor Evans, this extension in 
a very simple form. If 7’, depending on ¢(v) in the interval 
(a, b), has continuity merely of order k, it may be written: 

+e 


Tlo(x)] = lim g(x)V(x, n)dx, where g(a) is extended 


u=0 a—e 
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continuously with its first k derivatives beyond the interval 
(a, b) to the interval (a — ¢, b+ €), € being a quantity arbi- 
trarily small, but positive. For W(u, nm) may be taken such 
a function as vVn/arT[{1 — (uw — x)?}"]. These results will 
probably be published in the Cambridge Colloquium Lectures. 


11. By expressing the absolute in terms of the faces of a 
tetrahedron and also in terms of the edges, both equations 
being written in line coordinates, and then equating coeffi- 
cients, Professor Gossard obtains (a) six equations of the type 
(3V /2)*e12? = AqoA33 — Ao37; (b) twelve of the type (3V /2)*e157e00" 
= (Ao3A13 — Aoi A33)* + 4A433(38V /2)4; (c) three of the type 
9V7[(€o1? + €23”) — (€02” + €13”)] = 16(A01423 — Ape Ais), where 
V is the volume, A;; the product of the areas of the faces oppo- 
site the vertices e; = 0 and e; = 0 by the cosine of the angle 
between the two faces, and where e;; is the length of the edge 
from the vertex e; = 0 to the vertex e; = 0. 


12. The real, one-valued function f(x) of the real variable 
x is (according to Jensen) said to be “convex” in the interval 
(a, b), where it is defined if, for every pair of values 21, x2 of 
x, the inequality 
| as =| < Ley) ae 


holds. Similarly, the function f(a, y), defined in the square 
S, is said to be convex in S, if for every pair of points (a, y1), 
(%2, Ye) in S, the inequality 


E + 2% Yirt i | cf, yi) + f(x2, Y2) 
Jems uy a || = 2 








holds. Professor Blumberg shows that if the convex function 
f(x) has at least one discontinuity between a and J, it is neces- 
sarily non-measurable in the Lebesgue sense. Furthermore, 
if the convex function f(a, y), defined in the square S, is such 
that the set of functional values of f(x, y) on the boundary of 
S has a finite upper bound, then f(a, y) is continuous at every 
interior point of S. This result remains true if for “square”’ 
we substitute “closed Jordan curve,’ and, in fact, more 
general curves may be allowed. Generalizations to n di- 
mensions are given. 
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13. In this paper Professor Hedrick describes a method of 
characterizing functions of a complex variable that are not 
analytic, but that differ only slightly from analytic func- 
tions. For example, the function W(z) = f(z) + e¢(z), where 
f(z) is analytic, and € is a real number, will differ but little 
from f(z), if € is chosen small, at all points where |¢(z)| is finite. 
The Riemann surface for such functions may be studied by 
means of its relation to that for f(z). A series of examples 
of this type and of more general types is given. 


OSD KELLOGG, 
Secretary of the Section. 


THE RELATIONS OF MATHEMATICS TO THE 
NATURAL SCIENCES. 


PRESIDENTIAL ADDRESS DELIVERED BEFORE THE AMER- 
ICAN MATHEMATICAL SOCIETY, DECEMBER 28, 1916. 


BY PRESIDENT E. W. BROWN. 


THE duty enjoined on the President of the American 
Mathematical Society of delivering an address at the close of 
his term of office is at once an opportunity and a danger. It 
is one of the rare occasions when he is able to discuss matters 
which are unsuited for a memoir and when it is proper to try 
to take a somewhat broader view of his subject than is 
suggested in investigations designed to elucidate some special 
part of it. Inso doing, he necessarily must look into the future 
and attempt to foresee it through such indications of the 
present as may seem significant; and the danger of becoming a 
false prophet or of raising an unnecessary alarm is unattractive 
to anyone, least of all to those who have the lifelong habit 
of feeling their way into the unknown by roads slowly con- 
structed and securely laid. JI am willing to run this risk 
because I believe that there are certain matters connected 
with the future of mathematical science which need fuller 
consideration than they have received of late years. In 
discussing them, one must necessarily tread on debatable 
ground. It is, however, a happy custom to regard the matter 
contained in a presidential address not as an official presen- 
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tation of the views of the Society but solely as the personal 
opinion of the one member appointed to deliver it. Such 
suggestions as I have to make in connection with my topic 
“The Relations of Mathematics to the Natural Sciences ”’ 
have no claim to novelty or originality. They are partly the 
natural result of association with those who work in more or 
less closely related fields and partly of a long connection with 
a task which has led in directions away from those usually 
followed by the modern mathematician. Before this discus- 
sion, however, a brief summary of the principal events of the 
past two years may not be out of place. 

The summer meeting of the Society in Cambridge, as you 
are aware, was made the occasion for a celebration of our 
twenty-fifth anniversary. Originally started in 1888 as a 
meeting of those interested in mathematics in New York and 
its vicinity, the Society emerged three years later in the form 
of a national organization with a BULLETIN containing a 
record of the activities of its members and with some limited 
publication of their work and ideas. Nine years later, the 
growth of research in America, unquestionably assisted by the 
opportunities afforded by the Society, caused a need of further 
facilities for publication and the Transactions was started. 
Both journals have grown beyond the sizes originally contem- 
plated and we may hope or fear that a new medium for pub- 
lication may be required in the not distant future. The 
original meeting place in New York City has been quite in- 
sufficient to supply our members with opportunities to present 
papers and to engage in discussions; one after another, sections 
have been founded in various parts of the country which hold 
sessions at regular intervals and which assist actively in con- 
tributing to the growth of the subject and the welfare of the 
society. Our library numbers over 5,000 volumes, besides a 
large collection of unbound dissertations. And finally the 
offices of the Society and most of its records have survived 
the fire which seems to be a necessary preliminary to permanent 
stability. 

This growth has lately caused a serious problem to arise in 
connection with the extent of the activities of the Society. 
Many of those who on account of professional duties or for 
other causes are unable to follow or lead far along the high- 
roads of research, have felt that there are many byways in 
mathematics which are of interest and which would stimulate 
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thought. They felt too that some centralization of efforts 
to improve the teaching of mathematics was necessary. ‘The 
Society had hitherto confined its main activities to research 
and it became a grave question whether it should under- 
take new duties and responsibilities in addition to the already 
heavy burdens laid on certain of its officers. The difficulty 
has been happily solved by the formation of the Mathematical 
Association of America with assumption of responsibility for 
the American Mathematical Monthly and its use as the official 
journal of the Association. This result has been brought 
about by the cordial cooperation of everyone concerned. 
They have desired not only that the interests of the American 
Mathematical Society should not suffer but that the new 
Association should be so organized and conducted as to assist 
in strengthening and coordinating all forms of mathematical 
activity throughout the country. Our best wishes go out to 
our young and already vigorous offspring. 

In outside activities, the Society during the last two years 
has appointed representatives to the general Committee on the 
classification of technical literature, to the Committee on 
standards for graphic representation and to the Naval 
Advisory Board. In spite of some misconception in the minds 
of those who were responsible for the invitation to the last 
named, as to the functions of mathematicians, both the 
Society and the Board are to be congratulated on the work of 
our two representatives. 

Perhaps the most important outside movement affecting 
the chief objects of the Society is that initiated by the National 
Academy of Sciences for the organization and development of 
research. Originally started with the object of assisting in 
the defence of the country, it enlarged its functions when it 
was seen that much would be gained through cooperation and 
mutual assistance not only by investigators themselves but 
by all those who need and employ investigators in technical 
and manufacturing processes. ‘This is therefore a movement 
in the interests of the whole community. The Society has 
already, through the Council, expressed its desire to cooperate. 
We may hope that there will result some benefits for our 
science and that we shall be able to furnish in turn some 
assistance toward the solution of the problems presented by 
other sciences. 

With this record of achievement in the past it is but natural 
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that we should look forward to the future and note whether, 
besides promise of progress and success, there are indications 
of danger against which measures of protection or alleviation 
are necessary. 

Mathematics may be treated as a science or art which holds 
within itself all that is necessary for its own development. 
It may also be treated as an aid for the development of the 
natural sciences and for all forms of investigation which admit 
of deduction from exact statements. In the one, an advance 
in knowledge of the subject itself by examination of the in- 
terrelations of a set of axioms is sought; in the other, it is used 
to deduce phenomena of nature as the consequences of 
physical laws which have themselves been deduced by obser- 
vation or experiment. In the earlier history of the subject, 
the difference between the two points of view was but little 
recognized. ‘The axioms themselves were mainly suggested 
by natural phenomena and the developments were principally 
those needed in the elucidation of the phenomena. As time 
went on, mathematics was allowed to progress in its own way, 
unhindered by any necessity for present or future applications. 
This freedom from a somewhat entangling alliance has resulted 
in a marvellous structure of thought. The fundamental 
bases of the subject have been clarified and organized, the 
modes of reasoning have become subject to careful scrutiny 
and every effort has been directed to make sure that the 
structure built on these lines shall be without blemish. 

There is, however, a reverse side to the picture. While 
every other product of human thought demands aid from 
outside, modern pure mathematics stands practically alone. 
Its laws, its logic, what it seeks and what it finds have no 
necessary relation to externals in the sense of dependence. 
And this independence has been achieved by no ordinary labor 
and by the exercise of many minds possessing gifts of insight 
in the highest degree. Yet one cannot help asking whether 
it is for the best interests of the subject that it should con- 
tinue in this isolation. An external stimulus seems to be 
necessary, at least from time to time, to produce the best 
elements of growth in most forms of human activity. Is the 
continued development of pure mathematics an exception to 
the rule? One may argue that isolation produces a pure 
strain, but is it not also true that an occasional crossing of the 
breed is necessary to prevent the species from running itself 
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out? I do not wish to imply that this is a real analogy; 
whether it is so or not, it can at least serve as an illustration 
of the manner in which the separation may affect mathematics. 
If it be admitted that future injury is likely to result, it is 
obvious that we should search for methods to alter the con- 
dition; if the contrary is true, I can still fall back upon the 
demand that other sciences make for assistance. 

At the outset one must admit that the separation is not 
altogether confined to the relations of mathematics to the 
natural sciences, it has been growing even between its different 
branches, not so much perhaps in essentials as in the fact that 
there are only a few amongst us who can follow except in a 
dim way or with much labor, the larger part of the advances 
which are being published so frequently. This is partly due 
to the considerable body of knowledge which has accumulated: 
time and opportunity are lacking to assimilate even a small 
portion of it. And there are other contributing causes which 
will occur to you. Over one of them, of minor importance 
perhaps but in which some improvement may be possible, I 
shall delay for a moment. 

The symbolism employed to convey ideas in mathematics is 
unquestionably good in its general outlines and serves the 
purposes of the study well. It is brief, it admits of consider- 
able variety, and it is easily adapted to most of the needs of 
the mathematician. Unfortunately, few standards have been 
kept. While the general principles by which the notation 
is to be used are little changed, the widest variations in the 
meanings of different sets of symbols have been allowed to 
creep in; and conversely, the same sets of ideas have been 
frequently represented by a variety of symbols. In my own 
subject of celestial mechanics, this variety continually halts 
one’s thoughts although the mathematical ideas are com- 
paratively simple; in fact the symbols rarely represent any- 
thing else than the most elementary operators and quantities 
which are either fixed or have continuous variation. But the 
difficulty is far greater where the ideas themselves are complex, 
where a single symbol may imply numerous properties and 
where different authors adopt different meanings to be attached 
tothe same symbol. The perfectly simpletriad of marks “ (1),” 
for example, may represent a number, an operator, a group, a 
function, an axiom, a convention—and any one of these may 
have special properties attached or particular limitations 
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imposed. And when to this are added many other symbols 
with similar extensions of meaning, one difficulty of mastering 
a memoir of average length becomes sufficiently obvious. 
The language must first be learned, and a new language in 
general confronts the reader when he turns to some memoir 
by a different author, even on the same subject. 

Is there a remedy for this condition? Can mathematical 
notation be standardized to some extent and if so, can it be 
done in such a manner that it will meet with general acceptance 
and use? It is perhaps a Herculean task but I am not at all 
sure that a concerted effort would not result in some improve- 
ment. 

With what material have we to deal? On the one side there 
are the four double fonts of the Roman, Italic, Greek, and 
German alphabets, one or two fonts of the Arabic numbers and 
a few well-known symbols, the types for which exist in any 
good printer’s composing room. On the other side there is a 
considerable body of ideas to be represented, although the 
number of those most frequently used is not very great. 
Suppose, by way of illustration, that some very general con- 
ventions were agreed upon: for example, that operators should 
be denoted by capital letters, except in the few cases like those 
of differentiation or integration, where the notation is already 
standardized; continuously varying quantities by certain 
groups of lower case letters, discontinuous quantities like 
those in our number system by other groups, quantities re- 
maining fixed by still other groups. Continuing with this 
idea we should represent those properties or limitations which 
are of frequent occurrence by certain combinations of marks 
and letters and it would be advisable to agree that the older 
signs, those of the four chief arithmetical operations for 
instance, shall retain their original meanings if unattended by 
any distinguishing mark. Any such plan should depart as 
little as possible from the schemes of notation which have been 
most generally used. One result undoubtedly would be some 
loss of the brevity which now characterizes the mathematical 
symbolism of much of the published work. I doubt, however, 
whether this would be an evil, in fact, it might be an advantage; 
the reader would soon become familiar with many groups of 
symbols and would read their meaning without effort, just 
as he recognizes a printed word not by the separate letters 
but by the appearance of the group of letters which form the 


1917.] MATHEMATICS AND NATURAL SCIENCES. 219 


word. After all, brevity is not the soul of mathematics. If 
a scheme with such broad outlines is not feasible, it might 
still be possible to apply the method separately to divisions 
of mathematics. But this idea is less attractive and presents 
additional difficulties in the overlapping of different divisions. 
Most of us would prefer, I think, to learn one language with 
many words, than several different languages even though 
their vocabularies were much smaller. 

It may be objected that any standardization of symbolism 
may seriously interfere with the freedom of the investigator 
and so limit his output. One may ask in reply whether past 
liberty has not already degenerated into license and whether 
some regulation will not confer benefits on mathematics similar 
to those we acknowledge in the framing of laws for the welfare 
of the community. If the circulation of the output be in- 
creased we can well afford some decrease in the quantity. 

It is a much more simple matter to suggest a method for 
bringing any such scheme or schemes into operation if once 
agreed on by an authoritative committee. After proper and 
frequent publication, there is no need for any kind of compul- 
sion; a writer, using a settled scheme has merely to say so. 
In this way it would either come into general use or die a 
natural death without having caused any particular harm. 
There is another consideration in this connection. We must 
look forward to the time when our turn will come to publish 
a revised encyclopedia of mathematical sciences; if standards 
of notation are then available, one can hardly overemphasize 
their value in making a summary of the work of the past. 

In the meantime some assistance can be given by such aids 
as tables of notation and separate summaries attached to 
each paper published, even at the cost of artistic appearance; 
this has already become a feature of some journals in other 
subjects. And there are probably other devices which might 
usefully be employed to assist the reader. 

These are, however, mechanical aids and only touch on the 
fringe of the question which is my principal theme—the iso- 
lation of mathematics from the natural sciences. There is, 
I must confess, at present little prospect of the cure generally 
proposed, namely that mathematicians turn their attention 
to the applications. And there is good reason why this is 
not acceptable, at least in the form usually stated. ‘To make 
progress in any one direction requires a more considerable 
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knowledge of the physical laws and past achievements in that 
direction than most of those who are making advances in their 
own lines have time to acquire. They may do much by en- 
couraging a certain proportion of the students who come 
under their influence to attack such problems. The welcome 
given by the mathematical journals in America to memoirs 
on the applications is a sufficient answer to those who would 
believe that the study of the latter is discouraged. In this 
connection it is noticeable that the pure science has a tendency 
to drive out the applied science—this has been peculiarly 
evident in England during the last quarter of a century—or to 
put the matter in another form, the cleavage between pure 
mathematics and the experimental sciences which use mathe- 
matics has tended to increase. 

It is necessary here to distinguish between the study of the 
mathematical methods used in the applications and the study 
of the applications by mathematical methods. In the former, 
the foundation, the logic and the limitations which must be 
imposed on the processes adopted-by applied mathematicians 
are considered; in the latter, it is new phenomena or the coor- 
dination of known phenomena which are sought. Poincaré, 
who produced much in both directions, obviously kept the 
distinction clear in his own mind, even when he mingled the 
two in a single memoir like his treatise on celestial mechanics. 
And his point of view in the former was not that of criticism 
but of justification of the methods used in the latter. Un- 
fortunately, while a study of methods clarifies and expounds, 
it is not as a rule fertile in producing new advances. It is 
only when the mathematician leaves aside the particular ap- 
plications of a method and studies the latter in all its bearings 
that he is able to obtain novelty. 

The study of physical laws and phenomena by the methods 
of mathematics stands on an altogether different basis. Why 
is it that with calls in every direction for help so little is done? 
One hears blame cast on the mathematician for this state of 
affairs and perhaps to some extent there is justification for it. 
But I believe that the blame must be shared at least equally 
by the physicist or engineer who asks for the solution of his” 
problems. The latter are generally presented in such a 
manner that the mathematician who is not thoroughly familiar 
with the subject cannot even make a beginning; often he is 
not given the necessary information about the physical cir- 
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cumstances which will enable him to formulate the problem. 
In its generality, it may be quite beyond the present state of 
mathematics to give a solution and yet if he is allowed to 
neglect certain factors and to modify others it may be possible 
to obtain the main facts needed. But he cannot be expected 
to know all these details. The more difficult the problem, 
the more necessary is a full and complete statement of every- 
thing connected with it. The physical laws which may be 
assumed and which cover the principal features, the modifying 
circumstances which may be left aside if the problem is too 
difficult, the range of numerical values which constitute the 
data, the range of numerical values which are needed in the 
solution—all these should be carefully set forth in any state- 
ment of the problem. 

It is this work of formulation that is mainly contained in the 
treatises on applied mathematics so far as the older and more 
simple problems suggested by natural phenomena are con- 
cerned. They also give the principles which should be fol- 
lowed in all cases. Thus the knowledge of the applied mathe- 
matician, using the word in the old sense, is necessary as the 
intermediary between the experimentalist and the pure 
mathematician if one is to help the other. He must have a 
considerable knowledge of the phenomena and with it a suf- 
ficient knowledge of mathematics; neither can be neglected. 
It is the almost complete disappearance of this type of scholar 
from among us that is perhaps responsible more than any- 
thing else for the isolation of which I have spoken. The temp- 
tation either to proceed to experiment or to turn to purely 
mathematical researches has been too strong. 

The need of a remedy is obvious and in searching for it we 
may perhaps have to consider a change in our system of re- 
garding the doctor’s degree with its original thesis as a neces- 
sary preliminary to every opening which leads to scientific 
work. It is frequently stated that the main difficulty in 
obtaining applied mathematicians is the difficulty of finding 
a suitable thesis for a student, by an instructor who has not 
himself investigated in those lines, and we have few here who 
have done so. This is unquestionably true. Under the cir- 
cumstances, those organizations which need such men for their 
own purposes, whether they be government bureaus or com- 
mercial houses, must create positions for applied mathema- 
ticians with the same advantages that they give to those who 


222 MATHEMATICS AND NATURAL SCIENCES. [Feb., 


perform experimental researches. They must understand 
that the type of man needed must be trained for the purpose, 
that he cannot usually be solely a physicist or solely a mathe- 
matician but must have received a sufficient education in both 
directions. If the demand is clearly set forth, there is little 
doubt that the supply will be forthcoming. 

The necessary link once supplied, the pure mathematician 
can render valuable services. But to do so, he will need to 
change to some extent the methods which he is accustomed to 
employ. ‘The generality and completeness which he is ac- 
customed to give to his researches are rarely useful in the 
applications. What is needed is the discovery of solutions 
which in a limited range can be reduced to numerical values 
without an excessive amount of labor. Singularities, for 
example, are usually excluded for one cause or another; places 
where the function is regular are those commonly needed. 
If the constants expressed by symbols are so numerous that the 
problem is intractable, some of them must be given numerical 
values; it will frequently happen that all needed information 
can be obtained from two or three well chosen numerical cases. 
And it is not only the material stored up in the past that will 
be used; new devices will continually be needed and I do not 
think that he will find the problems any less worthy of his 
best efforts than those to which he has been in the habit of 
directing his attention. ‘The chief difference will perhaps 
consist in a limitation to work in definite directions instead of 
roaming in the field of discovery with freedom to investigate 
wherever the prospect seems to attract. 

It follows that some organization of the different processes 
needed in the applications of mathematics has become neces- 
sary. ‘The simple problems and a very few of the difficult 
ones have been solved and progress is halted in the face of a 
demand which is greater than ever before. Whether one 
considers questions of purely scientific interest like those 
which are presented in celestial mechanics or questions of 
practical importance, it is still true that there are few workers 
and even with their combined efforts they cannot achieve 
much. If we are to enlist the services of others, it 1s necessary 
that the work be divided in such a manner that contributions 
to its various parts can be made by those who have the proper 
training and qualifications. The first question suggested by 
what has been said is to ask what part can be taken by those 
who have a training in pure mathematics. 
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It is always safe but not always useful to restrict oneself to 
generalities. I am fully aware of the danger which attaches 
to the mention of specific problems; they have been solved, or 
they are insoluble with known methods, or they are not suitable 
for mathematical treatment. Nevertheless, I am going to 
mention briefly two or three which I believe cannot properly 
be placed in any one of these excluded classes. So far as I 
know, there is no published systematic attempt to treat them 
in such a manner as to furnish results in a form available for 
actual application. ‘Too much emphasis can scarcely be laid 
on the last point if the researches of mathematicians are to 
be connected with the applications. Much of such work may 
be tedious and uninteresting but there is also much which 
demands the exercise of the best powers which an investigator 
may possess. He is also in the most favorable position to do it. 
He has usually looked at his subject from many directions 
before setting forth that one which is best suited for a theoret- 
ical exposition and he will know and be able to develop most 
easily that which is suitable for the applications. 

Of the fundamental requisites which need systematic 
examination, perhaps that of most practical value is an 
inquiry into the symbolic forms and modes of expression which 
are best adapted for numerical calculation. On the one side 
there exists a wealth of material in the shape of formulas, 
theorems, and methods available for choice. On the other 
side the machinery to which these are to be adapted js limited. 
Practically, the only numerical operations which can be 
performed mentally are addition, with its counterpart sub- 
traction, and those operations in which a knowledge of order 
of succession in our decimal number system can be of assistance. 
All other operations are performed by means of tables whether 
memorized like the multiplication table or printed. Mechan- 
ical and graphical devices to replace these are available but 
the only one which has complete accuracy is that which replaces 
the mental operations, namely, the adding machine. The 
number of printed tables at our disposal is so small that a 
classification of these containing an account of their contents 
and of the uses to which they may be put is not a serious 
undertaking as a first step. Finally, the various devices by 
which the labor of numerical computation may be diminished 
should be collected; this is more troublesome because many 
of them are the results of experience and either have not been 
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published or are only mentioned incidentally in connection 
with special investigations. 

It is a much less simple matter to try to point out a method 
of procedure for the adaptation of symbolic forms so that 
full use may be made of this numerical machinery. Some- 
thing might certainly be achieved by gathering together 
those forms in most common use in a given subject or group 
of subjects and making a study of them from this point of 
view. An example occurs in the case of Fourier series; a 
number of papers have been published during the present 
century on the methods for connecting a Fourier series with 
its numerical values although most of the attention given has 
been in the direction of analysis rather than synthesis except 
in the case of purely mechanical devices. One may perhaps 
look forward to the construction of a more general theory 
which shall have as its object the formulation of laws or rules 
which will serve in all cases. Adaptation to numerical 
computation and the performing of the computations them- 
selves are by no means the simple matters which they are 
frequently assumed to be if they are to be efficiently done. 
And it is this efficiency which must be the goal. 

The converse problem of reducing a series of numerical 
values which obviously obey some law to symbolic form is 
equally in need of systematic treatment. If the law is known 
or there are reasons for the assumption of a specified form, the 
method of least squares enables the unknown constants to be 
determined. But it is rare that one opens a series of memoirs 
containing investigations in the physical sciences without 
seeing diagrams for which no law is known; in many cases no 
attempt is made to find one. ‘The author has perhaps drawn 
a smooth curve which he judges would most nearly represent 
the facts if the observations had been freed from the errors 
which are incidental to all experimental work. But progress 
is halted until the curve can be so expressed that the relation 
of the physical phenomena that it represents to other phenom- 
ena or to known physical laws can be obtained. The best 
method of doing this is usually through a symbolic formula. 
The mere fact that functions with limited variation (and the 
known phenomena possess this property) can be represented 
by a Fourier series is usually of little or no assistance. Even 
if it be so represented it conveys almost no further information 
unless the phenomena themselves are of a periodic nature. 
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The Fourier series might perhaps be used as a first step in the 
investigation but there arises the difficult and practically 
unsolved problem of finding the function represented by the 
Fourier series, as was pointed out in a recent address. Some 
more direct and practical method is needed. In certain 
cases a mode of procedure can be indicated. When the curve 
appears to resemble the graph of some known function, it 
should be possible to devise methods of approximation by 
which additions to or changes in the function can be obtained, 
the constants present being then determined by the method of 
least squares. Transformations of functions so obtained 
involve the study of forms numerically equivalent within a 
given range to a given degree of accuracy. 

The case of periodic or quasi-periodic functions deserves 
special mention. Light-curves of many stars are now being 
obtained with considerable accuracy. Some of the curves 
differ from a simple sine-curve so greatly that the represen- 
tation by Fourier series will probably involve the presence of a 
large number of terms with sensible coefficients. Such forms 
will probably require transformation into other periodic func- 
tions if any clue is to be obtained to the laws which govern 
these changes. Our own sun is no exception. We obviously 
have to deal with forces which do not produce regular period- 
icity, but until some analytic forms can be obtained which will 
represent the curves with sufficient brevity and accuracy there 
is little hope of unravelling their mysteries. 

I have mentioned these problems particularly because they 
lack the definiteness in the results demanded which character- 
izes most of the usual problems of mathematics. I do not 
think they belong to the subject less for that reason. Mathe- 
matics certainly can lay claim among its other properties to 
be a method of organizing ideas, and it has effectively done 
so in the past. The result of tossing a coin into the air is, 
owing to our lack of ability to work out all the consequences of 
the laws of mechanics, quite as indefinite, and yet mathematics 
has built up the solid and definite set of rules which we know 
as the theory of probabilities—a theory which is in practical 
use In every insurance company and in all scientific work: it is 
difficult to imagine what modern astronomy would be today 
without the method of least squares. Such problems as I 
have suggested may possibly have only temporary value but 
if in their solution some order is produced from chaos, a 
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contribution of practical use, at least in our time, will have 
been made. 

Perhaps the set of mathematical problems most important 
for the applied sciences are those included in obtaining 
numerical solutions of differential equations. In many cases 
the ordinary methods such as finding exact solutions in terms 
of known functions or by means of series fail. ‘The failure in 
the latter case is not a mathematical failure, but a practical 
one, owing to the large amount of numerical computation 
needed. Where it has to be undertaken, the particular method 
of analytical continuation of series, known as mechanical 
quadratures, is adopted. This certainly achieves the object 
in view but usually with a lack of real efficiency which cannot 
fail to strike anyone who attempts to use it to any extent. 
And it naturally becomes the more troublesome whenever 
the curve has any special feature such as near approach to a 
singularity. Questions which seem unimportant in theory 
sometimes loom large in calculation. For example, how many 
places of decimals at the start and throughout the work are 
needed to secure a given standard of accuracy? Is the same 
degree of accuracy necessary throughout? How large may 
each arc be taken? And so on. 

If one examines textbooks or treatises for information, it is 
difficult to find anything of real use; in fact, the method as 
applied to the solution of, for example, a pair of ordinary simul- 
taneous differential equations, I have not seen mentioned. 
In the form given in the investigations where it has been used, 
it is doubtless capable of great improvement. We may further 
ask: under what forms can it be used so that each arc shall be 
as long as possible with the same degree of accuracy? Is it 
necessary to confine it to power series and can it not be de- 
veloped for computation in series of other functions so that, in 
any special case, one shall have a choice which can be made 
according to circumstances laid down in advance? Un- 
questionably there is material at hand to answer some of 
these questions if it could be worked up into a form simple 
enough for a person not possessing an intricate knowledge of 
differential equations and the properties of various modes 
of expansions to use. I hesitate in mentioning solutions of 
partial differential equations in this connection on account of 
the many inherent difficulties. Nevertheless the new problems 
arising in aviation and the older set connected with the motions 


1917. ] MATHEMATICS AND NATURAL SCIENCES. 227 


of our atmosphere and the prediction of the weather perhaps 
transcend in importance all others. 

These problems are fundamental in the applications of 
mathematics. The expert knowledge and insight of the 
student of pure mathematics would seem to point him out as 
the one most likely to achieve at least partial successs in 
dealing with them. At the same time, little or no knowledge 
of physical processes and results is required. But if he 
happens to possess special information in any one of the 
natural sciences, I have little doubt that he can find a field 
giving a stimulus for new work and an opportunity to connect 
his subject with the outside world. Even biology is now 
demanding help in certain directions, somewhat reluctantly 
it is true, but none the less surely. Even if mathematics 
cannot always assist in solving problems, it can still help 
through its advantages as a brief and clear mode of de- 
scription where processes are complicated and interdependent. 
But whatever is done in any direction, the work will be of 
little practical value unless it satisfies the final test, namely, 
that the form in which it is left is such that it may be applied 
without a full knowledge of the processes by which it is 
reached. 

It is perhaps easy for one who has spent half his life in an 
undertaking which must always have numerical results as the 
final test, to exaggerate the importance of all work of this 
nature. This particular problem, it is true, has a variety which 
is not common to many such undertakings. Perhaps the 
most unexpected result has been that nearly all the portions 
which can be said to possess some small degree of novelty have 
arisen from the necessity of obtaining formulas which should 
give numerical results more easily than the older develop- 
ments. And it has not infrequently happened that the actual 
computation of a particular case has indicated immediately 
the method which should be followed in the general case.’ This 
fact may not be a recommendation to the person who has the 
desire to use his powers to their fullest extent, yet for one who 
has a definite end in view and who wishes to reach the goal 
by the shortest route it may appeal as having certain ad- 
vantages. Moreover, the time spent in actual computation 
is usually not a large fraction of that necessary for the whole 
work; if there are many computations of the same nature, 
each one may take on the average only a fifth or a tenth of the 
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time that an isolated case would require. ‘The construction 
of numerical tables is a striking example of this as soon as the 
work has been properly organized. 

Much of the mathematics used in the applications is repul- 
sive to the pure mathematician, and properly so. It lacks the 
form and symmetry which so often assist in showing the 
ideas which are in process of development. ‘There is a good 
reason for this. For efficient numerical application, many 
properties possessed by the initial formula and particularly 
that of symmetry should be used to assist; in the process of 
transformation they must necessarily disappear. The limi- 
tations, too, which are often of greater interest, are usually so 
much broader in the mathematics than in the applications 
demanded that there is no need to examine them. Or if they 
are reached, the numerical work at once warns of their approach 
and the formula or method is changed. Unfortunately, too, 
the very devices which constitute a good formula or by which 
a solution is reached often admit of such simple mathematical 
description that the air of mystery disappears and there is 
little external evidence of any special ingenuity. Nevertheless 
there is a degree of mental satisfaction in the achievement of 
concrete results which is a sufficient reward to those who work 
for them. 

In this attempt to emphasize the need for more attention 
to the applications of mathematics, it is hardly necessary for 
me to deny a possible implication that the further study of the 
pure science is unprofitable. On the contrary, there seems to 
be more need for it than ever. But I believe that this need 
demands studies which shall take directions more immediately 
helpful to other sciences, not only for their assistance but for 
the sake of the subject itself. We cannot leave such matters 
to the chances of the future; some definite effort is required 
to work towards a goal which has been neglected in the past. 
It demands, it is true, limitations on one’s freedom to follow 
attractive openings, it may require tedious and uninteresting 
developments, but these will not be deterrents to anyone who 
has previously attempted to advance knowledge without hope 
of external reward. Moreover, the natural bent of a nation 
which has been compelled by its environment to regard most 
of its affairs from a thoroughly practical point of view, gives 
promise of success. An incentive and the training once 
supplied, there seems to be no reason why a school of applied 
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mathematics of the first rank should not flourish on this 
continent. 

Finally, any discussion which has investigation as its theme 
is incomplete if it leaves out of consideration the events which 
are taking place among the older nations. Although as a 
body and as individuals we have perhaps been less affected 
than others engaged in intellectual pursuits, nevertheless, 
these events cannot fail now and more so in the future to modify 
—perhaps to change entirely—our outlook. While the need 
for scientific research has been emphasized and brought for- 
ward more strongly than ever before, and in this movement 
we hope to share, yet it is to be remembered that a practical 
end has been visible throughout. Little stress has been laid 
on its purely intellectual side and we, in common with others 
engaged in research in pure science, may fear neglect and 
increasing lack of support. For a time at least, the problems 
of reconstruction and adaptation to new conditions will 
demand of the older nations most of the time and energy 
which has in the past been allowed to run in less practical 
routes. It is true that here we are happily removed from the 
devastation which has overtaken Europe, but the lack of 
stimulus from abroad cannot fail to have its effect. We need 
at this time to take stock of the resources of ourselves and of 
our Society, both mental and physical, to find whether they 
are sufficient for what may come and more than all to conserve 
the heritage which we have received from the old world so 
that it may later be returned alive and productive. 

The possibility of great changes coming rapidly and with 
little warning must be faced. We cannot therefore be content 
to sit back and await events. The future of research in pure 
science is in danger as never before and the less practical the 
science the greater the danger. New economic and social 
forces are at work in every direction and may call many of us 
to activities which may stop temporarily and perhaps per- 
manently the work and thought which have in the past most 
fully occupied us. ‘Two generations of steady and continuous 
development have tended to make us settle in grooves of 
thought and habits of mind in which great upheavals have no 
place. ‘To such changes at least a proper mental attitude is 
necessary. Action may not be needed now but preparation 
for action is essential and the chances of the future should be in 
the mind of every individual if the right course is to be pursued 
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when the time for action comes. Even at the present moment 
we can no longer regard the Society merely as one to forward 
mathematical research in America; the wider interests of the 
subject have now to be considered, since we form the one 
large national organization devoted to research in mathematics 
which can continue its work unhindered by more pressing 
claims. In these wider interests our opportunities for service 
may come: the readiness and ability that we show in a realiza- 
tion and fulfilment of them will be the chief measure of our 
success in the past and promise for the future. 


YALE UNIVERSITY, 
New Haven, Conn. 


A THEOREM ON THE CURVES DESCRIBED BY A 
SPHERICAL PENDULUM. 


BY PROFESSOR ARNOLD EMCH. 


(Read before the American Mathematical Society, December 27, 1916.) 


1. In what follows I shall restrict myself to the case con- 
sidered by Greenhill,* in which the pendulum bob reaches 
(but does not go above) the horizontal plane of suspension 
with a non-vanishing horizontal velocity. 

When this assumption is made, there exists an interesting 
relation between the curve described by the bob and a certain 
quartic in space. It is the purpose of this note to establish 
this simple relation. 

2. Let 79 be the distance of the bob from the vertical axis 
when its horizontal projection crosses the z-axis; A + 27 
the horizontal angle between two consecutive positions in the 
plane of suspension; 4K the real period in the Jacobian elliptic 
functions appearing in the solution; » = ¢/2w ;, where w; is 
the real half-period in the Weierstrassian form, and ¢ the time; 
a, b, c (a > b>) the real roots of the cubic in the general 


solution; w= vV(2+ a®)/(2 — a2), where I is the radius of 


* Greenhill, Les Fonctions elliptiques et leurs Applications, chap. III. 
Appell, Traité de Mécanique rationnelle, t. 1, p. 494. Tannery et Molk, 
Eléments de la Théorie des Fonctions elliptiques, t. 4, p. 188. 

+ The statement by L. Lévy, on page 161 of his Fonctions elliptiques, 
that in this case x, y, z are doubly periodic functions of the time is not 
correct. 
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the sphere. As in this case ) = 0, we find, according to 
Tannery, loc. cit., the positive sense of the z-axis being down- 
ward: 


(1) 2 = ro[cos (A + m)v - en(2K0) 
— wsin (A+ wm)o- sn(2Kv)dn(2K0v)], 
(2) y = rosin (A + w)v - en(2K0) 


+ ucos (A + r)v- sn(2Kv)dn(2K0)], 
(8) 2 = acn*(2K0), 


for the coordinates of the bob in parametric form. 
From (1) and (2) it is easily seen that 


(4) xcos¢@ + y sin ¢ = 79 en(2Kv), 
(5) —xsingd+ ycos¢ = wrsn(2Kkv)dn(2k»), 


where ¢ = (4+ 7)v = (A+ 7/2wi)t is an angle pro- 
portional to the time. 
If we now put 


(6) eoeiren(2 kn); 
(7) y’ = prosn(2Kv)dn(2K0), 
(8) a =Vacn(2K»), 


it is seen that the locus of the points (2’, y’, 2’) is a quartic in 
space. For each of the functions sn(2K0), en(2Kv), dn(2Kv), 
has 7K’/2K and (tK’ + 2K)/2K as the only two poles within 
the period parallelogram, so that any linear combination 


eer OU yea eO 


is an elliptic function with four poles (counting multiplicities 
properly), and consequently four zeros within the period 
parallelogram. ‘The curve is therefore cut in four points by 
every plane and is a quartic. 

The coordinates of a point P(a, y, 2) of the pendulum curve 
and the corresponding point P’(2’, y’, 2’) of the quartic are 
connected by the formulas 


x’ =xcos¢d+ysing, 
(9) y’ = —asing+ y cos ¢, 


Bi eaan ate 
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Hence, as x, y, 2 are functions of the time, the point P’ is 
obtained by rotating the point P (in the negative sense) about 
the vertical axis (z-axis), through an angle which is pro- 
portional to the time ¢, with — [(4 + z)/2w,] as a propor- 
tionality factor. Hence the 

THEOREM: If the points P of the curve of a spherical pendulum 
motion, which just reaches the horizontal plane of suspension with 
a non-vanishing horizontal velocity component, are rotated in the 
negative sense about the vertical axis through angles proportional 
to the times (with a definite proportionality factor) associated 
with those points, the locus of the rotated positions of the P’s 1s a 
quartic wn space of the first kind. 


4. The elimination of v between (6) and (8) leads to the 
equation of the parabolic cylinder 


(10) ax” — rz’ = 0. 


It touches the plane of suspension along the y-axis, it is below 
this plane, and is symmetrical with respect to the yz-plane. 
The elimination of » between (7) and (8) gives the equation 


(11) @y” + wrek?(a — 2)? — wrea(a — 2) = 0, 


which represents an elliptical cylinder. It cuts the z-axis 
at a distance a below and at a distance a[(k? — 1)/k?] above 
the origin. The quartic is now obtained as the intersection 
of these two cylinders and consists of only one real branch. 
The horizontal projection of this curve is a plane quartic of 
deficiency 1, and with the equation 


(12) pha! + pre2(1 — 2h2)a” + roy” — prot(1 — k2) = 0. 


The infinite point of the y-axis is an isolated point which must 
be counted for two double points. 

The converse of the theorem is evidently also true, 1. e., 

There always exists a quartic of the first kind in space, such 
that the rotations of its points about the vertical axis through certain 
definite angles proportional to the tume, will lead to a given spher- 
ical pendulum curve, as specified above. 

UNIVERSITY OF ILLINOIS. 
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A THEOREM CONCERNING CONTINUOUS 
CURVES. 


BY PROFESSOR ROBERT L. MOORE, 


(Read before the American Mathematical Society, October 28, 1916.) 


In this paper I propose to show that every continuous curve 
has the simple property stated below in Theorem 1. Though 
my proof is worded for the case of a plane curve, it is clear 
that with a slight change in phraseology it would apply to a 
curve in a space of any number of dimensions. 


Lemma. Jf Si, Se, S3, --- ws a countable sequence of 
connected,* bounded point sets such that, for every n, S, contains 
Siait then the set of all points that are common to 81, S2, 83, ++: 
is closed and connected. 


For a proof of this lemma see my paper “‘ On the foundations 
of plane analysis situs,” Transactions of the American Mathe- 
matical Socrety, volume 17 (1916), page 137. Cf. also S. 
Janiszewski and E. Mazurkiewicz, Comptes Rendus, volume 
151 (1910), pages 199 and 297 respectively. 


THEOREM 1. Every two points of a continuous curve are 
the extrematies of at least one simple continuous arc that lies 
entirely on that curve. 


Proof. Suppose A and B are two points belonging to the 
continuous plane curve C. Hahn has shownt that the curve 
C is connected “‘im kleinen,”’ i. e., that if P is a point of C, eisa 
positive number and K isa circle, of radius 1/e, with center at P, 
then there exists, withm K and with center at P, another circle 
Kp such that if X is a point within K,,p, and belonging to C, 
then X and P lie together in some connected subset of C that lies 


entirely within K. Let K.pdenote the set of all points [Y] be- 
longing to C such that Y and P lie together in some connected 


subset of C that liesentirely within K. Clearly K.pcontainsK.,, 








* A set of points is said to be connected if, however it be divided into 
two mutually exclusive subsets, one of them contains a limit point of the 
other one. 

7 If S is a point set, S’ denotes the set of points composed of S together 
with all its limit points. 

t Hans Hahn, ‘Ueber die allgemeinste ebene Punktmenge, die stetiges 
Bild einer Strecke ist,’’ Jahresbericht der Deutschen Mathematiker-Vereini- 
gung, vol. 23 (1914), pp. 318-822. 
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and indeed if Z is any point of K,» then there exists about Z 
a circle such that every point of C within this circle belongs 


to K.p. Let e = 1 and for each point P of C construct the 


corresponding Kip. Let G, denote the set of all such Kip’s. 
I will proceed to show that there exists a simple chain* from 


A to B every link of which is a point set of the set G;. Suppose 
that no such simple chain exists. Then the points of C fall 
into two classes, S, and S, where S, is the set of all points 
[P], belonging to C, such that P can be joined to A by a 


simple chain every link of which belongs to the set G1, while 
S, 1s composed of all the remaining points of C. Since C is 
connected, one of the sets S, and S, contains a point X 
which is a limit point of the other one. ‘There exists a 
circle & with center at X such that every point of C that lies 


within & lies also in K,,  Butthe interior of k& contains a 
point A; belonging to S, and a point B, belonging to S, 
where A; is X or B, is X according as X belongs to S, or to 
S,. The point A can be joined to A; by a simple chain 
RiRR; +--+ Ry, every link of which is a point set of the set 
G;. Let R; be the first link of this chain that has a point in 
common with K,y Then R,R.R;--- RyKip is a simple 
chain from A to B, every link of which belongs to G;. Thus 
the supposition that A can not be joined to B by a simple 
chain every link of which is a point set belonging to G; leads 
to a contradiction. It follows that A can be joined to B 
by at least one such chain RyRip +++ Rim, Call this chain 
Cy. For each 7 (1 <7 < m) select a point P;; common to 
Ri; and Riss Let ite = A and Pig — B. If (0) a a he My 
then Pi; can be joined to Pi;:; by a simple chain Cy;41 each 
link of which is a K,p for some point P of C and some r 2 2 
and lies with all its limit points entirely in Ry. If 
any link of the chain Ci, except the last one, has a 
point in common with any link of C., then omit from 
Ci every link that follows 7, where 7’ is the first link of Cy 
that has a point in common with a link of Cy; also omit 





* A simple chain from A to B is a finite sequence of point sets Ri, Re, 
R;, «++ R,» such that (1) R; contains A if and only if~ = 1, (2) R; contains 
B if and only if 7 = n, (8) if lStisn, 1Sj=n, 1 <j, then &; hase 
point in common with FR; if and only if 7 =7+1. The point set Rk; 
(1 =k =n) is said to be the kth link of the chain RiR2R; --+ Ry and 
the chain Rik2R; --+ R, is said to join A to B. Cf. my paper “On the 
foundations of plane analysis situs,’ loc. cit., page 134. 
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from Cy every link (if there be any such) that precedes the 
last link that has a point in common with Jy. These 
omissions having been made, the remaining links of the 


chains Cy, and Ci, form a simple chain C,, from A to Py. 
In a similar manner it may be shown that there exists a 


simple chain C3 from A to P3 such that each link of O43 is a 


link of either Ci, or C13. This process may be continued. It 
follows that there exists a simple chain C, from A to B such 
that each link of C, is a link of some Cj; (1 <7 < m)). 
The chain C, has the property that each one of its 
links lies wholly in some single link of the chain C; and 
if a link x of Cy lies in a link y of C; then every link that follows 
x in C2 lies either in y or in some link that follows y in C4. 
Similarly there exists a chain C3 having a relation to C2 
analogous to the above indicated relation of C2 to C; and such 


that every link of C3 is a K,p for some point P of C and some 
r = 3. This process may be continued. Thus there exists 
an infinite sequence of simple chains C1, C2, C3, --+ such that 
(1) each link of the chain Cy, lies, together with all its limit 
points, wholly in some single link of C,; (2) if a link a of Cn41 
lies in a link y of C, then each link that follows x in Cn41 
lies either in y or in some link that follows y in C,,; (3) every 


link of C,,is a K,p for some point P of C and some r 2 n. 

Let S, denote the point set which is the sum of all the links 
of the chain C,. Let S denote the set of all the points that the 
sets S1, So, S3, --- have in common. It will be shown that S 
satisfies Lennes’ definition* of a simple continuous are from 
A to B. 

I. That S is closed and connected follows easily with the 
help of the lemma on page 233. That it is bounded is evident. 

II. To prove that S contains no connected proper subset that 
contains both A and B, let us first order the points of S. If X, 
and X are two distinct points of S, then there exists n such that 
ifr 2 nand P isapoint of S then X; and X2 donot both lie in 


K,». Butevery link of C,, is a K;p for some point P of C and 
somer 2 n. Hence for every two distinct points X; and X¢ be- 











* A simple continuous arc from A to B is a bounded, closed, connected 
set of points containing A and B but containing no connected proper subset 
that contains both A and B. See N. J. Lennes, ‘‘Curves in non-metrical 
analysis situs with an application in the calculus of variations,’’ American 
Journal of Mathematics, vol. 33 (1911), p. 308, and this BULLETIN, vol. 
12 (1906), p. 284. 
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longing to C there exists n such that X, and X2 do not belong 
to the same link of C,. Furthermore it is clear that if X, 
and X» do not lie in the same link of C, but X;, lies in a link 
of C, that precedes one in which Xe lies, then, if m> n, 
every link of C,, that contains X, precedes every link of C, 
that contains X2. The point X, is said to precede the point 
Xo (Xi < Xe) if there exists n such that every link of C, 
that contains X; precedes every link of C, that contains X»2. 
From facts observed above it follows that if X; and X» are 
distinct points of C then either X; < X2 or Xe < X;; while 
if X; < X, then it is not true that X2.< X,. Furthermore 
if X¥,< Xo and X_.< X3 then X,< X3. For there exist 
nm, and m2 such that n; and ne do not lie in the same link of 
C,, and X» and X;3 do not lie in the same link of C,,. Hence 
every link of Cn,+n, that contains X, precedes every link of 
Cn tn, that contains X2 and every link of Cy,4n, that contains 
X2 precedes every one that contains X3. Hence every one 
that contains X, precedes every one that contains X3. ‘There- 
fore X; < Xz. 

Suppose now that H is a proper subset of S that contains 
both A and B. Then there exists a point P belonging to S, 
but different from A and from B, such that H is a subset of 
S—P. Now S— P=8,+ 8, where S, is the set of all 
points of S that precede P and S, is the set of all points of S 
that follow P. It is clear that S, contains A and S, contains 
B. Suppose that P, is a point of S,. Then there exists n 
such that every link of C, that contains P, precedes every 
one that contains P. Suppose that some link y of the chain 
C, contains P, and also a point P, of the set S,. Since y 
precedes every link of C, that contains P, it follows that P, 
precedes P, which is contrary to hypothesis. Hence no link 
of C, that contains P, contains any point of S . But some 
link 1 of C, does contain P,. There exists, about P,, a circle 
t such that every point of C that lies within ¢ is a point of J. 
It follows that there is no point of S, within the circle ft. 
Therefore P, is not a limit point of S,. Similarly no point 
of S, is a limit point of S,. But H contains a point A that 
belongs to S, and a point B that belongs to S,. Moreover 
H isa subset of S, + S,. It follows that H is not connected. 

It follows that S is a simple continuous are from A to B. 
But clearly S is a subset of C. The truth of Theorem 1 is 
therefore established. 


THe UNIVERSITY OF PENNSYLVANIA. 
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A NOTE ON DISCONTINUOUS SOLUTIONS IN THE 
CALCULUS OF VARIATIONS. 


BY DR. PAUL R. RIDER. 


(Read before the Southwestern Section of the American Mathematical 
Society, December 2, 1916.) 


Ir is the object of this note to give the corner conditions 
and the forms of the Carathéodory Q-function for Bliss’s 
form of the simplest problem of the calculus of variations, 
and for an analogous form of the problem in space. 

For the purpose of orientation and of introducing notation, 
a brief résumé of a part of the theory of discontinuous solutions 
as treated by Bolza* is given here. 

1. If at a point Po(f) of a curve « = x(t), y= y(t) that 
minimizes or maximizes the definite integral 


{ Flat), y(t), 2'(@), y’(t)\dt 


the curve possesses a corner, the corner conditions 
F,’|*° = F,'| +9, Fy’ 


must be satisfied. 

Let PiPoP2 be an extremal (that is, a minimizing or maxi- 
mizing curve) having a corner at Po, the corner conditions 
being satisfied. Suppose that the continuity and other 
conditions usually imposed in the calculus of variations hold 
for the arcs PiPo, PoP. and for the family of extremals 


«= (t,a), y= vt, a), 


which contain the extremal arc Ey) = PP» for a= ao. Des- 
ignate by 7) and 7 respectively the angles that the positive 
tangents to the arcs PP») and PoP. at the point Py make 
with the positive a-axis. ‘Then, if it is desired to find on Ky, a 
neighboring extremal to Eo, a point P(t) and a direction 7 
such that 7 and 7 (7 is the positive direction of E, at P) 
satisfy the corner conditions, it is necessary to solve for ¢ 
and 7 the equations 

(1) Eh Let =U, fy — Fy = 0, 





-0 — Fy | to+0 


* Bolza, Vorlesungen tiber Variationsrechnung, Chapter 8. 
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in which the arguments of _F,', Fy are ot, a), WG, a), 
cos T(¢, a), sin 7(t, a), and of F,’, Fy’ are f(t, a), W(t, a), cos 7, 
sin 7. ‘The functional determinant of (1) with respect to ¢, 
7 at the point Po has the value 


qa” + y”Fy(to) %, 

where 2 = F, cos 7+ F, sin + — F,cos tT — Fysin 7, and 
where the F;-function* has the arguments 2, yo, COS T, Sin T. 
The subscript on the Q-function denotes that the arguments 
o, W, T, T, Wherever they occur in it, have the values 29, Yo, 
To, To respectively. Since a usual assumption is that Fy + 0 
along an extremal, it follows that if Qo + 0 equations (1) can 
be solved uniquely for ¢ and 7 and the solution t = ¢(a), 
Tt = 7(a) will be continuous in the vicinity of a = ap and will 
satisfy the initial conditions t(ao) = to, T(@o) = To. 

Thus can be obtained a broken extremal H, + HE, = PiPP2 
with a corner at the point P. If a is allowed to vary, a family 
of such extremals is obtained, and the point P describes a 
so-called corner curve whose parameter is a. 

2. The extension of this theory to the case in which the 
integrand of the definite integral is a function of three vari- 
ables and their derivatives is perfectly obvious and is readily 
accomplished, but it may be worth while to give it here. 

For this case there are four equations 


F,,—F,=0, F,—F,y=0, F.— Fv =0, 

cos? a + cos? B + cos? y — 1 = 0, 
the arguments of F,’, Fy’, Fz’ being ¢(t, u, v), YE, u, ), 
x(t, u, v), cos a(t, u, v), cos BU, u, 2), cos y(¢, u, v), and those 
of F,’, Fy’, Fz" being (ft, u, v), Wt, u, v), x(t, u, v), cos @, cos B, 
cos y. Ata point Po(¢o) the value of the functional determi- 
nant of the equations with respect to ¢, a, B, y is found to be 


(2) 


onl” = y” + 2” sin ap sin Bo sin Yo F (to) Qo, 
where 


2 = F,,cos a+ F, cos 8 + F, cos y 
— F, cos a — F, cos B — F; cos 7. 


_ * For definition see Bolza, loc. cit., p. 196. 
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The F,-function* has the arguments 29, Yo, 20, COS ao, COS Bo, 
cos Yo. If the usual assumption that it is different from 
zero along an extremal is made, it follows that if sin ap sin Bo 
sin Yo + 0, that is, if the extremal are PoP, does not have an 
initial direction which is parallel to one of the three axes, 
and if Qo + 0, then the system (2) can be solved uniquely for 
t, a, B, y in terms of u,v. A family of broken extremals can 
be determined as before, and the point P varies on a corner 
surface whose parameters are 1, 2. 

3. For Bliss’s form of the problemj{ the integral has the 
form 


[te wy dye + fas, 
h 


where t = arc tan y’/z’. By the methods ordinarily employed 
the corner conditions that must be satisfied at a point P are 
found to be 


fcost—f, sintr —fcost+f, sint = 0, 
fsinne+f,cos7 —fsint —f, cos7 = 0. 


In these equations the parameter ¢, of the arguments of f, 
fi» f,f-, has been replaced by s, the length of arc. _ 
Their functional determinant with respect to s, 7 1s 


fiw, 


where 
fi=ftfa w=fecost+fy sin t—f,cos T— fy sin 7. 


Since here also f; + 0, the properties of w are identical with 
those of the corresponding function in the Weierstrass form of 
the problem. 

4. In a paper entitled “‘ The space problem of the calculus 
of variations in terms of angle,” to be published in the American 
Journal of Mathematics, I have considered an integral of the 
form 


f ’ es Ts Be a yl” +. 2"dt, 
ty 


*For definition see Bliss and Mason, ‘‘The properties of curves in 
space which minimize a definite integral,’ Transactions Amer. Math. 
Society, vol. 9 (1908), p. 442. 

+See Bliss, ‘‘A new form of the simplest problem of the calculus of 
variations,” J'’ransactions Amer. Math. Society, vol. 8 (1907), pp. 405-414. 
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7 and oa being defined by the relations 


/ 

















ee ae 5) COS o COS T, 
Ree yy? gl” 
/ 

J = cos o sin 7, 
Nee aa 3!” 

2! : 

= Silla 

af? + yr 3? 


Geometrically o is defined as the angle that the positive tangent 
to a curve makes with its projection in the xy-plane, and 7 is the 
angle that this projection makes with the positive x-axis. 
The corner conditions that must be satisfied by the extremals 
of such an integral are 








f cosa cost — f, yy, sin o COS T 

— F cos G cos 7 +f, - INT 4 F sing cos 7 = 0, 
fcososint +f, ee sin o sin T 

—fcososint —f, OST 4 Fj, sing sin7 =0, 


fsino+f, cosa —fsinao —f, coso = 0. 


Here again ¢ has been replaced by s. 
A somewhat lengthy piece of reckoning gives as the func- 
tional determinant of this system, with respect to s, 7, ¢, 


uns 
cos a” 
where 
fi = (f co’? o —f, sno cosa + f,,)(f + fo) 


ore tf, tan o Bee Pele: 
w = f,cosa cost +f, coso sint +f, sin o 
— f, cosa cost — fy cosa sint —f, sing. 


If we make the usual assumption f; + O (we assume also that 
cos ¢ + 0), the w-function has the same properties as the cor- 
responding function in three-dimensional space. 


WASHINGTON UNIVERSITY, 
Saint Louis, Mo. 
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THEORY OF THE TOP. 


Advisory Committee for Aeronautics. Reports and Memoranda, 
No. 146. Report on Gyroscopic Theory. By Str G. GREEN- 
HILL. Darling and Son, and T. Fisher Unwin, London, 
1914. Folio. wi+277 pp.+49 figs. Boards. Price 10s. 


The British Advisory Committee for Aeronautics has 
printed, or rather, until the war, had printed annual reports 
which are the prime sources for information regarding the 
development of the theory and practice of aeroplane design. 
Unfortunately they no longer divulge their findings. The 
Committee has also published other reports bearing less di- 
rectly upon aeronautical problems, but yet advantageous in 
the more recondite parts of the theory. Of these supple- 
mentary publications, Greenhill’s report on gyroscopic theory 
deserves particular attention of the student of mathematics 
and mechanics, and cannot forever be neglected by the prac- 
tical engineer, so important are many instances of gyroscopic 
action becoming. 

We are indeed fortunate that the Committee got Greenhill to 
prepare the report. His long-continued investigations on the 
top have made him a world-recognized authority on the 
subject. The fact that we have available for study the great 
work of Klein and Sommerfeld on the same subject does not 
in the slightest detract from the value of the present work. 
The merest glance will convince any reader that the two 
treatises are conceived in very different ways and that they 
rather supplement than overlap one another. Besides Green- 
hill’s is decidedly shorter and more concerned with apparatus. 
It will be of more interest to the student of mechanics and 
engineering, though of less to the student of the theory of 
functions of a complex variable. And here we might remark 
that a beautiful theory and a practical analysis susceptible 
to ready calculation are unfortunately not always to be 
combined. The theta function is a thing of beauty, but I 
have always found the solution of the problem of the motion 
of the top by theta functions with complex arguments anything 
but satisfactory from the point of view of calculation. Perhaps 
after all Legendre knew what he was about when he introduced 
his third elliptic integral,—at any rate we judge that Greenhill 
thinks so. 


242 THEORY OF THE TOP. [Feb., 


There is a good deal of Greenhillian elliptic analysis in the 
report, and this may discourage a great many persons; but I 
desire particularly to emphasize the fact that there is also a 
great deal of the text which is practically free from elliptic 
integrals and functions, and which is almost arithmetic and 
algebraic in its simplicity and directness. The first chapter 
is on steady gyroscopic motion. Here we have 27 pages that 
anybody can read. ‘This discussion abounds in the geometric 
and mechanical illustration for which the author is known. 
The distinction between strong and weak tops is brought out. 
The effect of the moving rotating parts of the Gnome engine 
upon the steering of an aeroplane is shown, also the similar 
phenomenon in the automobile. Other problems considered 
are: precession of the equinox, Serson-Fleurias gyroscopic 
horizon, how to roll a hoop, gyroscopic effect in wheeled 
carriages and in paddle or screw steamers, stability of an 
elongated body in a medium (airship or projectile or submarine 
boat). There is an appendix on general dynamical theory. 
Naturally, if one is to make this work simple he must concen- 
trate his attention on the vector angular momentum; there 
is no other way, and the use of this vector is as easy as it is 
important. Greenhill’s first chapter would be valuable for 
its emphasis on the angular momentum vector even if it con- 
tained nothing else of value. 

The second chapter is on gyroscopic applications. ‘The 
simple style of the first chapter is continued. We find treated: 
the Schlick sea gyroscope, the monorail carriage, the Bessemer 
saloon, with some mention of steering torpedoes. ‘There is 
also a section on the theory of oscillation, free, damped, and 
forced, and an appendix on dynamical units. In both these 
chapters, as throughout the book, numerous references to the 
literature are given—to all sorts of literature, not merely to the 
mathematical. 

Chapter III is on the general unsteady motion of the top. 
The integration rapidly leads to elliptic analysis. The author 
gives a summary of many ways of treating elliptic integrals and 
functions. By the mathematician this chapter may be added 
to the existing tables of formulas. There are, however, 
other points of interest: the discussion of nearly steady motion, 
Kirchoff’s kinetic analogue of the twisted elastica, the whirling 
chain, and Clifford’s vector treatment of the top. The fourth 
chapter is largely analytical geometry—Darboux’s deformable 
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hyperboloid, Poinsot motion, curvature and inflexion of the 
herpolhode, curvature of the polhode, and the like. Chapters 
V and VI are respectively given to the algebraic cases of top 
motion, and to numerical illustrations and diagrams. ‘This is 
the ellipsotomic problem. The cases discussed are: bisection 
of a period, trisection, quinquesection, seven, nine, and eleven 
section. Various improvements on the author’s work in the 
Annals of Mathematics are given. ‘The analysis will interest 
the mathematician, the figures will illustrate to anybody a 
number of cases of motion of the top. The applications are: 
nutation of the earth’s axis, free Eulerian precession and 
variation of latitude, lunar nutation, and gyroscopic motion 
of the moon’s node. In Chapter VII under the caption, the 
spherical pendulum, the author treats steady motion and small 
nutation, and the plane revolving catenary. 

With the eighth chapter we come to motion referred to moy- 
ing origin and axes, and the problems of the motion of a pendu- 
lum body and gyroscope about an axle on a whirling arm, of the 
sphere containing a flywheel and rolling on a table, of the 
modification of Poinsot motion when the body contains a 
flywheel spinning on an axle fixed in the body, of the expanding 
or contracting body, of Kelvin’s liquid gyrostat, and finally 
of the motion of a solid, perforated or not, in an infinite liquid. 
A knowledge of elliptic functions is not particularly important 
for the reader of this chapter. In the following ninth and 
closing chapter Greenhill takes up dynamical problems of 
steady motion and small oscillations: general motion of a body 
rolling on a table with attention to steady motion and small 
oscillations, motion of a body sliding on a smooth table, the 
single track gyroscopic car, the gyrocompass, Gilbert’s baro- 
gyroscope, the gyrostatic chain, Kelvin’s flexible wire sus- 
pension, the gyroscopic pendulum with wire suspension, the 
stability of a revolving shaft, and the motion of a body with 
altazimuth suspension. In many of these problems elliptic 
functions are not mentioned. 

It will be seen that the text divides itself naturally into two 
major parts. Chapters I, II, VIII, and 1X deal with practical 
physical and engineering problems in a practical and on the 
whole in an elementary way without the use of elliptic func- 
tions. ‘There are some sections of the other chapters, III to 
VII inclusive, which are also elementary, but as a whole these 
chapters are valuable chiefly to a reader who is not afraid of 
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detailed elliptic analysis. This twofold nature of the work is 
desirable, especially when the division is as clean cut as here, 
because each type of reader can find and use the part of the 
book he most needs and at the same time he can gain a glimpse, 
if‘not an appreciation, of the sort of work on the same problem 
which interests the other type of reader. 
k The forty-nine carefully executed figures are collocated 
upon large plates at the end of the book. For some of the 
illustrations this arrangement is satisfactory, but others of 
them should have been placed at the appropriate places in 
the text for the readers’ ease in following demonstrations. 
The typography of the work seems excellent. We have now 
in}English a great reference book on the top, a worthy com- 
panion and counterpart to that of Klein and Sommerfeld in 
German, one decidedly more compact and cheaper in price. 
EpwIn BIDWELL WILSON. 
MAssACHUSETTS INSTITUTE OF TECHNOLOGY. 


NOTES. 


THE second annual meeting of the Mathematical Association 
of America was held at Columbia University, Thursday to 
Saturday, December 28-30, 1916. Thursday afternoon was 
devoted to a joint session with the American Mathematical 
Society, the American Astronomical Society, and Section A 
of the American Association for the Advancement of Science, 
and Thursday evening to a joint dinner of the four organiza- 
tions. The programme of the Association included addresses 
by Fiortan Casort: “ Discussion of fluxions from Berkeley 
to Woodhouse’’; M. W. Hasxeu: “ University courses in 
mathematics intended for teachers of secondary mathematics” ; 
T. H. Gronwa tu: “A nucleus for a mathematical library ”; 
E. B, Witson: *‘The mathematics of aerodynamics.” On 
Friday there was an exhibition of portraits and medals of 
mathematicians from the collection of David Eugene Smith, 
the presentation and discussion of the report of the library 
committee, and a business meeting including the election of 
the following officers: President: FLORIAN CaJORI; vice- 
presidents: D. N. Leamer and OswaLp VEBLEN; secretary- 
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treasurer: W. D. Carrns; members of the council: E. R. Hep- 
rick, E. V. HuntinaTon, HELEN A. MeErRRIL1, R. E. Moritz, 
D. E. Smiru. 


At the meeting of the Edinburgh mathematical society on 
December 8 the following papers were read: By L. R. Forp: 
“On a class of continued fractions’; by E. T. WurtraKker: 
“On certain determinants of Cayley and Sylvester”; by E. M. 
HorsspurGu: “ An addition to the slide rule.” 


THE opening (January) number of volume 89 of the American 
Journal of Mathematics contains the following papers: ‘‘ Linear 
difference and differential equations,” by TomMLINson Fort ; 
“Some singularities of a contact transformation,” by W. Y. 
Lovirt ; “Oscillations near an isosceles-triangle solution of 
the problem of three bodies as the finite masses become un- 
equal,” by DanreL Bucuanan ; “The finite groups of bira- 
tional transformations of a net of cubics,” by L. C. Cox; 
“On the determination of a certain class of surfaces,” by A. E. 
Youne; “On orthoptic and isoptic loci,” by Harotp HitTon 
and R. E. Cotoms ; “‘A new canonical form for systems of 
partial differential equations,’ by L. B. RoBrnson. 


THe December number (series 2, volume 18, number 2) of 
the Annals of Mathematics contains the following papers: 


“The numerical factors of the arithmetic forms [[ (1 + 7),” 
peal 


by T. A. Prerce; “A problem in geometry connected with 
the analytic continuation of a power series,” by T. H. Gron- 
WALL ; “On the power series for log (1 + z),” by T. H. Gron- 
WALL; ‘On the convergence of Binet’s factorial series for 
log I'(s) and V(s),” by T. H. GRonwA.t ; ‘‘ Note on Cauchy’s 
integral formula,” by J. L. Watsu; ‘On the rational, inte- 
gral invariants of nilpotent algebras,” by O. C. Hazuert ; 
“On trigonometric series,” by W. L. Harr. 


JOHN WILEY and Sons announce the publication of volumes 
on Elliptic Integrals by Harris Hancock and Differential 
and Integral Calculus by H. B. Puruuipes. 


Proressors PAu PAINLEv#, of the University of Paris, and 
Vito VOLTERRA, of the University of Rome, have been elected 
honorary members of the Royal Institution, of London. 
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PROFESSOR TOMLINSON Fort, of the University of Michigan, 
has been appointed head professor of mathematics in the 
University of Alabama. 


Mr. E. J. OatEessy, of the University of Virginia, has been 
appointed professor of mathematics in William and Mary 
College. 


Dr. P. H. Linenan has been promoted to an assistant profes- 
sorship of mathematics at the College of the City of New York. 


Mr. J. K. Wurrremore has been appointed instructor in 
mathematics in the Sheffield Scientific School. 


Mr. J. A. Buntarp and Mr. C. E. Norwoop have been 
appointed instructors in mathematics in the U. S. Naval 
Academy. 


CHARLES SMITH, master of Sidney Sussex College and author 
of well-known textbooks on algebra and analytic geometry, 
died November 138, at the age of seventy-two years. 


Proressor H. A. SAYRE, of the University of Alabama, died 
December 2. Professor Sayre had been a member of the 
American Mathematical Society since 1891. 


CHARLES A. PiTKIN, professor of mathematics and physics 
at Thayer Academy, South Braintree, Mass., since its opening 
in 1877, died November 5, aged sixty-three years. 


Book CATALOGUES:—Henry Sotheran and Company, 140 
Strand, London, catalogue 766, exact sciences, about 1800 
titles.—John Wheldon and Company, 38 Great Queen Street, 
London, scientific transactions and periodicals, 800 titles. 
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NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


Bouzano (B.). Werke herausgegeben von A. Hofler. I. Wissenschafts- 
lehre in 4 Binden. Band 1: Versuch einer ausfiihrlichen und grdéss- 
ten Theils neuen Darstellung der Logik mit steter Riicksicht auf 
deren bisherige Bearbeiter. Mit einer Vorrede des J. C. A. Heinroth. 
Erster Band, Sulzbach, 1837. Leipzig, F. Meiner, 1914. 8vo. 
16+571 pp. Geb. M. 14.00 


Cavatcantr (A.). Mathématique ou logique. Essai d’un cours philo- 
sophique de calcul arithmétique d’aprés Auguste Comte. Traduction 
francaise par Auguste de Aranjo Gongalves. Paris, Blanchard, 1916. 
8vo. 25-+827 pp. Fr, 14.00 


ComrTs (A.). See Cavancantt (A.). 
Darpovux (G.). See Porncarsé (H.). 
GongaLvss (A. DE A.). See Cavaucanti (A.). 
Hatstep (G. B.). See LopatscHevski (N.). 
Hernrots (J. C. A.). See Bouzano (B.). 
H6ruer (A.). See Bouzano (B.). 


eHoxsa (S.). Eine neue Bahn in das Reich der Algebra. Forschungen und 
Gedanken eines Unberufenen. Algebraische Lésung des Casus irre- 
ducibilis, der Gleichung 5. Grades und des Fermat’schen Problems. 
Budapest, Kommissionsverlag Ludwig K6kai, 1915. 64 ee vo. 

. 2.50 


Knosuaucu (J.). See Wrererstrass (K.). 


Korner (K.). Die Mathematik im Preussischen Lehrerbildungswesen. 
(Abhandlungen iiber den mathematischen Unterricht in Deutschland 
veranlasst durch die internationale mathematische Unterrichtskom- 
mission, Band 5, Heft 7.) Leipzig, Teubner, 1916. 1386 pp. M. 1.60 


LEBON (E.). See Porncar& (H.). 

Lewy (H.). Ueber die apriorischen Elemente der Erkenntnis. I: Die 
Stufen der reinen Anschauung. Erkenntnistheoretische Untersuch- 
ungen iiber den Raum und die geometrischen Gestalten. Leipzig, 
F. Meiner, 1914. 9+204 pp. 8vo. M. 6.00 


LintzMANN (W.). Die Ausbildung der Mathematiklehrer an den héheren 
Schulen Deutschlands. (Berichte und Mitteilungen veranlasst durch 
die internationale mathematische Unterrichtskommission. Erste 
Folge, XI.) Leipzig, Teubner, 1915. 14 pp. 


LoBATSCHEVSKI (N.). Geometrical researches on the theory of parallels. 
Translated from the original by G. B. Halsted. New edition. Chi- 
cago, Open Court, 1914. $1.25 


Macaunay (F. 8.). The algebraic theory of modular systems. (Cam- 
bridge Tracts in Mathematics and Mathematical Physics, No. 19.) 
Cambridge, University Press, 1916. 4s. 6d. 


Macmanon (P. A.). Combinatory analysis. Volume 2: a ae Ne 
* University Press, 1916. Royal 8vo. 340 pp. 
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Noruunp (N. E.). See Porncarf (H.). 


Porncark& (H.). Oeuvres publiées par G. Darboux. Tome 2 publié avec 
‘ Ja collaboration de N. E. Nérlund et de E. Lebon. Paris, Gauthier- 
Villars, 1916. 4to. 77-+628 pp. Fr. 35.00 


RIEBESELL (P.). Die mathematischen Grundlagen der Variations- und 
Vererbungslehre. (Mathematische Bibliothek, Nr. 24.) Leipzig, 
Teubner, 1916. 8vo. 45 pp. M. 0.80 


RortuHeE (R.). See Weierstrass (K.). 


WEIERSTRASS (K.). Mathematische V erke herausgegeben unter Mit- 
wirkung einer von den kéniglichen Preussischen Akademie der Wissen- 
schaften eingesetzten Kommission. Band 5: Vorlesungen iiber die 
Theorie der elliptischen Functionen. Bearbeitet von J. Knoblauch. 
Band 6: Vorlesungen tiber Anwendungen der elliptischen Functionen. 
Bearbeitet von R. Rothe. Mit einem Bildnis von Weierstrass. 
Berlin, Mayer und Miiller, 1915. 8+827+9+354 pp. 4to. 


II ELEMENTARY MATHEMATICS. 
Baver (W.) und HANXLEDEN (E.v.). Oberstufe der Arithmetik. Braun- 


schweig, Vieweg, 1913. 8vo. 8+208 pp. Geb. M. 3.60 
—. Unterstufe der Arithmetik. Braunschweig, Vieweg, 1913. 8vo. 
10+271 pp. Geb. M. 4.00 


BRENKE (W.C.). See Lone (E.), 


BUTzBERGER (F’.). Lehrbuch der ebenen Trigonometrie mit vielen Aufgaben 
und Anwendungen. Ziirich, O. Fiissli, 1916. 8vo. 98pp. Fr. 2.00 


——. Lehrbuch der Stereometrie. Ziirich, O. Fiissli, 1916. 8vo. 119 
pp. 


CRATHORNE (A. R.). See Rrerz (H. L.). 
HANXLEDEN (E. v.). See Bauer (W.). 


Hepstr6 (J.S.) och Renpat (C.). Algebra for gymnasiet. Stockholm, 
A. Bonnier, 1915. 8vo. 245 pp. 


JACKSON (L. L.). See Youne (J. W. A.). 


Lone (E.) and Brenxr (W. C.), Plane geometry. (Correlated mathe- 
matics for secondary schools, Part 2.) New York, Century Company, 
1916. 12mo. 8+276 pp. Cloth. $1.00 


RENDAL (C.). See Hepstrém (J. §.). 


Rietz (H. L.), CratHorne (A. R.) and Taytor (E. H.). School algebra. 
(American Mathematical Series.) Complete in ong volume. New 
York, Holt, 1916. 8vo. 15+506 pp. $1.25 


Taytor (E. H.). See Rrerz (H. L.). 


TrriparD (L.). Les mathématiques aprés l’école primaire. Paris, Dunod 
et Pinat, 1916. 12mo. 3876 pp. Cartonné. Fr. 5.00 


Youne (J. W. A.) and Jackson (L. L.). A plane geometry. (Twentieth 
Century Text.) New York, Appleton, 1913. 
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JOHNSON (J. B.), Bryan (C. W.) and Turneavre (F. E.). The theory 
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edition, rewritten by F. E. Turneaure and W. 8S. Kinne. New York, 
Wiley, 1916. 12+486 pp. Cloth. $4.00 


KINNE (W.S.). See JoHNnson (J. B.). 
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projektion des Erdellipsoids auf die Kugel und die Ebene. Leipzig, 
Teubner, 1914. 43 pp. 4to. M. 3.00 


LANCHESTER (F. W.). Le vol aérien. Aérodonétique. Traduit de 
Vanglais sur la deuxiéme édition par C. Benoit. Paris, Gauthier- 


Villars, 1916. Svo. 17+478 pp. Fr. 14.00 
MELAN (J.) and Steinman (D.B.). Plane and reinforced concrete arches. 
New York, Wiley, 1915. 10+161 pp. Cloth. $2.00 


Merriman (M.). American civil engineers’ pocket book. Edited by M. 
Merriman and sixteen associate editors. 3d edition, revised and en- 
larged. New York, Wiley, 1916. 1600 pp. Leather. $5.00 


Mouton (F. R.). An introduction to astronomy. Revised edition. 
New York, Macmillan, 1916. Cr. 8vo. 568 pp. $2.25 


Puitie (G.). Planisphere showing the principal stars visible for every 
hour in the year. London, G. Philip and Son, 1916. 1s. 6d 


RouwuRBERG (A.). Theorie und Praxis des Rechenschiebers. (Mathe- 
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THE DECEMBER MEETING OF THE AMERICAN 
MATHEMATICAL SOCIETY AT CHICAGO. 


Tue thirty-eighth regular meeting of the Chicago Section, 
being the seventh regular meeting of the Society at Chicago, 
took place at the University of Chicago on Friday, December 
22. The meeting was attended by fifty-eight persons, a 
number only slightly below the usual total of attendance 
registrations. In view of the fact that the date of this meeting 
was very inconvenient, coming during the last days preceding 
Christmas, this nearly normal attendance may be looked upon 
as very encouraging. ‘The following forty-two members of 
the Society were present: 

Dr. Florence E. Allen, Professor F. Anderegg, Professor 
G. N. Bauer, Professor A. A. Bennett, Professor G. A. Bliss, 
Professor Henry Blumberg, Professor H. T. Burgess, Professor 
W. D. Cairns, Professor R. D. Carmichael, Mr. E. H. Clarke, 
Professor H. E. Cobb, Professor G. H. Cresse, Professor D. R. 
Curtiss, Dr. W. W. Denton, Professor L. E. Dickson, Professor 
L. W. Dowling, Professor Arnold Dresden, Professor Arnold 
Emch, Professor W. B. Ford, Professor A.S. Hathaway, Pro- 
fessor T. H. Hildebrandt, Mr. Glenn James, Professor A. M. 
Kenyon, Dr. W. W. Kiistermann, Professor Kurt Laves, 
Professor A. C. Lunn, Professor H. W. March, Professor 
William Marshall, Professor E. H. Moore, Professor C. C. 
Morris, Professor E. J. Moulton, Professor F. R. Moulton, 
Dr. J. R. Musselman, Miss I. M. Schottenfels, Dr. A. R. 
Schweitzer, Professor J. B. Shaw, Professor C. H. Sisam, 
Professor H. E. Slaught, Professor E. J. Townsend, Professor 
KE. B. Van Vleck, Professor E. J. Wilezynski, Professor J. W. A. 
Young. 

The chairman of the Section, Professor W. B. Ford, pre- 
sided at the two sessions. In the evening forty-seven mem- 
bers and friends dined together at the Quadrangle Club. 

Plans are being made for including in the programme of the 
spring meeting a symposium on the subject of “ The Le- 
besgue integral,’ to which an entire afternoon session is to 
be devoted. 


The following papers were presented at this meeting: 
(1) Dr. G. E. Wautin: “ The cubic equation in a p-adic 
domain.” 
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(2) Mr. Guenn James: “ Certain restrictions upon methods 
of summing divergent series.” 

(3) Dr. A. R. ScuweirzEr: “Some remarks concerning 
quasi-transitive functional equations.” 

(4) Professor H. T. Burasrss: “ Note on the solution of 
the matrix equation X1AX = N.” 

(5) Professor HENry BLumMBERG: “ Certain general prop- 
erties of functions.” 

(6) Professor A. S. HatHaway: “ Certain residue groups.” 

(7) Professor E. B. Van VuEcxk: “A proof of Haskins’ 
momental theorem.”’ 

(8) Professor G. A. Buss: “ A device applicable to the 
problems of Lagrange and Mayer in the calculus of vari- 
ations.”’ 

(9) Professor C. H. Sisam: “On the order of surfaces 
generated by systems of algebraic curves.” 

(10) Professor L. E. Dickson: “On the history of the 
theory of numbers (preliminary communication).”’ 

(11) Professor F. R. Moutron: ‘ An extended solution of 
differential equations.”’ 

(12) Professors G. N. BAvER and H. L. Stosin: “ A system 
of algebraic and transcendental equations.” 

(13) Professor A. A. BENNETT: “ Closed algebraic corre- 
spondences.”’ 

Dr. Wahlin’s paper was read by title. Abstracts, numbered 
to correspond to the titles in the list above, follow below. 


1. In this paper Dr. Wahlin makes a study of the general 
cubic equation for the domain of a rational prime p. He 
determines the conditions which the coefficients must satisfy 
in order that the cubic shall be irreducible or shall have one 
or three roots in k(p). The result is then used and the neces- 
sary extension made for the complete determination of the 
factorization of ~ in the cubic domain. 


2. Mr. James considers some of the necessary restrictions 
upon any method of summing series by the use of convergence 
factors, the assumption being made that the method satisfies 
“the conditions of consistency.” In particular he proves that 
the limit of the sum of the convergence factors is unity, pro- 
vided the method sums at least one convergent series, whose 
sum is not zero, to its ordinary sum and the limit of each of 
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the first K factors is zero. In the second part of his paper 
he shows that lim Za,%” cannot exist for a certain class of 


x—1 


oscillating series. 


3. Referring to a previous* paper, Dr. Schweitzer points 
out that it is possible to replace, in each theorem there given, 
all functional equations (in the hypothesis) but one by certain 
rational conditions on the M’s. In particular, in the cubic 
case, the theorem as stated by the author (1. c.) remains valid 
if one of the functional equations is dropped from the hypoth- 
esis. 

As subcategories of categories of functional equations 
previously} defined, the author defines (1) the quasi-transitive 
of degree (n + 1)(n = 1,2,3,---) andorderk,O< kSn+1, 
(2) the transitive of degree (n + 1) and orderk,O<k Sn+1. 
The degree is defined as the number of arguments of any one 
of the functions involved in the equation; the order is the 
degree less the number of variables eliminated. If the order 
equals the degree, the concepts “ quasi-transitive”’ and 
‘ transitive ”’ coalesce and one has as class subordinate to the 
resulting class the “iterative and non-eliminative”’ equa- 
tion, Examples: o{f(t; 2, 2x3), f(vi, t, 2s), f(a, 2%, 2b} 
= f(x1, 22, x3) is a transitivetequation of degree three and order 
two; Pif(ti, te, 3), f(ti, Xe, te), f(r, ti, to)} = fai, ®e, @3) IS a 
transitive equation of degree three and order one; f{f (21, 22, v3), 
f (xe, X3, X11), f(z, 21, X2)} = f (a1, Xe, x3) 1s an iterative equation 
of degree three and order three. 

The preceding classification of equations on the basis of 
order and degree necessarily involves the finiteness of the 
number of variables. It appears possible, however, to de- 
fine at least formally extensions of categories of functional 
equations previously defined by the author to equations of 
infinite degree. In particular, one can give formal definitions 
of transitive and quasi-transitive equations of infinite degree 
and order k where & is a positive integer. For example, 
p{ us, U2, **%*%, Uny eet a W(a1, U2, **%, Uns a), where 
Seen ie tiyels, «< -y tn, > <:)) (2 = 1, 2, «++) 1s of infinite 
degree and order 1. ‘The domain of validity of any of these 
formally defined equations is, of course, a matter of special 
investigation. 


* Cf. BULLETIN, vol. 23 (1916), pp. 16-73; 
+ Cf. BULLETIN, previous abstracts. 
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On the basis of the properties of an abstract field, one de- 
fines directly an abstract relation having n + 1 elements as 
arguments (n = 1, 2, ---) and whose functional interpretation 


is the equation f{w1, Ue, °+*, Ungi} = f (a1, Ve, +++, Xn-1), Where 
uz = flt, te, ---, ta, a7} @ = 1, 2, ---,n +1). In the latter 
relation + (24, U9 leases eats @ Sterns U2tntiy}> nN = 2, Uj2 
= fileas Xo); u1293) = fil, Ur3), Tit) Utogessn filties.--pn—1 


Uon), and fil fild, 2), fall, %1)} = fr(@1, %2). 


4. If A is any square matrix, there exists a similar matrix V 
which is of a well-known canonical form. In a paper in the 
Annals of Mathematics, September, 1916, Professor Burgess 
gave a practical method of determining the form of N for 
any given matrix A. In the present paper he gives a practical 
method for computing the matrix X such that X TAX = N. 

The existence of X is well known, but no direct method 
computing it is to be found in the literature. 


5. A résumé of Professor Blumberg’s paper is contained in 
the Proceedings of the National Academy of Sciences, November, 
1916. The paper will appear in full in the Annals of Mathe- 
matics. 


6. Mr. Hathaway groups the residues of a prime n = 6m 
+%+3 (€=1 or 2), so that =a, lj/a, > ie 
— 1/(1+a),— d+ a)/a, — a/(11+ a), make a group. There 
are m groups of six residues, one of three residues (1, — 2, 
— 4), and e of two residues, (0, — 1) and, when e = 2, (a, 
w= —1— a). 

The function y = (1 + «+ 2”)?/(a2 + 27)? is invariant for a 
group, and designating the values for the m-+ 1 groups by 
yr, r = 0,1, ---, m, in which ym = 27/4, the invariant of the 
group of three, the numbers of quadratic and non-quadratic 
residues y, are such that we may assign odd subscripts to the 
first, and even subscripts to the second. 

Taking a= 3(m—r) +e B=2r+1, A, = (2038)/n 
= T(a+ 6)/T(a+ 1)I(6 + 1), to define the functions, ¢(y) 
= 2Ay™", Fy) = ZpAy™™, Fily) = 26A-y™*/(6 + 1), the 
congruences F(y) = 0, Fi(y) = 0, 8y"*! — 3F,(y) = 0, mod. 
n, are completely resolvable in y, residues, the first in all ex- 
cept ¥,,, the second and third in quadratic and non-quadratie y’s 
respectively. 
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If the sum of three nth powers be divisible by n?, one of the 
powers, or the difference of the cubes of two of them, or the re- 
sultant of o(y) = 0, F(y) = 0 is divisible by n. 


7. Professor Van Vleck’s paper gives a proof of the follow- 
ing theorem of Haskins (Transactions, April, 1916): Let f(x) 
and ¢(x) be two functions which are integrable in the sense 
of Lebesgue over the interval (a, b) and have upper and 
lower bounds, 


LY SES ECA eS I Sere OSs Up 
then if 


[v@rda= [ e@rde @=1,2,3,--9, 


the measures of the sets of points Es(a, 8) and EK, (a, 8) for 
which f(x) and (x) lie between a and @ inclusive will be equal 
for all pairs of values (a, 8) included in the function range 
(h, H). Professor Van Vleck reduces this theorem to a special 
case of the problem of moments of Stieltjes and then estab- 
lishes it by this author’s results. 


8. A class of curves in space of n-+ 1 dimensions may be 
defined by the conditions that each curve of the class must 
satisfy a set of differential equations of the form 


Cucina, Unyis 2 tn) =O (a= 1,2,---,m<—n) 


and pass through two fixed points. The problem of Lagrange 
is to characterize a curve of the class which makes an integral 


Sf@: i) CO OL OR IPA Me 


a maximum or minimum. It is customary to assume that 
along the particular curve in question the determinant of the 
first m rows of the matrix ||d¢,/dy;,’|| (a = 1, ---,m;k = 1, 

-+, nm) 1s everywhere different from zero. This is an un- 
fortunately unsymmetric assumption, and it is the purpose 
of the paper of Professor Bliss to show that the details of the 
theory can be carried through if the matrix is only assumed to 
be of rank m at each point of the minimizing or maximizing 
curve. ‘The device used is the addition of n — m variables z, 
(r= m-+1,---,n), and n — m differential equations 





Pr(x; Wises? Ss Uirtiis od Yn) = &r (r =e Uae it ak) n), 
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such that the determinant |d9¢;/dy;’| (2, k = 1, ---, ) is every- 
where different from zero on the curve to be studied. The 
results are of course independent of the auxiliary equations 
and variables introduced. A similar method is applicable 
to the problem of Mayer. 


9. Professor Sisam’s paper discusses the relation between 
the order of the curves of a system of algebraic curves on an 
algebraic surface, the number of variable points common to 
two generic curves of the system, and the order of the surface. 
It determines a new sufficient condition that such a system of 
curves constitute a pencil. 


11. In general, the proofs of the existence of the solutions of 
differential equations establish their existence only in limited 
domains. In this paper Professor Moulton gives a practical 
method, related closely to that known as Picard’s method, for 
constructing the solutions so long as the independent and 
dependent variables remain in the region for which the differ- 
ential equations have certain specified properties. By suitable 
specialization, the process reduces to the Cauchy-Lipschitz 
method. The validity of the method of mechanical quadra- 
tures employed by astronomers and physicists is established. 
Finally, corresponding results are established for a certain 
type of an infinite system of differential equations in infinitely 
many variables. 


12. In the present paper Professors Bauer and Slobin study 
a system of three equations of the form 


(A) gi(2, y) ra 0, go(2, y) Se 0, Le, y) $78 0, 


where the ¢;’s are polynomials in x and y with algebraic coef- 
ficients, and where 7 (a, y) = 0 denotes an equation which, in 
general, is not satisfied if 2 and y are both algebraic numbers. 
As illustrations of equations of this type, may be mentioned 


Se ho ar 0, Oe sin = 0, gi(z, y) ac g2(x, y) tan g3(2, y) = 0. 
gr(a, yer” + v(x, y) = 0. 


The following are some of the theorems considered: 
1. The system A cannot have simultaneous solutions (ex- 
cepting possibly for the pairs of algebraic numbers, if any, 
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which satisfy T(a, y) =0). No curves represented by 
equations of the form g(a, y) =0, go(a, y) =O can 
intersect on the sine curve or the tangent curve excepting 
at the origin, nor on the exponential curve x = e¥ excepting 
in the point (1, 0). 

2. The system gi(x, y) + p@)ge(z, y) = 0, vs(a, y) = 9, 
ga(x, y) = 0 can have no simultaneous solutions except 
those, if any, which simultaneously satisfy ¢,; = 0, g = 0, 
¢3 = 0, o, = 0, where p(t) is a polynomial in ¢, a transcen- 
dental number. 

3. All the singularities of the curves represented by y(a, y) 
= 9,(7%, y) + teo(x, y) = 0 which require dY/dx = 0 and 
dw /dy = 0, lie upon g(a, y) = 0 and (a, y) = 0 if there are 
any at all. 

4. All singularities of g(a, y) + pifei(a, y) + --: 
+ pn(t)on(x, y) = 0 must lie upon each of the curves repre- 
sented by the equations 9 = 0, ¢, = 0, --+, ¢, = 0 where 
oi(t), @ = 1, +++, n), are polynomials in ¢, a transcendental 
number, the coefficients of the polynomials being algebraic 
numbers. 


13. In this paper, Professor Bennett examines by elementary 
methods the form of a closed algebraic correspondence upon 
an algebraic curve or Riemann surface. As a result of certain 
elementary properties of involutions, and the group properties 
of closed algebraic and finite systems of points, the relations 
between closed correspondences and variable inscribed plane 
configurations are described. A systematic method of securing 
fundamentally different generalizations of the closure problems 
arising in connection with Poncelet polygons is obtained. 

ARNOLD DRESDEN, 
Secretary of the Section. 


THE TWENTY-THIRD ANNUAL MEETING OF THE 
AMERICAN MATHEMATICAL SOCIETY. 


THE twenty-third annual meeting of the Society, which 
was held in New York City on Wednesday and Thursday, 
December 27—28, 1916, was in several respects an exceptional 
occasion. It took place in the midst of the convocation week 
series of meetings of the American association for the ad vance- 
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ment of science and its long train of affiliated societies; and 
was immediately followed by the second annual meeting of 
the newly organized Mathematical association of America, 
with which the Society has not only a large common member- 
ship but also a general community of interest highly beneficial 
to both. The annual meeting is always one of the largest of 
the year, being the season of the election of officers and other 
members of the Council and the transaction of important 
business. ‘This year it was especially marked by the delivery 
of the retiring address of President E. W. Brown, the subject 
of which was “The relations of mathematics to the natural 
sciences.” This was presented before a joint session of the 
Society with the Mathematical association, the Astronomical 
society of America, and Section A of the American association 
and was followed by the retiring address of Vice-President 
A. O. Leuschner of Section A, on “Derivation of orbits— 
theory and practice.” A joint dinner of the four organizations 
was held on Thursday evening at the Park Avenue Hotel, 
with an attendance of 143 members and friends. Much of 
the credit for the great success of the meetings is due to the 
joint committee on arrangements and to the programme com- 
mittees of the Mathematical association. 

Under all these favorable circumstances the attendance at 
the four sessions of the Society exceeded all previous records. 
It included the following 131 members and perhaps others 
whom the Secretary failed to identify in the multitude: 

Professor R. B. Allen, Professor R. C. Archibald, Professor 
C. H. Ashton, Professor Clara L. Bacon, Dr. Charlotte C. 
Barnum, Professor R. D. Beetle, Professor G. D. Birkhoff, 
Professor Joseph Bowden, Professor J. W. Bradshaw, Professor 
E. W. Brown, Dr. T. H. Brown, Professor Daniel Buchanan, 
Professor W. G. Bullard, Dr. R. W. Burgess, Professor W. D. 
Cairns, Professor Florian Cajori, Professor W. B. Carver, 
Professor A. B. Coble, Professor Abraham Cohen, Professor 
F. N. Cole, Professor J. L. Coolidge, Professor Elizabeth B. 
Cowley, Professor Louise D. Cummings, Professor C. H. Cur- 
rier, Professor T. W. Edmondson, Professor L. P. Eisenhart, 
Professor T. C. Esty, Professor G. C. Evans, Mr. G. W. Evans, 
Professor F. C. Ferry, Professor J. C. Fields, Professor H. B. 
Fine, Dr. C. A. Fischer, Professor T. S. Fiske, Professor T. M. 
Focke, Professor W. B. Ford, Professor A. S. Gale, Professor 
W. A. Garrison, Professor O. E. Glenn, Mr. T. E. Gravatt, 
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Dr. G. M. Green, Dr. T. H. Gronwall, Professor C. C. Grove, 
Professor H. V. Gummere, Dr. W. L. Hart, Dr. Mary G. 
Haseman, Professor M. W. Haskell, Professor H. E. Hawkes, 
Dr. Olive C. Hazlett, Professor E. R. Hedrick, Dr. A. A. 
Himwich, President C. S. Howe, Professor L. A. Howland, 
Professor L. S. Hulburt, Professor E. V. Huntington, Professor 
W. A. Hurwitz, Professor Dunham Jackson, Mr. S. A. Joffe, 
Professor Edward Kasner, Dr. E. A. T. Kircher, Dr. J. R. 
Kline, Mr. E. H. Koch, Jr., Professor J. K. Lamond, Mr. 
Harry Langman, Professor Florence P. Lewis, Professor G. H. 
Ling, Dr. Joseph Lipka, Professor W. R. Longley, Dr. J. V. 
McKelvey, Professor Emilie N. Martin, Professor Helen A. 
Merrill, Dr. Mansfield Merriman, Professor E. J. Miles, Dr. 
A. L. Miller, Professor Bessie I. Miller, Professor G. A. Miller, 
Professor H. B. Mitchell, Professor H. H. Mitchell, Professor 
R. L. Moore, Professor F. M. Morgan, Professor Frank Morley, 
Professor Richard Morris, Mr. G. W. Mullins, Professor G. D. 
Olds, Professor F. W. Owens, Mr. George Paaswell, Dr. 
Alexander Pell, Professor Anna J. Pell, Dr. G. A. Pfeiffer, 
Professor A. D. Pitcher, Professor J. M. Poor, Professor H. W. 
Reddick, Professor R. G. D. Richardson, Mr. J. F. Ritt, 
Professor E. D. Roe, Jr., Professor R. E. Root, Dr. J. T. Rorer, 
Professor D. A. Rothrock, Dr. Caroline E. Seely, Professor 
L. P. Siceloff, Professor Mary E. Sinclair, Professor H. E. 
Slaught, Professor Clara E. Smith, Professor D. E. Smith, 
Professor P. F. Smith, Professor Sarah E. Smith, Professor 
W. M. Smith, Professor Virgil Snyder, Professor Pauline 
Sperry, Dr. J. M. Stetson, Professor Henry Taber, Professor 
H. D. Thompson, Dr. J. I. Tracey, Professor C. B. Upton, 
Professor J. N. Van der Vries, Mr. H. S. Vandiver, Mr. C. E. 
Van Orstrand, Professor Oswald Veblen, Dr. J. H. Weaver, 
Mr. H. E. Webb, Professor A. G. Webster, Dr. Mary E. 
Wells, Professor H. S. White, Professor E. E. Whitford, Mr. 
J. IX. Whittemore, Professor A. H. Wilson, Professor E. B. 
Wilson, Professor Ruth G. Wood, President R. S. Woodward, 
Professor J. W. Young, Dr. Mabel M. Young. 

President Brown occupied the chair, being relieved by 
Vice-Presidents Hedrick and Snyder and by Professor Olds. 
The Council announced the election of the following persons 
to membership in the Society: Professor H. H. Conwell, 
University of Idaho; Mr. Robert Dysart, Boston, Mass.; 
Dr. Mary G. Haseman, Johns Hopkins University; Mr. J. B. 
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Scarborough, North Carolina Agricultural and Mechanical 
College; Mr. J. J. Tanzola, U.S. Naval Academy. ‘Ten appli- 
cations for membership in the Society were received. 

In response to an invitation received from the Department 
of Mathematics of the University of Chicago, it was decided 
to hold the summer meeting and colloquium of the Society at 
that university in 1919. A committee was appointed to 
arrange for the summer meeting of 1917. A committee was 
also appointed to proceed with the early publication of the 
Cambridge Colloquium Lectures; the volume will probably 
appear in the early summer. 

The total membership of the Society is now 732, including 
75 life members. The total attendance of members at all 
meetings, including sectional meetings, during the past year 
was 490; the number of papers read was 205. ‘The number of 
members attending at least one meeting during the year was 
278. At the annual meeting 235 votes were cast. ‘The 
Treasurer’s report shows a balance of $10,198.38, including the 
life membership fund of $6,039.87. Sales of the Society’s 
publications during the year amounted to $1,484.28. The 
Library now contains 5,377 volumes, excluding unbound dis- 
sertations. 

At the annual election, which closed on Thursday morning, 
the following officers and other members of the Council were 
chosen: 

President, Professor L. E. Dickson. 


Vice-Presidents, Professor A. B. CoBLe, 
Professor E. B. WILSON. 


Secretary, Professor F. N. Coe. 
Treasurer, Professor J. H. TANNER. 
Labrarian, Professor D. E. Smrru. 


Committee of Publication, 


Professor F. N. Coe, 
Professor VIRGIL SNYDER, 
Professor J. W. YOUNG. 


Members of the Council to Serve until December, 1919, 


Professor G. C. Evans, Professor L. A. Howianp, 
Professor G. H. Lina, Professor R. L. Moore. 
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The following papers were read at the annual meeting: 

(1) Professor J. E. Rowe: “The relation of singularities of 
the rational quintic in space to loci of the rational plane 
quintic.” 

(2) Dr. C. A. Fiscuer: “Linear functionals of n-spreads.” 

(3) Professor H. B. Mircuett: “ Geometrical limits for the 
imaginary roots of a polynomial with real coefficients.”’ 

(4) Professor ARNoLD Emcu: “A theorem on the curves 
described by a spherica! pendulum.” 

(5) Mr. J. K. Wurrremore: “Spiral minimal surfaces.” 

(6) Dr. J. R. Kiinr: “Concerning the complement of a 
countable infinities of point sets of a certain type.”’ 

(7) Professor L. L. Diners: “On projective transformations 
in function space.” 

(8) Professor C. C. Grove: ‘“ Foundation of the correlation 
coefficient.” 

(9) Professor O. EK. Guenn: “Preliminary report on in- 
variant systems belonging to domains.” 

(10) Dr. Norpert WIENER: “ Certain formal invariances in 
Boolean algebras.” 

(11) Professor L. P. Eisennart: “Theory of transformations 
T of conjugate systems.” 

(12) Professor E. V. Huntrnetron: “Complete existential 
theory of the postulates for serial order.”’ 

(13) Professor E. V. Huntineron: “Complete existential 
theory of the postulates for well ordered sets.”’ 

(14) Professor DanreEL BucHanan: “Orbits asymptotic to 
an isosceles-triangle solution of the problem of three bodies.”’ 

(15) Professor DanreL BucHANAN: “Asymptotic satellites 
about the straight-line equilibrium points.” 

(16) Professor DanreL BucHANAN: “Asymptotic satellites 
about the equilateral-triangle equilibrium points.” 

(17) Dr. G. M. Green: “Isothermal nets on a curved sur- 
face.”’ 

(18) Dr. A. L. Minier: “Systems of pencils of lines in 
ordinary space.” 

(19) Dr. W. L. Harr: “On an infinite system of ordinary 
differential equations.” 

(20) Dr. W. L. Hart: “Linear differential equations in in- 
finitely many variables.” 

(21) Professor E. V. Huntinaton: “A set of independent 
postulates for cyclic order.” 
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(22) Professor E. V. HuntinaTon: “Sets of independent 
postulates for order on a closed line.” 

(23) Professor Frank Mortey: “The cubic seven-point and 
the Liiroth quartic.”’ 

(24) Professor J. L. CooripGe: “The intersections of a 
straight line and hyperquadric.” 

(25) Professor A. D. Prrcuer: “ Biextremal connected sets.” 

(26) Professor H. H. Mrrcuet.: “ Proof that certain ideals 
in a cyclotomic realm are principal ideals.”’ 

(27) Professor H. H. MitrcHeE tu: “On the asymptotic value 
of sums of power residues.” 

(28) Professor Epwarp Kasner: “Certain systems of 
curves connected with the theory of heat.” 

(29) Miss TERESA CoHEN: “On a concomitant curve of the 
planar quartic.” 

(30) Professor P. F. Smiru: “A theorem for space analogous 
to Cesaro’s theorem for plane isogonal systems.” 

(31) Professor W. E. Story: “Some variable three-term 
scales of relation.” 

(32) Professor E. W. Brown: presidential address: “The 
relations of mathematics to the natural sciences.” 

(33) Professor A. O. LEUSCHNER, vice-presidential address, 
Section A, American association for the advancement of 
science: “ Derivation of orbits—theory and practice.” 

(84) Professor G. D. Brrxuorr: “A class of series allied to 
Fourier series.” 

(35) Professor G. D. Brrxuorr: “ Note on linear difference 
equations.” 

(36) Professor G. A. MinuEr: “Groups generated by two 
operators of the same prime order such that the conjugates 
of the one under the powers of the other are commutative.” 

(37) Mr. H. S. Vanpiver: “On the power characters of 
units in a cyclotomic field.” 

(88) Professor Henry Taper: “On the structure of finite 
continuous groups.” 

Dr. Wiener was introduced by Professor Huntington, Miss 
Cohen by Professor Morley. Professor Leuschner’s vice- 
presidential address was read by Professor Haskell. ‘The 
papers of Professor Rowe, Professor Emch, Professor Dines, 
the first two papers of Professor Buchanan, Dr. Hart’s first 
paper, and the papers of Professor Story and Professor Taber 
were read by title. 
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Abstracts of the papers follow below. The abstracts are 
numbered to correspond to the titles in the list above. 


1. In a previous paper (Transactions, volume 13, No. 3, 
pages 395-404) Professor Rowe has pointed out how co- 
combinant curves of the rational plane quintic R,°, whose 
parametric equations are written with binomial coefficients, 
may be transformed into the parameters of singularities on 
the rational space quintic f3°, whose parametric equations 
are written without binomial coefficients. For instance, it 
was shown there that the point projection of a point of the 
plane upon the R,° transforms into the parameters of the 
elght tetratactic planes of the R;°. 

The present paper is a completion of part of the work 
suggested in the paper cited above. The simplest singulari- 
ties of a rational plane curve are flex tangents, double tangents, 
and double points. The simplest singularities of a rational 
space curve are tetratactic planes, touching-osculating planes, 
tritangent planes, unisecant-tangent lines (1. e., lines tangent 
to the curve at one point and meeting it in one other point), 
and quadrisecant lines. Obviously the R;° does not have 
any tritangent planes, but it has all of the other singularities. 
The author has shown how to derive the parameters of these 
from the proper covariant loci of the R,°. 

The new results obtained may be stated briefly as follows: 
(1) The quartic (20), page 399 of the paper referred to above, 
transforms into a quartic whose roots are the parameters of 
the points cut out of the R;° by its unique quadrisecant line. 
(2) Through every point of the plane pass twelve osculant 
conics of the R2°; the twelvic yielding the parameters of these 
transforms into the twelvic whose roots are the parameters 
of the twelve touching-osculating planes of the R3°. (38) 
Through every point of the plane pass twelve flex tangents of 
twelve osculant cubics of the f,°; the twelvic whose roots are 
the parameters of these cubics transforms into the twelvic 
whose roots are the parameters of the twelve unisecant- 
tangent lines of the R;°. 


2. It has been proved by Riesz that a linear functional of a 
curve which is continuous with zeroth order can be expressed 
as a Stieltjes integral. The multiple Stieltjes integral has 
been defined by Fréchet, and proved to be a linear functional. 
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In the present paper Dr. Fischer has found some additional 
properties of such integrals, and proved that any linear 
functional of an n-spread which is continuous with zeroth 
order can be expressed as a multiple Stieltjes integral. 


3. At the October meeting of the Society, Professor Mitchell 
presented a number of criteria whereby geometrical limits for 
the position of a pair of imaginary roots of an algebraic poly- 
nomial with real coefficients might be determined by inspec- 
tion from the relative position of its real roots and bend points. 
In the present paper the method is extended so as to yield 
precise geometrical constructions when the polynomial has 
but two imaginary roots, and, in the case of more than two, — 
to isolate the separate roots geometrically within regions 
that can be made small at will. 


4, Professor Emch’s paper appeared in full inthe February 
BULLETIN. 


5. It is well known that corresponding points of a family 
of associated minimal surfaces lie on an ellipse. In another 
paper Mr. Whittemore has found the locus of the vertices of 
these ellipses for any such family, and shown that, if the 
minimal surfaces are applicable to a surface of revolution, the 
locus consists of two parts, a plane and a surface of revolution. 
In the present paper it is proved that the only other minimal 
surfaces for which part of the locus is a plane are the spiral 
minimal surfaces, and that in this case the rest of the locus 
is a certain spiral surface. The author has then made a 
study of spiral minimal surfaces and proved certain properties 
of these surfaces, in many cases analogous to properties of 
minimal surfaces applicable to surfaces of revolution. These 
properties are related to the spiral curves of the surfaces, and 
concern lines of curvature, asymptotic lines, double lines, 
evolute surfaces, ete. 


6. Dr. Kline’s paper appears in full in the present number 
of the BULLETIN. 


7. The transformations considered by Professor Dines are 
of the form 


ate) Bea) f ol, 9) fy)dy 


(1) fi) = : 
ine { e(y) f(y) dy 


3 
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where the functions a, b, c, d, e satisfy the conditions: 

1. All are continuous for 0 <2 <1,0 Sy <1; 

2. The absolute value of b(x) is greater than a positive constant 
on the interval 0 <a <1; 


3. The equation a(a) + b(a)f(a) + {| a yf(y)dy = 0 hasa 


0 
unique continuous solution f(x) = h(%) ; 


aon { HON 


The set of all transformations of this type form a group 
under which the lines of function space are interchanged 
among themselves. Properties analogous to the properties 
of the corresponding projective transformations in space of 
nm dimensions are obtained. Among other things it is shown 
that every finite transformation generated by the general 
infinitesimal projective transformation in function space, 
defined by Kowalewski, can be expressed in the form (1). 


8. An analysis of the work of educational psychologists 
along the line of transfer and of the mathematics they have 
employed has led to the careful study of the foundations of 
the correlation coefficient, and cognate statistical measures 
discussed in this paper by Professor Grove. 


9. Professor Glenn shows that, for a binary form, under 
general binary transformations, there exist complete systems 
of concomitants belonging to each of several domains of 
rationality. The methods by which the systems for these 
domains are constructed in case of the general transformation 
apply also to concomitants of substitutions constituting a 
special subset of the general transformations. 


10. Dr. Wiener proves that the only operations in a Boolean 
algebra which possess formal properties such as logical ad- 
dition and multiplication must possess are derivable from these 
by a one-one transformation belonging to the algebra. It is 
shown that negation remains invariant under all such trans- 
formations, and hence occupies a unique formal position in 
the algebra. The conditions under which an _ operation 
possesses such a unique formal position are discussed. The 
paper appeared in full in the January number of the T'rans- 
actions. 
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11. When there is a one-to-one correspondence between the 
points of two surfaces S and 8S; of such a sort that the develop- 
ables of the congruence of lines joining corresponding points 
meet S and S; in a conjugate system of curves on these 
surfaces, then S and S; are said to be in the relation of a 
transformation 7’. In several former papers Professor Eisen- 
hart discussed certain types of these transformations, in par- 
ticular those for which the conjugate systems on the two 
surfaces had their point invariants or their tangential invari- 
ants equal. In the present paper he develops the general 
theory of transformations 7’ of a surface defined in either point 
or tangential coordinates. The well-known transformations 
Dm of isothermic surfaces are transformations 7’. The general 
transformations 7’ admit a theorem of permutability reducing 
for the case of transformations D,, to the theorem due to 
Bianchi for the latter. ‘The paper appeared in full in the 
January number of the Transactions. 


12-13. Professor Huntington’s two papers appear in full in 
the present number of the BULLETIN. 


14. If two finite spheres of equal masses revolve about 
their common center of gravity, then an infinitesimal body 
subject to their attraction will describe a periodic orbit, 
under suitable initial conditions. ‘This orbit is linear, being 
in the straight line through the center of gravity of the finite 
bodies and perpendicular to the plane of their motion. In a 
former paper (Proceedings of the London Mathematical Socvety, 
July, 1915), Professor Buchanan discussed the periodic oscilla- 
tions about this linear orbit when the infinitesimal body is 
given an initial displacement from it. In the present paper, 
orbits are determined which are asymptotic to this linear orbit. 
The solutions are expansible as power series in a parameter 
which may denote the initial distance of the infinitesimal 
body from the linear orbit. 


15. In this paper Professor Buchanan discusses orbits 
which are asymptotic to the periodic orbits of Class A and 
of Class B of the oscillating satellites about the straight-line 
equilibrium points as determined by Moulton in his Periodic 


Orbits, Chapter V. 


16. In his third paper, Professor Buchanan discusses the 


1917.] |§$ THE ANNUAL MEETING OF THE SOCIETY. 267 


asymptotic satellites about the Lagrangian equilateral- 
triangle equilibrium points of the problem of three bodies. 
In Chapter IX of Moulton’s Periodic Orbits, Buck deter- 
mined two and three-dimensional periodic orbits about each 
equilibrium point. The two-dimensional periodic orbits 
were shown to exist only when one of the finite bodies is rela- 
tively small with respect to the other, but this restriction is 
not necessary for the existence of the three-dimensional orbits. 
In the present paper, however, it is shown that both the two 
and three-dimensional asymptotic orbits exist only when the 
finite bodies are more nearly equal than in the case of the 
two-dimensional periodic orbits. The two-dimensional asymp- 
totic orbits approach the equilibrium points and not the corre- 
sponding periodic orbits. ‘The three-dimensional asymptotic 
orbits, however, approach the three-dimensional periodic 
orbits. 


17. An isothermal net on a curved surface is usually de- 
scribed as a net which divides the surface into infinitesimal 
squares. ‘This of course is not properly speaking a geometric 
characterization of isothermal nets. Dr. Green gives two 
purely geometric characterizations of isothermal nets, one of 
which is easy to prove but requires a lengthy description; the 
other, however, though not so easy to prove, may be briefly 
described as follows. In previous papers Dr. Green has 
defined and made use of a certain geometric relation R, by 
means of which to a line / passing through any point of a 
curved surface is made to correspond a unique line /’ in the 
corresponding tangent plane, the line l’ being determined 
entirely by the line / and the parametric net of curves on the 
surface. Suppose the parametric net is any orthogonal net, 
and the line / is a normal to the surface. Then a unique 
line l’ is determined in the corresponding tangent plane, so 
that corresponding to the congruence of normals / of the sur- 
face one obtains a congruence of lines l’.. The developables 
of the congruence of lines l’ correspond to a conjugate net on 
the surface, if and only if the parametric net is isothermal. 

This obviously affords also an elegant characterization of 
isothermic surfaces, i. e., surfaces whose lines of curvature 
form an isothermal net. The other characterization of iso- 
thermal nets breaks down in this case; it also involves a use 
of the relation A, and the proof is so direct that the theorem 
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is interesting in spite of its failure when the lines of curvature 
are parametric. 


18. The paper of Dr. Miller, in its three parts, treats of the 
projective differential properties of systems of «1, 0”, and ® 
pencils of lines in ordinary space by means of the synthetic 
methods of Segre. 

In part II the congruence determined by two nearby 
pencils of the system is found to be more interesting than, 
although closely allied to, the tangent linear congruence. ‘The 
locus of the congruences determined by a pencil and all the 
infinitely near pencils of the system is found to be a tetra- 
hedral complex of the type [(22) (11)]. Two interesting 
“developable” cases of these systems are discussed, one in 
which all the tangent linear congruences to the system at 
lines of a pencil have in common a pair of pencils with a 
common line, and one in which all these tangent congruences 
coincide. The locus of the centers of the pencils of the system 
and the envelope of their planes are found to be the focal 
surfaces of a director congruence to which all the pencils of 
the system are tangent in the first developable case, while in 
the second they coincide. 

In part III the systems of «? pencils are classified according 
to the various kinds of two-parameter families of which they 
are the locus. This leads to a brief projective differential 
study of Pfaffian differential equations. 


19. In a previous paper* Dr. Hart established the unique 
existence of a solution of the infinite system of ordinary 
differential equations 


dar; : 
(1) P= files, 2).0°+5 #) [ri(fo) = a3 = 1, 2, +++] 


in which the variables were real and satisfied 
(2) lt — to| <8, lax — ax| Se <r. 


In the former paper the results were obtained, by means of a 
generalization of the Picard approximation process, under 
the assumption that the f; satisfied a continuity condition 
and, also, a condition with respect to the variables (a1, a, -- -) 


* Proc. National Academy of Sciences, vol. 2 (1916), p. 309. 
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analogous to the classical Lipschitz condition. In the present 
paper there is established 

Theorem I. Let the functions f; be completely continuous 
in the region (2). Suppose that the maxima J; (which 
exist) of the [f(x 2, -++;8)| satisfy M; <r;M. Then 
there exists af least one solution £(f) = [x1(2), xe(é), +--+] of (1), 
x(t) = @; which is defined and continuous for tf St <e 
where ¢ is the smaller of 6 and 1/M. 

The solution is obtained by a generalization of the Cauchy 
polygon method; on adding the Lipschitz condition of the 
previous paper it is readily established that two solutions &(é) 
cannot exist. 

In the present paper Dr. Hart also treats a system of differ- 
ential equations in general analysis. Among the particular 
instances of this general theory are found the case of a system 
of x differential equations 


Gs 
dt 


where the f; need not satisfy a Lipschitz condition, and also 
the case of system (1) under the hypotheses of Theorem I. 


Fi(@i, Me, +++, Snst) (8 = I, 2, +--+, 0), 


20. In considering finite systems of ordinary differential 
equations it is found that linear systems, in particular, have a 
great number of interesting properties. Many of these are 
connected with the notion of fundamental sets of solutions. 
Dr. Hart, in his second paper, considers a class of infinite 
systems of linear differential equations of the form 





; dx; = r oC ; 
(1) dt ae 3 by (Oxy + gs(8) (2 —_ tk 2, see J lé| < r), 
J al 
in which (x, x, +++) are complex values for which >> |z;/2 
t=1 


converges. The infinite matrix (4,;(é)s, .1, 9, .. is assumed 
to be (emeted in the sense used for the term by Hilbert. The 


(or(2), go(, +++) are such that > |g,(é) |? converges for every ¢. 
j=1 ; 


The elements 4 and g; are assumed to be analytic in ¢ and 
are regular for |¢} Sr. For the system (1) an infinite matrix 
of solutions A(?) is said to constitute a fundamental set of 


solutions in case 4 is limited and possesses a unique limited 
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reciprocal. The system (1), in relation to this notion of 
fundamental sets of solutions, is found to have many of the 
familiar properties of finite systems of linear equations. 


21. Professor Huntington shows that a class K is arranged 
in cyclic order (that is, in circular order with a definite sense 
around the circle) by a triadic relation R(A BC), if the following 
five postulates are satisfied: (A) If ABC, then BCA. (B) If 
A, B, C are distinct, then at least one of the six triads, ABC, 
ACB, ete., is true. (C) If ABC is true, then ACB is false. 
(D) If ABC is true, then A, B, C are distinct. (1) If A, B, 
X, Y are distinct, and XAB and AYB, then XAY. The 
independence of these five postulates is established, and the 
relations between these postulates and the postulates for 
betweenness (BULLETIN, volume 23, pages 70-71, November, 
1916) is discussed. A fuller abstract of the present paper may 
be found in the Proceedings of the National Academy of 
Sciences, volume 2, pages 630-631, November, 1916. 


22. The theory of order on a closed line without distinction 
of sense is the same as the theory of the separation of pairs 
of points (begun by Vailati in 1895), and is based on a tetradic 
relation ABCD. Professor Huntington starts with the fol- 
lowing basic list of fourteen postulates: (41) If ABCD, then 
BCDA. (Az) Ii ABCD, then DCBA. (B) Ii A, Bye 
are distinct, then at least one of the twenty-four possible 
permutations ABCD, ABDC, etc., is a true tetrad. (C) If 
ABCD is true, then ABDC is false. (D) If ABCD is true, 
then A, B, C, D are distinct. If A, B, C, X, Y are distinct, 
and ABXC and ABCY, then: (1) ABXY; (2) BXCY; (8) 
AXCY. IfA,B;C, X, Y are distinct,and ABCX andaBbCcy, 
then:.(4) ABXY or ABYX; (5) ACXY or AC YX; (6) BEA 
or BCYX; (7) ABX Yor ACYX; (8)ABXY or BOY Xa 
ACXY or BCYX. From this basic list, which contains many 
redundancies, eight different sets of independent postulates 
are obtained as follows (postulates Ai, do, B, C, D being re- 
quired in each set): (1) 1, 4; (II) 1,5; (IID) 1,.6; (LV ieee 
(V) 1, 8; (VID) 1, 9; (VID) 2; (VIII) 3. Of these eight sets, 


the seventh appears to be the only one previously known. 


23. Professor Morley’s paper is in abstract as follows: 
Aronhold’s construction of a curve of class four from seven 
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given points a; gives a quartic of Liiroth’s type when the seven 
points have each the same polar line as to a conic and a cubic 
(Bateman, American Journal, volume 36, 1914). If so, the 
nodal tangents of a cubic with a double point a; and on the 
other six points will be apolar to the conic. Therefore a 
skew symmetric form a°x’y?, which when y is a; is the nodal 
tangents, will be such that the 6-rowed determinant of its 
coefficients vanishes. ‘This determinant is the square of a 
Pfaffian of degree 15 in a;, and further the Pfaffian vanishes 
when six of the points are on a conic. There is then a cubic 
invariant of 7 points which vanishes when they are an Aron- 
hold set of a Liiroth quartic. ‘This is the only cubic invariant 
of seven points. For six given points, there is then a cubic 
curve, on the six. Mapping on a cubic surface we have 36 
plane sections (one for each double six), the locus of points 
on the surface from which the tangent cones are of Liiroth’s 
type. Hence the degree of Liiroth’s invariant is 54. 


24. Professor Coolidge’s paper contains a symmetrical 
form for the solution of » —1 linear and one quadratic 
equation in nm + 1 homogeneous variables. 


25. In his thesis Fréchet considers the theory of functions 
uw of a variable g which ranges over a general class Q on which 
is defined a distance function 6 conditioned to meet the needs 
of the theory. Professor Pitcher considers such systems (Q; 56) 
where 6 is such that 6(qq) = 0 and 6(qig2) = 6(q2q1). In 
particular he gives a set of three very simple conditions on the 
system (Q; 6) which are completely independent and which 
are both necessary and sufficient for a so-called uniformly 
proper theory of continuous functions on the set Q, where the 
term, uniformly proper, is used in a sense likely to be admitted 
by anyone who gives the matter careful consideration. 


26. If] is a prime of the form 4n + 3, and p a prime of 
the form m/l+ 1, Jacobi and Cauchy have shown that a 
certain power of a prime ideal factor of p in the quadratic 


realm k(¥— 1) is always a principal ideal. Dirichlet later 
showed that the exponent is the number of classes of ideals 
in the realm. ‘The result first mentioned has been extended 
by Eisenstein and Stickelberger to primes not of the form 
ml + 1. Professor Mitchell obtains a more general result by 
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considering a cyclotomic realm of degree 2m, determined by 
2m periods, each containing n /th roots of unity, where n is 
odd, and 1 = 2mn +1. If p is any prime that in this realm 
is the product of 2m conjugate prime ideal factors, he shows 
that a certain power of the product of m of these factors, if 
properly chosen, is a principal ideal. The exponent in this 
case isidentical with the number given by Kummer as the so- 
called first factor of the class number. 


27. If lis a prime of the form 4n + 38, Dirichlet has shown 
that the sum of the quadratic residues of ] that lie between 
0 and / is always less than the sum of the non-residues in the 
same interval. Certain limits between which these sums must 
lie have been given by Stern, and somewhat similar limits may 
readily be deduced from some results obtained by Holden. 
Professor Mitchell obtains much closer limits for these sums, 
by means of which he shows that their ratio approaches the 
limit 1, as 7 increases indefinitely. Similar results are ob- 
tained for higher residues and a generalization is given for 
composite moduli. 


28. The usual theory of isothermal systems of curves is 
based on the Laplace equation gz + Py, = 0, derived on 
the assumption that the heat is in equilibrium. Professor 
Kasner studies more general systems of curves (for example 
the curves of constant temperature in a weather map) where 
this assumption is not valid. In particular, the cases where 
the rate of change of the temperature with respect to the time 
is independent either of the time or of the position are in- 
vestigated in detail. In the first case we are led to a certain 
type of linear doubly infinite systems of curves. In the 
second case we have, as in the case of equilibrium, merely a 
simply infinite system ¢(a, y) = constant, but the fundamental 
partial differential equation 1s ¢s2 + yy, = 1. 


29. Miss Cohen’s paper is in abstract as follows: The conic 
determined by a line £ and the four tangents at its intersections 
with a quartic curve is of degree five in the coefficients of the 
quartic and eight in &. By use of special cases it can be found 
in terms of known comitants of the quartic. ‘The conic breaks 
up when £ is such that three of the tangents are on a point; 
therefore the discriminant of the conic is the locus of such 
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lines. The singular lines of this locus are: (1) the twenty- 
four stationary lines of the quartic, which are double lines 
with one contact, the flex; (2) the twenty-eight double lines 
of the quartic, which are double lines with the same contacts 
as with the quartic; (3) the twenty-one lines for which four 
tangents meet on a point, which are quadruple lines. The 
first two of these account for all the common lines of the 
locus and the quartic. 


30. Cesadro’s theorem for an isogonal system of plane curves 
is to the effect that the osculating circles of the curves through 
a given point pass through a second point. A companion 
theorem for an equitangential system has been established by 
Scheffers (Mathematische Annalen, volume 60 (1905), page 
491), namely, the osculating circles of the curves of such a 
system which touch a given line touch also a second line. In 
Professor Smith’s paper it is shown that simple transformations 
of the surface elements satisfying a partial differential equa- 
tion of the first order lead, in one case, to an isogonal system 
of surface bands, in the other to an equitangential system of 
these bands. For each point of a given surface band two 
circles exist, each in a plane normal to the band at the point, 
such that the first circle osculates all surfaces containing the 
band, and the second osculates the developable surface upon 
which the band lies. Consideration of the circles of the first 
class for an isogonal system of surface bands leads to a theorem 
analogous to Cesaro’s, while for an equitangential system of 
bands the circles of the second class play the réle of the 
osculating circles in Scheffer’s theorem. 


31. Professor Story gives a proof of the theorem: an infinite 
succession of rational or irrational real numbers yi, yo, ¥3, 
ys, -*: of which each is expressible in terms of the preceding 
three by an equation of the form 


Yr = Lryr—1 + Mayne + Nayr-s for 4 Sh 


converges to a definite finite limit if the first three y’s are 
finite and the coefficients Z,, Mn, Nz, for each integral suffix 
h as great as 4 are real numbers that satisfy the conditions 


fn + Mn+ Ni =1, 0<:-Nai< th, O05 Mi, ax Kh, 


where a is an a priori given positive proper fraction that is 
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appreciably greater than 0. The convergence of a regular 
continued fraction of the second order (in the cases in which 
such a fraction is usable) follows from the special case of this 
theorem in which a = 4. 


32. President Brown’s address appeared in full in the 
February BULLETIN. 


34. The most notable properties of the series of orthogonal 
or biorthogonal functions defined by linear differential equa- 
tions of the second order and linear boundary conditions are: 
(1) the functions satisfy these boundary conditions, (2) they 
have a certain asymptotic form, and (3) the series may be used 
to represent wide classes of arbitrary functions. 

The functions appearing in the series are also given as the 
solutions of a homogeneous linear integral equation of Fred- 
holm type with the corresponding Green’s function G(a, y) 
for kernel. 

Professor Birkhoff shows that, if H(a, y) be any continuous 
kernel satisfying the given boundary conditions and possessing 
a discontinuous first derivative for x = y like the Green’s 
function, the solutions of the integral equation in H will form 
an orthogonal or biorthogonal series with properties (1), 
(2), (3), at least if simple further conditions be imposed. A 
converse statement is also established. 


35. In the theory of linear difference equations two funda- 
mental sets of solutions have been defined by means of their 
asymptotic properties in a half plane bounded by a straight 
line parallel to the axis of imaginaries and lying in the complex 
plane of the independent variables. Professor Birkhoff shows 
that similar sets of solutions exist for half planes bounded by 
any line not parallel to the axis of reals, and that these solu- 
tions may be made to take the place of the fundamental sets 
referred to. 


36. Professor Miller’s paper appears in full in the present 
number of the BULLETIN. 


37. If p is a prime integer, a = e”"”, and » is an ideal 
prime in the algebraic field Q defined by a, then 


N=] 'p = aq (mod Dp), 
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where a is some integer less than 7, w is an integer in Q, and 
N(p) is the norm of p. Then we write 


a? = {w/p}. 


If Q is a regular field and w is a unit therein, then an explicit 
expression was given by Kummer for the exponent a. Let 


{w/m} = {w/p}{w/q} {w/t} --- (m= pqr---), 


where ), g, v, --:, are prime ideals in any field Q. Mr. 
Vandiver obtains in the present paper an explicit expression 
for {w/m}, where m is a principal ideal in any cyclotomic field 
defined by a pth root of unity, and w is included among certain 
types of units in the field. 


38. Let X1, ---, X, be the infinitesimal transformations of 
a finite continuous group with no exceptional infinitesimal 
transformation; and let A,, --- A, be the matrices of any 
system whatever of independent infinitesimal linear homo- 
geneous transformations generating a group with the same 
structure as G. ‘The matrices /,, ---, /, of the infinitesimal 
transformations of the group I adjoint to G constitute such a 
system. Denoting by SM the sum of the constituents in the 
principal diagonal of any matrix M, Professor Taber finds 
that S(2a;A;)”, for any positive integer m, is an invariant of 
the adjoint group I’, and thus the coefficients of the charac- 
teristic equation of the general infinitesimal transformation 
2a;A; of the group Ai, ---, A, are invariants of I. Among 
these invariants one is of especial importance, namely, the 
quadratic form S(2a;A;)*. If the discriminant of this form 
is zero, and of nullity p, there are just p independent solutions 
of the equations S(2a;A;)A, = 0 (k = 1, 2, ---, r); and if 
La; A; for q = 1, 2, ---, p, are any 7p independent solutions 
of these equations, then La;‘”X;, for q = 1, 2, -+-, p, generate 
an invariant subgroup of G with p parameters. On the other 
hand, if the discriminant is not zero, the group G@ is perfect; 
and is either simple or semi-simple, unless possibly G contains 
an invariant subgroup every infinitesimal transformation of 
which is exceptional. For the case in which A, ---, A, 
are respectively identical with Hy, ---, H,, these theorems are 
known. When the discriminant is not zero, the adjoint 
group is orthogonal, or becomes so by a suitable choice of the 
infinitesimal transformations of G; and in this case, if c;;, 
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for 1, j, k = 1, 2, -+-, r, are the structural constants of G, 
we have ¢i;~4 + Cin; = 0. 
I. N. Cog, 
Secretary. 


COMPLETE EXISTENTIAL THEORY OF THE 
POSTULATES FOR SERIAL ORDER. 


BY PROFESSOR EDWARD V. HUNTINGTON. 


(Read before the American Mathematical Society, December 27, 1916.) 


THE purpose of this note is to establish the “ complete 


independence ”—in the sense defined by E. H. Moore*—of 
each of three different sets of postulates for serial order. 

The first set of postulates (set A) is new and will be found 
more convenient for many purposes than either of the other 
sets. Set B dates back to Vailati, 1892.¢ Set C (a modifica- 
tion of set B and now widely used) was introduced by the 
present writer in 1905. 

The universe of discourse considered in each of these sets 
is the universe of all systems (K, R), in which K is a class of 
elements, A, B, C, ---, and R is a dyadic relation; the nota- 
tion R(AB), or briefly AB, meaning that the relation R holds 


*E. H. Moore, ‘‘Introduction to a form of general analysis,’ Yale 
University Press (1910), p. 82. An interesting example of a proof of 
complete independence is given by R. D. Beetle, ““On the complete inde- 
pendence of Schimmack’s postulates for the arithmetic mean,’ Math. 
Annalen, vol. 76 (1915), pp. 444-446. [Compare R. Schimmack, ‘ Der 
Satz vom arithmetischen Mittel in axiomatischer Begriindung,”’ Math. 
Annalen, vol. 68 (1909), pp. 125-132.] For a similar discussion of an 
almost completely independent set of postulates, see L. L. Dines, ‘“‘Complete 
existential theory of Sheffer’s pcstulates for Boolean algebras,” this 
BULLETIN, vol. 21 (1915), pp. 188-188. [Compare H. M. Sheffer, “A 
set of five independent postulates for Boolean algebras, with application 
to logical constants,” T'ransactions Amer. Math. Society, vol. 14 (1918), 
pp. 481-488.] 

+ G. Vailati, ‘Sui principt fondamentali della geometria della retta,” 
Rivista di Matematica, vol. 2 (1892), pp. 71-75; B. Russell, Principles of 
Mathematics, vol. 1 (1903), pp. 203, 218-219. 

tE. V. Huntington, ‘The continuum as a type of order,” reprinted 
from the Annals of Mathematics, vols. 6 and 7 (1905), especially vol. 6, 
pp. 157-158; second edition, Harvard University Press, 1917, pp. 10-11, 
J. W. Young, Fundamental Concepts of Algebra and Geometry (1911), 
p. 68;.A. N. Whitehead and B. Russell, Principia Mathematica, vol. 2 
(1912), p. 518. (In the present terminology of Whitehead and Russell, 
a relation which satisfies postulate 1 is said to be ‘contained in diversity.’’). 
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for the elements A and B, in the order stated. The “ postu- 
lates for serial order’ are the conditions which such a system 
(K, R) must satisfy in order to be called a “ serial system.” 
If these conditions are satisfied, the relation R is called a serial 
relation with respect to the class K, and the notation R(AB), 
or AB, may then be replaced by the more familiar notation 


A < B (“A precedes B’’). 


PETAL POSTULATES 15 243, 4;) 


The first postulate in this set concerns only a single element; 
the next two concern two distinct elements; and the fourth 
concerns three distinct elements. 

Postar... “AA = 0. (Irreflexiveness.) 

That is, if A is an element of the class K, then the statement 
AA is always false. 

Poenioi 20 A UB > SAB eo DA. (Connexity.) 

That is, if A and B are distinct elements of K, then at least 
one of the statements AB and BA will be true. 

erinuies ie Ale Ale DA ey. 0; 

(Asymmetry for distinct elements.) 

That is, if A and B are distinct elements of K, then not both 
the statements AB and BA can be true. 

OsruUhe te TAt es rier. br AD BO.) AG, 

(Transitivity for distinct elements.) 

That is, if A, B, and C are distinct elements of K, then AB 

and BC together imply AC. 


SET B.° (PostuULATES 2, 3a, 4a.) 
This set contains only three postulates, 3a and 4a being more 
inclusive forms of 3 and 4. 
Fosiuae2, A= B:2:AB-~ BA, (Connexity.) 
Pesvaiae 30. AB, BA = :0: 
(Asymmetry for all elements.) 
That is, if A and B are any elements of K (whether distinct 
or not), then not both the statements AB and BA can be true. 
Hostaiae 4a, AB, BC <> : AC, 
(Transitivity for all elements.) 
That is, if A and B are any elements of K (whether distinct 
or not), then AB and BC together imply AC. 
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Here 3a implies 3 and 1, and 4a implies 4; also 1 and 3 imply 
3a, and 4 and 3 imply 4a; so that sets A and B are clearly 
equivalent. 

Note also that in set B, 4a may be replaced by 4, giving 
another set, B’, comprising postulates 2, 3a, and 4. 


SET C. (Postunatss 1, 2, 4a.) 


This set is a little simpler than set B, since postulate 1 is a 
little simpler than postulate 3a; but neither set B nor set C 
is as explicit as set A. 


Postale lo eA Ae au (Irreflexiveness.) 
Postulate2. A+ B:>:AB + BA. (Connexity.) 
Postulate 4a. AB. BC:>:AC. 

(Transitivity for all elements.) 


Here 1 and 4a imply 3a; and 8a implies 1; so that sets B 
and C are equivalent. 

The question of the “ complete independence ”’ of each of 
these sets is in reality a question of classification. Every 
system (K, R), in the universe considered, either satisfies or 
fails to satisfy each of the postulates of each set. Now set A 
contains four postulates, and sets B and C each contain three. 
Hence set A divides the wniverse theoretically into 16 compart- 
ments, while each of the sets B and C divides it into 8 compart- 
ments. ‘The purpose of this note is to show that no one of 
these compartments is “‘ empty ”; that is, to show that all 
the types of system (K, R) which can be distinguished by 
means of the postulates of any one of these three sets are 
actually represented among existing systems. 

To prove this for set A, we exhibit 16 examples of systems 
(K, Rf); the first 8 of these answer also for sets B and C. In 
each of these examples, the class K is supposed to consist of 
only three elements, marked 1, 2, 8; the relation R is defined 
in each case by tabulating all the dyadic statements that are 
supposed to be true in that case. The character of each ex- 
ample is then shown in the table below, in which a dot (.) 
indicates that a postulate holds, and a cross (X) that it fails. 

An examination of this table shows that examples of all 
the required types exist. (The entries below the double line 
are not necessary for the proof.) 

In each of the examples shown, the class K consists of only 


d 
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TABLE [. 
Example. Character. | 
a Description of B. Set 4. Set B. Set C. 
eZee & 2 3@ 4a'1 2 4a 
tai 12, 13, 23. ; Biss 
aa 11, 22,83, 12, 13, 23. pe Sahel ay. pty Dee 
3 12. | WER TUR fy. exe 
4| 11, 22, 33, 12. PCOcAY yn G-€y.ctom p.<b. Ck 
5 12, 31, 23. Pos £4 eee 
feet 22 33, 12° 81723. Seca ee KX. 
7 12, 23. Eee Ser px 
Si) 11) 92,33, 12; 23. Der, bk oreo ae a bb ep-< 
9 OER R Rae Libre) nee. < le ag te a, OED. < 
Mn eoorea 1219 0%-0] a1 50). ex ox le. Xx. tt: 
ll 12, 21, OR Na eb ead Up ene 
12 | 11, 22, 33, 12, 21. Be POD CT N.C B.D. 
13 12, 31, 23, 21. ECON A Tee Xo ec Xe 
14.| (11, 22, 33, 12, 31, 28, 21. DOT SiC eee Xa 
15 en: Fae) RW Ra a 
ini 1.2299, 12.18;, 2ty al. MORK UM nC XS REX: 














three elements. It is easy to construct similar examples, 
however, in which K contains any number of elements, marked 
1, 2, 3, --- m, where n may be either finite (n > 38), or denu- 
merably infinite. This may be done by adding the following 
items to the “ descriptions of R ”’ in the examples given above: 
in the examples which satisfy postulate 2, add xy whenever 
either x or y is > 8 and x < y; in examples 9 and 10 add also 
xy whenever either x or y is > 3 and x > y; in each of the 
even-numbered examples, add xa whenever «> 3. The 
character of these modified examples remains unchanged. 
If we desire a categorical set of postulates for a finzte series, 
we have merely to add to any one of our sets of postulates a 
postulate demanding that the system (K, R) shall contain 
exactly n elements (n > 3). The modified examples just 
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described show that each such categorical set of postulates 
will be also ‘‘ completely independent.” 
HARVARD UNIVERSITY. 


COMPLETE EXISTENTIAL THEORY OF THE POSTU- 
LATES FOR WELL ORDERED SETS. 


BY PROFESSOR EDWARD V. HUNTINGTON. 


(Read before the American Mathematical Society, December 27, 1916.) 


A systEM (K, R), where K is a class of elements A, B, C, --- 
and R is a dyadic relation, 1s called a well ordered system when 
the following conditions are satisfied :* 

(a) the system (K, R) 28 a series; and 

(b) every subsystem of (K, R) has a leading element.t 

Now when condition (b) is added to the conditions (a) 
which define a series, some of the conditions (a) become re- 
dundant. After eliminating these redundancies, we find the 
following three sets of independent postulates for well ordered 
systems, each of these three sets being in fact “‘ completely 
independent ”’ in the sense of E. H. Moore. (The numbering 
of the postulates is made to conform with that in the preceding 
note.) 


SET 1. “(PosturATHRw ese.) 


Postulatedee EAA ese) (Irreflexiveness.) 
Postulate 3.. Ave BP AB BAY eee): 
(Asymmetry for distinct elements.) 


Postulate 5. Every subsystem has at least one leading element. 
(“‘ Leadership,” or the property of 
being ‘“ supplied with leaders.’’) 


*G. Cantor, Math. Annalen, vol. 49 (1897), p..208. A. N. Whitehead 
and B. Russell, Principia Mathematica, vol. 3 (1913), p. 4. 

+ Here by a series we understand any system (K, R) which satisfies 
any one of the sets of postulates mentioned in the preceding note. A 
subsystem of (K, R) means any system (K’, R’) such that K’ is a subclass 
of K, and R’ = R. (Here K’ is called a subclass of K if every element of 
K’ belongs to K; that is, a subclass is either a part or the whole.) A 
leading element of a system means any element X having the following 
property: whenever Y is any other element of the system, then R(XY), or 
simply XY, will be true. (If a system contains only a single element 
X, then X is a leading element of that system.) 
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mer il. (PoOstuLATES 3a, 5.) 
Pomuivieon, 215. BA: = <0) 


(Asymmetry for all elements.) 


Postulate 5. Every subsystem has at least one leading element. 
(“‘ Leadership.’’) 


Here 3a implies 1 and 3; and 1 and 8 together imply 3a. 
Hence set II is equivalent to set I. 


Ser LL (PosToLares 175a;) 


Prostuiae 1.9 AAS 7.0: (Irreflexiveness.) 


Postulate 5a. Every subsystem has just one leading element. 
(“ Unique leadership,’ or the property of 
being “ supplied with unique leaders.”’) 


Here 5a implies 3; for, if AB and BA were both true, and 
A + B, the subsystem consisting of the elements A and B 
would have two leading elements, contrary to 5a. Moreover, 
3 and 5 imply 5a; for, if any subsystem had more than one 
leading element, say X; and X2, then we should have X,X¢_ 
and X2X i, contrary to 3. Hence, set III is equivalent to 
set I. 

It remains to show that every system that satisfies postulates 
1, 3, and 5 will satisfy also the missing postulates for serial 
order, namely 2 and 4: 


Postulate.2. Ae Re Si AB BA. (Connexity.) 
Peacelatet4 ss ots Dia eee ttn A Dee BOs 3 AG 


(Transitivity for distinct elements.) 


Here 2 follows from 5. For, if neither AB nor BA were 
true, and A + B, then the subsystem composed of A and B 
would have no leading element. 

Also, 4 follows from 3 and 5. For, if AC were false, then 
CA would be true, by 5; but from the truth of AB, BC, and 
CA, would follow the falsity of BA, CB, and AC, by 3, and 
hence the subsystem A, B, C would have no leading element. 

Thus we see that any one of the sets I, II, III is equivalent 
to the usual requirement represented by (a) and (6). 

Finally, each of the sets I, II, III is “ completely inde- 
pendent ” in the Moorean sense, as is shown by the following 
examples, selected from the list used for another purpose in 
the preceding note. 
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TaB._eE II. 
Example (K, R). Character. 

Set I. Set II. | Set III. 

No. Description of R. (K=1, 2, 3.) beta ee 
wan 1281823 sy A 
y 11, 22, 33, 12, 13, 23. Xi. pee 
5 12, 31, 23. 2 ER SX ee 
6 117227 S85 1203 lees, x FX ees 
9 12e1p) 23 aia litee: OX ae 
10 11; 27,83 12 Mi secsrelesiace. X Xs |X ee 
11 py 21. \ XX Xe es 
12 Lie oeeooni 2) 21. XX Xo Rox ee 











An inspection of this table shows that all the types of systems 
required by Moore’s ‘‘ complete existential theory ’’ for each 
of the three sets of postulates actually exist. (The entries 
below the double line in the table are not necessary for the 
proof.) 

In conclusion we note that, by the same device as that used 
in the preceding note, each of these examples may be enlarged 
so as to contain n elements (n > 8, finite or denumerably 
infinite), without altering the character of the example. 
Hence we may readily obtain “ categorical ” sets of completely 
independent postulates for every finite well ordered system. 

HARVARD UNIVERSITY. 
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GROUPS GENERATED BY TWO OPERATORS OF 
THE SAME PRIME ORDER SUCH THAT THE 
CONJUGATES OF ONE UNDER THE POWERS 
OF THE OTHER ARE COMMUTATIVE. 


BY PROFESSOR G. A. MILLER. 


(Read before the American Mathematical Society, December 28, 1916.) 


§ 1. Introduction. 


In a previous article,* devoted to a study of conjugate 
operators, attention was called to the fact that a complete 
set of conjugate operators which are not all relatively com- 
mutative is transformed under the group according to a sub- 
stitution group which is at most triply transitive. It is easy 
to prove that this substitution group is at most doubly transi- 
tive, and, as the p conjugates of order 2 under the holomorph 
of the group of the prime order p are transformed under this 
holomorph according to a doubly transitive group, the sub- 
stitution group in question can actually be doubly transitive. 

The most general definition of a complete set of conjugate 
operators, or conjugate subgroups, of a group G is that the set 
is composed of the totality of operators, or subgroups, which 
correspond under one or more of the possible automorphisms 
of G. It is, however, usually assumed that such a set is com- 
posed of the totality of operators, or subgroups, which cor- 
respond under at least one of the nner automorphisms of G. 
Since every possible automorphism of any group is an inner 
automorphism under its holomorph, this difference in the 
possible definitions of the expression complete set of conjugates 
does not affect the general theorems relating to such sets. 

The theorem mentioned in the first paragraph can be ma- 
terially extended by the consideration of a complete set of 
conjugate operators involving an operator which is commuta- 
tive with at least one of the others without being commutative 
with all of them. When this condition is satisfied the group 
of transformations of the set is always simply transitive. To 
prove this let s;, so represent two commutative operators of 








* Jahresbericht der Deutschen Mathemattker-V ereinigung, vol. 19 (1910), 
p. 318. 
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the set of conjugates under consideration, while so, s3 are two 
non-commutative operators of this set; then the group G 
containing these conjugates cannot involve any operator f 
which transforms s; into s2 and also sq into s3, since the equation 


848g = S§oS1 
implies 
Elgis8ot = Fa 8o8it, POL Ht. pe ibatteeounee Ur sot ere er 


Hence the following theorem has been proved: If a complete 
set of conjugate operators under any group G is transformed ac- 
cording to a multiply transitive substitution group by the oper- 
ators of G then either every possible parr of these conjugates is 
composed of commutative operators or no one of these conjugates 
vs commutative with any operator of the set besides rtself. 


§ 2. Conjugate Sets Having Special Properties. 


When one operator of a set of conjugate operators under a 
group G is commutative with each of the others except one, 
or with only one of the others, then it is clearly possible to 
arrange all the operators of the set in distinct pairs which 
constitute systems of imprimitivity of the substitution group 
according to which the operators of the set are transformed 
under G. In particular, it results from this that if a complete 
set of conjugate operators under a group is composed of an odd 
number of operators it is not possible that one operator be 
commutative with each of the others save one, or that one of 
these operators be commutative with one and only one other 
operator of the set. 

If a complete set of conjugate operators under G contains 
two and only two operators which are not commutative with 
some one of these conjugates then these two operators must 
be commutative with each other unless the set of conjugates is 
transformed under G according to an imprimitive group having 
three elements in a system of imprimitivity. In particular, 
if the number of operators in a complete set of conjugates 
under G@ is not divisible by 3 and if this set involves two and 
only two operators which are not commutative with a certain 
other operator of the set, then these two operators must be 
commutative with each other. As a more special case we 
may note the following theorem: Jf exactly p — 2, p being a 
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prime number > 3, of the operators in a complete set of p con- 
jugate operators are commutative with some one of these con 
jugates the remaining two operators of the set must be commutative 
with each other. 

With slight modifications the arguments of the preceding 
paragraph apply to the case when in a complete set of con- 
jugate operators under a group one of these conjugates is 
commutative with two and only two of the others. If these 
two operators are commutative with each other, the total set 
of conjugates is clearly transformed according to an imprim- 
itive substitution group, having three elements in a system, 
by all the operators of the group in question. Hence it 
results that in a set of p conjugates under the powers of an 
operator of the prime order p it is not possible that one of 
these conjugates is commutative with two and only two of the. 
others if these two are commutative and p > 38. In particular 
if a set of 5 conjugates under the powers of an operator of 
order 5 includes an operator which is commutative with at 
least one of the others without being commutative with each 
of them, then this operator is commutative with exactly two 
other operators and these two operators are non-commutative 
while the remaining two operators must be commutative. 

If ¢ transforms s into an operator which is commutative 
with s, then ¢*+ must evidently also transform s into an operator 
which is commutative with s. Hence a complete set of con- 
jugate operators under the powers of an operator of odd order 
must always involve an odd number of operators which are com- 
mutative with a particular operator of the set. ‘The preceding 
theorems relating to a complete set of conjugate operators 
clearly apply also to a complete set of conjugate subgroups if 
we replace the term commutative by the term permutable. 


§ 3. Determination of the Possible Groups Generated by Two 
Operators of the Same Prime Order such that the Conjugates 
of One under the Other are Commutative. 


Let s; and s_ be two distinct operators of the same prime 
order p, and suppose that the p conjugates of s. under the 
powers of s; are commutative with each other. There are 
two possible cases to be considered. In the first case these 
» conjugates of s, are identical and the group generated by 
$; and s» is either the group of order p generated by s2 or the 
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non-cyclic group of order p”, as s; generates or does not gener- 
ate so. This case is practically trivial and requires no further 
consideration. 

In the second possible case the p conjugates of s. under the 
powers of s; are distinct. In this case the order of the group 
generated by s; and s, cannot be less than p? nor greater than 
pPtl, since the p conjugates in question cannot generate a 
group whose order is less than p? or greater than p?. When 
» = 2, the upper and lower limits for the orders of the possible 
groups are equal, and hence the octic group is the only possible 
group in this case. In general, for every prime number p 
there are p — 1 groups which are generated by two non-commu- 
tative operators of order p satisfying the condition that the p 
conjugates of one of these operators under the powers of the other 
are commutative. 

Since the conjugates of s, under the powers of s; are com- 
mutative, it results that the powers of ss; may be represented 
as: follows, if ‘sigsssic? == So; and Giese =e 


a mi be ae D is 
So81 = 8281, (So81)" = SoS18e8] “Sr = tysersr, (8081) sel ae 


n(n—1)... (n—r+2) 
($981)" = tpitm2---t,_, 1s gots” 


(r = 2,3, ---,n — 1). 





If we replace n by p~ in this formula it results directly that 
the order of ss, is p whenever f,-1 1s identity, that is, 
whenever the order of the commutative commutator subgroup 
of the group G generated by s1, s2 has less than p — 1 inde- 
pendent generators. Since the commutator subgroup of G 
is always of index p? it results that whenever the order of G 
is less than p?t! it cannot contain any operator of order p’, 
and that G always contains exactly p+ 1 subgroups of 
index p. 

When G is of maximal order, two of its subgroups of index 
p involve no operators of order p”, but in the remaining p — 2 
of these subgroups all the operators are of order p? except 
those found in their common subgroup, which is the com- 
mutator subgroup of G. Hence each of these groups of 
maximal order is generated by its operators of order p, and 
whenever p > 2 each of these groups is also generated by its 
operators of order p. In the special case when p = 2, these 
operators clearly generate only the cyclic subgroup of order 4. 
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The system of groups under consideration is of special 
interest because it includes p — 2 non-abelian groups in which 
every operator except identity is of order p, for every 
possible value of the prime number p. The number of these 
groups for a particular prime number therefore depends upon 
this prime. The fact that the group generated by sj, sq is 
completely determined by its order seems also worth noting. 


University oF ILLINOIS, 
December, 1916. 


A THEOREM IN THE ANALYSIS OF REAL 
VARIABLES. 


BY PROFESSOR R. L. BORGER. 
(Read before the American Mathematical Society, April 21, 1916.) 


In this paper the following theorem is proved: 


THEOREM: If the two real functions U(x, y), V(x, y) of the 
real variables x, y satisfy the following conditions at each point of 
a closed region R: 


(a) U and V continuous in x and y jointly; 


dU dU OV OV 
(D) Ce U,, oy U2, Aes Via ay V2 


exist and are finite; 


(c) AU=hU,+ kUet+ pith, k), AV = hVit kVo polh, k); 


: lpi(h, k)| a a eae a 
(d) arena ay 0 @=1, 2); 


(e-) Ui=Vo, Uz= — Vi; 


then U and V are analytic functions of x, y in R. 


An immediate consequence of the theorem is that if any 
function W of a complex variable z possesses a finite deriva- 
tive at each point of a simply connected closed region R then: 
1. This derivative is continuous. 

2. All the derivatives of W exist. 
3. The function W may be represented by a power series in 2. 
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To prove: the theorem we apply the following, due to 
Kowalewski:* 

If the two real functions U(a, y), V(a, y) are properly dif- 
ferentiable (satisfy hypotheses c, d) and if 


U; = V2 
at each point of a rectangle R, there exists a function U(z, y) 
such that Xs A 
U, — Uf: U, — le 
The function U is, moreover, properly differentiable. 
Employing this theorem we may infer the existence of two 


functions (in view of both parts of hypotheses (e)) U, V such 
that 


(1) UU Os Venn 

From equations (1) 

(2) U; +z Vo; U2 ears Vi. 

Since U and V are properly differentiable we have by a second 


application of Kowalewski’s theorem, two other functions, 
U, V, also properly differentiable and such that 


(3) U,= U0; Uz=—V; Vi=J; V.=U. 


The functions U(a, y), V (a, y), as well as their first and second 
partial derivatives, are easily seen to be continuous in the 
variables x, y and satisfy Laplace’s differential equation 
AU = 0, since 


PU _ dU; _ aU 
e Ox 





Veta, On! Pak 
(4) Svat a 
#0. ay), a ee 
fim Et Mie ge m tee. ie 
On oe 
(5) So Renee ap 0. 


Similarly forV. | 
The functions U, V are then analytic} functions of 2, y. 





* Kowalewski, Die komplexen Verdnderlichen und ihre Funktionen, 
87 


p. i 
{ Picard, Traité d’Analyse, tome 2 (2d ed.), p. 18. 
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The functions U and V being contained among the deriv- 


atives of U and V are also analytic functions of a, y. 
It may now be seen that we have the following representation 
for these functions: 


U(a, y) = 2 (a1ot + aoiy)*; 
(6) a 
V (a, y) = 2d (biox + boiy)*; 


((@10)"(@o1)” = Gim3  (810)'(b01)” = dim; I,m = 0, +++, &). 
Differentiating the equations 
U,=V2, Us=— Vi 


1 — 1 times with respect toa and k — / times with respect 
to y, at the point (0, 0) we have the following relations among 
the coefficients: 


(7) OL ka bos bi-4, k—I+15 bi, et Sa Te hae ( = I1,+++, k). 


We may now prove that if a function W of a complex variable 

2 possesses a finite derivative at each point of a simply con- 

nected closed region, R, 

1. This derivative is continuous. 

2. All the derivatives of W exist. 

3. The function W may be represented as a power series in z. 
Since U and V are analytic functions of 2 and y, we see 

immediately from the representation 


W = U(a, y) + Wea, y) 


that 1 and 2 are true. From equations (6) 
W=U(a, y)+iV (2, y)= ou (art + anry)* + 2 > (bio + bory)* 
ive) k k ; a 
=D Dy ( ) ber eet Wie pale. 
f= | l 


From equations (7) we have 
Gig were tr 201s, p11 = 2(01, 1 + 201, 1) (1 = 1, ---, &) 
and in general 


Bij, tej 1 101-3, rg = (2)? (Qi, nr + tb,,,-1) (GQ=1--°, 2. 
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For 1 = k it follows that 


j,j5 1 ‘Op hs (2)? (deo + 2x0) (j = 1,---,k). 
Then 


ane y (ano + ibio)(x + ty) 


= > Ce where (Ci, = aro + iby9). 
k=0 


This completes the theorem. 
I am indebted to Professor E. J. Townsend for suggesting 
the problem. 


Ouro UNIVERSITY, 
ATHENS, OHIO. 


CONCERNING THE COMPLEMENT OF A COUNT- 
ABLE INFINITY OF POINT SETS OF A 
CERTAIN TYPE. 


BY DR. J. R. KLINE. 


(Read before the American Mathematical Society, December 27, 1916.) 


In his “Grundziige der Mengenlehre,’ Hausdorff proved 
that if E denotes a euclidean space of two or more dimensions 
while R is a countable set of points belonging to EL, then E—R 
is a connected* point set.t It is the object of the present 
paper to prove a theorem, which contains Hausdorft’s theorem 
as a special case. Hausdorff’s method of proof does not apply 
for the proof of the more general theorem. While the proof 
is carried out for the case of two dimensions, it is evident that 
a similar proof would apply to any higher number of dimen- 
sions. 

THEeorREM. If M is a domaint and Gi, Go, Gs, «++ 1 @ 
countable infinity of nowhere dense§ closed point sets, no one of 








* A set of points is said to be connected if, however it be divided into 
two mutually exclusive proper subsets, one of them contains a limit point 
of the other. 

7+ Cf. F. Hausdorff, “Grundziige der Mengenlehre,” Leipzig, Veit, 
1914, p. 333. 

t A domain is a connected set of points M, such that if P is a point of 
M, then there exists a region containing P and lying in M. 

§ A set of points is said to be nowhere dense, if in every region R; there 
exists a region FR, entirely free of points of the set. A set is said to be 
closed if it contains all its limit points. 
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which disconnects any domain, then M—(G, + Gz + @3+ ---) ws 


connected. 


Proof.*—Let A and B denote any two distinct points of 
M — (G, + G.+---).7 The point set WM — G;, is a domain. 
For each point P of M — G,, let Ai, denote a region, of sub- 
script greater than or equal to 1, which belongs to the funda- 
mental sequence? and is such that A’;,8 is a subset of MW—G. 
Call the set of all such regions S;. There exists a simple chain|| 
Ru, Ry, Ris, +++, Rin, from A to B every link of which is a 
region of the set S;.. Call this chain (C;. As two regions which 
have a point in common, also have in common a region con- 
taining that point, and as G, is a nowhere dense closed point 
set, it follows that A; and Aya, (@ = 1, 2, ---,m — 1) 
have in common a point P;;, not belonging to G.. Call 4, 
Py, and B, P;,,. For each point P of Rix = 1) 2.3. ++-n)) 
which does not belong to Gy, let Ay, denote a region of the 
set Ay, Ks, ---, which is such that A’2, lies in A); and contains 
no point of Gy. Call the set of all such regions S.. It is now 
possible to construct a simple chain C2, which satisfies all 
the requirements of Professor Moore’s C2 and has the ad- 
ditional property that every link of Cy belongs to S_ and there- 
fore contains no points of G; + G.. Continue this process. 
We obtain an infinite sequence of chains C;, C2, Cs, +--+ which 
satisfy all the requirements of Moore’s sequence of chains 
Cy, C2, Cs, +++ and have the additional property that no link 
of the chain C, has a point in common with the set G; + @, 





* Our theorem is proved on the basis of the system of axioms 2; proposed 
by R. L. Moore in his paper, “On the foundations of plane analysis situs,” 
Transacitons Amer. Math. Sec., vol. an (1916), pp. 181-164. 

7 That M — (G, + G: + Gs +- contains infinitely many points 
follows at once from one of the pee be of Baire, Annali di Mat. (3), 
vol. 3, p. 65. 

t Select once for all a definite sequence, Ay, Kg, +--+ satisfying the con- 
ditions of Axiom 1 of 2;. This definite sequence will be called the funda- 
menial sequence and its regions will be termed fundamental regions. 

§ The dbeundary of a point set M is the set of all limit points of M, 
which do not belong to WM. If Risa region, R’ denotes the point set com- 
posed of R plus its boundary. 

| If A and B are distinct points, then a stmple chain from A to B is 
defined by R. L. Moore as a finite sequence of regions Ry, Ro, Rs, +++, Rx 
such that (1) R; contains A if and only if t = 1, 2) & contains B if and 
only ifs = n, (3) ifl1=S=i= . and IS j =n, while ¢ < j, then R; has ¢ 
point in common with R; if and only if 7 =%i+1. The region Rx 
(1 =k =n) is said to be He kth link of the chain. See R. L. Moore, 
loc, cit., p. 184. For a proof of the existence of such a chain, see R. L. 
Moore, loc. cit., Theorem 10, p. 185. 

q Cf. R. L. Moore, loc. cit., p. 1387. 


292 AN ANALOGUE TO PASCAL’S THEOREM. [Mar., 


4+ ..-+G,. Let C,, denote the point set which is the sum of 
all ie links of the chain C,, while C denotes the set of all 


points that the sets C1, Co, C3, «++ have in common. The 
point set C is a simple nae Piatt: arc* from A to B, lying 
entirely in the set M — (G, + Go +:--).7 

It follows that M — (G, + G. +---) is connected. 


UNIVERSITY OF PENNSYLVANIA, 
PHILADELPHIA, Pa. 


AN ANALOGUE TO PASCAL’S THEOREM. 


BY DR. A. L. MILLER. 


A DECAGON is said to be doubly inscribed in a cubic if every 
odd side of the decagon cuts three even sides on the cubic and 
and every even side cuts three odd sides on the cubic. 

That there exist decagons doubly inscribed in a cubic can 
be seen as follows. Let the decagon D have for sides 8, 82, $3, 

++, $19 and let the cubic be C3. Let 


S$; meet $10, $2, $4 on Cz, 
$3 meet So, $4, 8, on C3, 
Ss Meet $4, Se, 8g on Cz, 
S7 meet 8%, Sg, Si9 on C3, 


while sg is the line joining the third intersection of sg with 
C’3 with the third intersection of s1) with C3. Then, by Cayley’st 
theorem, sg also cuts s2 on C3. 

By a repetition of this last theorem we obtain the following 
theorem analogous to Pascal’s theorem: 

If a decagon be doubly inscribed in a cubic the remaining 
ten intersections of the odd sides with the even ones lie on a 


conic. 
UNIVERSITY OF MICHIGAN. 








*TIf A and B are distinct points, a simple continuous are from A to B 
is defined by Lennes as a bounded, closed, connected set of points con- 
taining A and B,but containing no proper connected subset containing 
both A and B. See N. J. Lennes, ‘ Curves in non-metrical analysis situs 
with an application in the calculus of variations, ”’ American Journal of 
Mathematics, vol. 33 (1911) and this BuLuetin, vol. 12 (1906), p. 284. 

{ Fora proof of this statement, see the proof of Theorem 15 of Moore’s 
paper, loc. cit., pp. 136-9. 

t Cayley: Cambridge and Dublin Mathematical Journal, vol. 3. 
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NOTES. 


THE opening (January) number of volume 18 of the Trans- 
actions of the American Mathematical Society contains the 
following papers: “On the consistency and equivalence of cer- 
tain definitions of summability,” by W. A. Hurwitz and L. L. 
SILVERMAN; “The resolution into partial fractions of the re- 
ciprocal of an entire function of genus zero,” by J. F. Rit; 
“On a general class of linear homogeneous differential equa- 
tions of infinite order with constant coefficients,’ by J. F. 
Rit; “On the expressibility of a uniform function of several 
complex variables as the quotient of two functions of entire 
character,” by T. H. GRonwatL; “Certain formal invariances 
in boolean algebras,” by N. WIENER; “On a theory of linear 
differential equations in general analysis,” by T. H. HILpE- 
BRANDT; “Transformations 7 of conjugate systems of curves 
on a surface,” by L. P. EISENHART. , 

Professor L. E. Dickson has retired from the Editorial 
Committee, his unexpired term being filled by Professor L. P. 
EIsENHART. Professors G. A. Biiss and E. B. Witson have 
retired from the editorial staff and Professors C. N. Moore 
and F. R. SHARPE have been appointed associate editors. 


THE annual meeting of the London mathematical society 
was held November 2; Professor H. H. MacponaLp was 
elected president; the other officers were re-elected. The 
following papers were read at this meeting: by J. Larmor, 
“Presidential address,’ and “Fourier harmonic analysis, its 
practical scope”; by W. H. Youna, “ Multiple integration by 
parts and the second theorem of the mean”’; by E. H. NEVILLE, 
“Moving axes and their uses in the differential geometry of 
euclidean space’; by J. H. Hopaxrnson, “Areas and con- 
formal representation.”’ 

At the meeting held December 14 the following papers were 
presented: by W. BurnsipE, “The efficiency of a surface of 
discontinuity regarded as a propeller’; by G. H. Harpy and 
S. RAMANUIJAN, “ Proof that almost all numbers are composed 
of about log log N prime factors,” and “An asymptotic for- 
mula for the number of partitions of a number”; by G. N. 
Watson, “The harmonic functions associated with a parabolic 
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cylinder (second paper)”’; by D. BucHanan, “Orbits asymp- 
totic to an isosceles triangle solution of the problem of three 
bodies”’; by H. S. Carsuaw, “ Diffraction of waves by a wedge 
of any angle’; by L. J. Rocrers, “Two theorems of combin- 
atory analysis, and two allied identities”; by W. H. Youne 
and Mrs. Youna, “The internal structure of a set of points 
in space of any number of dimensions” and “The inherently 


crystalline structure of a function of any number of vari- 
ables.”’ 


At the meeting of the Edinburgh mathematical society on 
January 12 the following papers were read: by W. P. MILNE: 
“The apolar locus of two tetrads of points”; by L. R. Forp: 
“A method of solving algebraic equations.” 


At the annual meeting of the British mathematical associ- 
ation held in London on January 5 the following papers were 
read: by T. P. Nunn, “The school syllabus in geometry”; 
by A. W. Srippons, “Some of the work of the teaching com- 
mittee”; by A. N. WHITEHEAD, “Technical education and its 
relations to literature and science’’; by A. W. Srppons, “ An 
accuracy test set in some public schools”; by P. Apsort, 
“The place of mathematics in education reconstruction.” 
Professor WHITEHEAD was elected president for the current year. 


University oF Cuicaco.—The following mathematical 
courses are announced for the summer quarter, June 18- 
August 31:—By Professor E. H. Moore: The spectrum of 
limited infinite hermitian matrix (first half), four hours; 
Series (first half), four hours.—By Professor H. E. SLavucurt: 
Differential equations, four hours.—By Professor E. J. Wixc- 
ZYNSKI: Projective differential geometry, four hours.—By 
Professor J. W. A. Youne: Solid analytics, four hours.—By 
Professor A. C. Lunn: Relativity, four hours; Functions of a 
complex variable, four hours.—By Professor D. N. LeHmMeEer 
(University of California): Synthetic projective geometry, 
four hours.—By Professor G. D. Brrxuorr (Harvard Uni- 
versity): Ordinary differential equations of the second order, 
four hours. 


THE firm of G. E. Stechert and Company expect soon to 
have on sale a photographic reprint of the third edition of the 
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first volume of VALLEE-Pousstn’s Cour d’Analyse. The book, 
in its original form, is extremely rare, very few copies having 
been sent out from Louvain before the destruction of the city. 


Proressor G. Fupint, of the technical school at Turin, 
has been elected a corresponding member of the Accademia 
dei Lincei. 


Proressor E. Laura, of the University of Messina, has 
been appointed associate professor of mechanics at the Uni- 
versity of Padua. 


Dr. B. Catponazzo has been appointed docent in me- 
chanics in the technical school at Milan. 


Mr. R. W. Barnarp has been appointed instructor in 
mathematics in the University of Michigan. 


CHARLES J. WHITE, emeritus professor of mathematics in 
Harvard University, died February 12 at the age of 78 years. 


NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


Boret (E.). See VALueE-Poussin (C. DE LA). 


Cremona (L.). Opere matematiche. Tomo 3 con notizie della vita e 
* delle opere dell’autore e con indice alfabetico per materie. Milano, 
Hoepli (Pisa, suce. fratelli Nistri), 1916. 4to. 22+520pp. L. 30.00 


FRAENKEL (A.). Ueber gewisse Teilbereiche und Erweiterungen von 


Ringen. Leipzig, Teubner, 1916. Svo. 64 pp. M. 2.80 
Hancock (H.). Elliptic integrals. (Mathematical monographs, No. 18.) 
New York, Wiley, 1916. Svo. 125 pp. $1.25 


JosepH (H. W. B.). An introduction to logic. 2d edition, revised and 
enlarged. New York, Oxford University Press, 1916. Svo. 12+608 


pp. $3.15 
Joyce (G. H.). Principles of logic. 2d edition. New York, Longmans, 
1916. Svo. 20+481 pp. $2.50 


Mancini (G.). L’opera “ De corporibus regularibus”’ di Pietro Franceschi 
detto Della Francesca ursurpata da Fra Luca Pacioli. Memoria con 
tavole. (Reale Accademia dei Linceit, Anno CCCXII, 1915.) Roma, 
Pio Befani, 1915. 4to. 144 pp.+17 tavole. 


296 NEW PUBLICATIONS. [Mar., 


Puiuuies (H. B.). Differential calculus. New York, Wiley, 1916. 8vo. 
5+162 pp. $1.25 


PRINGSHEIM (A.). Vorlesungen iiber Zahlen- und Funktionenlehre. Ilter 
Band, 1te Abteilung: Reelle Zahlen und Zahlenfolgen. Leipzig, Teub- 
ner, 1916. 8vo.. 12+292 pp. Geh. M. 12.00 


Siaueut (H. E.). See Witczynski (E. J.). 


Stacer (H. W.). A Sylow factor table of the first twelve thousand num- 
bers, giving the possible number of Sylow sub-groups, of a group of 
given order between the limits of 0 and 12,000. Washington, Car- 
negie Institution, 1916. 12+120 pp. 


VALLEE-PoussIN (C. DE LA). Intégrales de Lebesgue. Fonctions d’en- 
‘ semble. Classes de Baire. Lecons professées au Collége de France. 
(Collection de monographies sur la théorie des fonctions publiée sous la 
direction de M. Emile Borel.) Paris, Gauthier-Villars, 1916. S8vo. 
8+154 pp. Fr. 7.00 


WitczynskI (HE. J.). College algebra with applications edited by H. E. 
Slaught. Boston, Allyn and Bacon, 1916. 8vo. 20+507 pp. Cloth. 
$2.00 


II. ELEMENTARY MATHEMATICS. 


ARNOLD (E. E.). See Durst (F.). 


Betz (W.) and Wess (H. E.). Plane and solid geometry. With the 
editorial cooperation of P. F. Smith. Boston, Ginn, 1916. 11-507 


pp. Cloth. $1.36 
Bookman (C. M.). Business arithmetic. New York, American Book 
Company, 1914. 12mo. 250+12 pp. $0.65 


CorrMaNn (L. D.). See Jessup (W. A.). 


Demine (A. G.). Number stories. Chicago, Beckley-Cardy Company, 
1916. 205 pp. Cloth. 


DvuRELL (F.) and ARNoLD (E. E.). Plane geometry. New York, Merrill, 
1916. 300 pp. $0.88 


Hamm (F. P.). Outline and suggestive methods and devices on the teach- 
ing of elementary arithmetic. Philadelphia, Lippincott, 1916. 5+ 
40 pp. $1.00 


Jessup (W. A.) and Corrman (L. D.). Supervision of arithmetic. New 
York, Macmillan, 1916. 7+225 pp. Cloth. 


MItneE (W. J.). Second course in algebra. New York, American Book 
Company, 1914. 12mo. 288 pp. Cloth. $0.88 


—. Standard algebra, revised. New York, American Book Company, 
1914. 12mo. 496+52 pp. $1. 


RivenBurRG (R. H.). A review of algebra. New York, American Book 
Company, 1914. 12mo. Cloth. S80pp. $0.36 


Rossins (KE. R.). New plane and solid geometry. New York, American 
Book Company, 1916. 8vo. Cloth. 460 pp. $1.40. Solid ge- 
ometry. 158 pp. $0.80. Plane geometry. 264 pp. $0.80 


SmitH (P. F.). See Betz (W.). 


TaVOLE logaritmiche a cinque cifre decimali, raccolte e pubblicate per cura 
dell’Istituto idrografico della r. marina. 2a edizione. Genova, tip. 
Istituto idrografico della r. marina, 1916. S8vo. 27+524 pp. 
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Tuomas (A.O.). Rural arithmetic. New York, American Book Company, 
1916. S8vo. 288 pp. Cloth. $0.68 


Wess (H. E.). See Betz (W.). 


WHEELER (A. H.). Examples in algebra. Boston, Little, Brown and 
Company, 1916. 14+257 pp. $0.90 


Ill. APPLIED MATHEMATICS. 


ArpESANI (C.). Elementi di tecnologia meccanica. Lavorazione dei 
metalli. 2a edizione rinuovata ed ampliata. Milano, Hoepli, 1915. 
16+603 pp. L. 5.50 


Austin (F. E.). Examples in alternating currents. (For students and 
engineers.) Vol.1. 2dedition. Hanover, N.H., F. E. Austin, 1916. 
223 pp. Cloth. $2.00 


Bexpine (A. G.). Accounts and accounting practice. New York, Ameri- 
can Book Company, 1916. 8vo. 224 pp. 50.90 


BexE.u (J. A.) and Nicnots (F.G.). Principles of book-keeping and farm 
accounts. New York, American Book Company, 1914. 8vo. 180 
pp. $0.65 


Bropigz (O. L.). See Morrison (C. E.). 


Brovueu (B.H.). A treatise on mine-surveying. 14th edition revised and 
enlarged by H. Dean. London, C. Griffin, 1916. 18+477pp. 7s. 6d. 


Carn (W.). Earth pressure, retaining walls and bins. New York, Wiley, 
1916. 297 pp. Cloth. $2.5 


CARPENTER (C. K.). See Wourarp (M. R.). 


Cxiaupi (C.). Manuale di prospettiva. 4a edizione riveduta. Milano, 
Hoepli, 1915. 12+76 pp. L. 2.50 


ContTapI (P.). La meccanica e le macchine nella scuola e nell’industria. 
3a edizione riveduta ed ampliata. Milano, Hoepli, 1914-1916. 8vo. 
16+676+16+768 pp. L. 12.00-++12.00 


Dean (H.). See Broven (B. H.). 


Det Fasro (G.). Manuale di topografia per pratica e per studio. 3a edi- 
zione riveduta ed aumentata. Milano, Hoepli, 1914. 43-+629 pp. 


EFFEMERIDI astronomiche ad uso dei naviganti per l’anno 1917 (Istituto 
idrografico della r. marina). Genova, tip. Istituto idrografico della 
r. marina, 1916. 8vo. 187 pp. L. 1.50 


Forses (G.). David Gill: man and astronomer. Memories of Sir David 
Gill, astronomer (1879-1907) at Cape of Good Hope. Collected and 
arranged by G. Forbes. London, Murray, 1916. 11+418 pp. 12s. 


GaRuFFA (E.). L’aviazione. Milano, Hoepli, 1916. L. 8.50 
Hour (A.H.). Field astronomy. New York, Wiley,1917. S8vo. 10+128 
pp. Leather. $1.50 


Kaye (G. W. C.) and Lasy (T. H.). Tables of physical and chemical con- 
stants and some mathematical functions. 2d edition. New York, 
Longmans, 1916. 8vo. 8-+153 pp. $2.00 


Kipper (F. E.) and Nouan (T.). Architects’ and builders’ pocket book. 
16th edition, rewritten. New York, Wiley, 1915. 1856 pp. $5.00 
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Lasy (T. H.). See Kaye (G. W. C.). 


Lorentz (H. A.). The theory of electrons and its applications to the 
phenomena of light and radiant heat. 2d edition. Leipzig, Teubner, 
and New York, Stechert, 1916. 8vo. Geh. M. 9.00 


Mauavastr (C.). Vademecum per l’ingegnere costruttore meccanico. 3a 
edizione notevolmente ampliata, con speciale riguardo alle esigenze 
dell’insegnamento tecnico. Milano, Hoelpi, 1916. 36-+862 pp. 

L. 10.50 


Marauet (F.). Cours d’astronomie. Paris, Challamel, 1916. 8vo. 
Fr. 10.00 


Mressner (B. F.). Radiodynamics. The wireless control of torpedoes 
and other mechanisms. New York, Van Nostrand, 1916. 206 pp. 
Cloth. $2.00 


Morrison (C. E.) and Bropiz (O. L.). Masonry dam design, including 
high masonry dams. 2d edition. New York, Wiley, 1916. 285 pp. 
Cloth. $2.50 


Nicuous (F. G.). See Bexr uu (J. A.). 
Nouan (T.). See Krppir (F. E.). 
Raymonp (W. G.). Plane surveying. New York, American Book Com- 


pany, 1914. 12mo. 589 pp.+7 plates. Leather. $3.00 
—. Railroad field manual for civil engineers. New York, Wiley, 1915. 
7+398 pp. Leather. $3.00 


Roncuetrti (G.). Grammatica del disegno. Metodo pratico per im- 
parare il disegno. 2a edizione, interamente rifatta. Milano, Hoepli, 


1915. S8vo. 8+225 pp.++un vol. di 80 tavole. Lavo 
Roray (N. L.). Industrial arithmetic. Philadelphia, Blakiston, 1916. 
8 +144 pp. $0.75 
SpaTaro (D.). Trattato teorico e pratico di idromeccanica. Volume 1. 
Milano, Hoepli, 1915. 8vo. 16+448 pp. L. 10.00 


Stevens (J. S.). Theory of measurements. A manual for physics 
students. New York, Van Nostrand, 1915. 8vo. 88 pp. $1.25 


VIAPPIANI (A.). Trattato di idraulica pratica. Raccolta di formole e 
dati pratici da servire di guida nello studio nelle questioni relative al 
movimento delle acque, sia per utilizzarle in pro dell’ agricoltura, 


industria, igiene e navigazione. . .. 2a edizione, riveduta e sensibil- 
mente riformata. Milano, Hoepli, 1915. 32+740 pp.+14 tavole. 
L. 14.00 


Wo.rFrarD (M. R.) and CarpPENnTER (C. K.). The W-PVT chart. New 
York, Wiley, 1915. 24 by 38 inches. $0.50 
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THE FEBRUARY MEETING OF THE AMERICAN 
MATHEMATICAL SOCIETY. 


THE one hundred and eighty-ninth regular meeting of the 
Sceiety was held in New York City on Saturday, February 24. 
‘Lne morning session sufficed for the presentation of the brief 
list of papers. The attendance included the following twenty- 
six members: 

Mr. D. R. Belcher, Dr. Emily Coddington, Professor F. N. 
Cole, Professor Elizabeth B. Cowley, Dr. H. B. Curtis, Pro- 
. fessor L. P. Eisenhart, Dr. C. A. Fischer, Professor T. S. 
Fiske, Professor W. B. Fite, Professor C. C. Grove, Mr. S. A. 
Joffe, Professor Edward Kasner, Dr. J. R. Kline, Mr. Harry 
Langman, Professor R. L. Moore, Mr. G. W. Mullins, Pro- 
fessor H. W. Reddick, Professor R. G. D. Richardson, Dr. 
J. F. Ritt, Dr. Caroline E. Seely, Professor L. P. Siceloff, 
Professor D. E. Smith, Professor W. B. Stone, Mr. H. E. Webb, 
Professor H. S. White, Mr. J. K. Whittemore. 

Professor H. S. White occupied the chair, being relieved by 
Professor Kasner. ‘The Council announced the election of the 
following persons to membership in the Society: Professor 
H. P. Kean, McHenry College; Mr. Ralph Keffer, Harvard 
University; Mr. H. C. M. Morse, Harvard University; Dr. 
F. D. Murnaghan, Rice Institute; Mr. G. E. Raynor, Univer- 
sity of Washington; Dr. S. P. Shugert, University of Penn- 
sylvania; Mr. G. W. Smith, University of Illinois; Mr. J. S. 
Taylor, University of California; Dr. L. E. Wear, University ° 
of Washington; Dr. H. N. Wright, University of California. 
Four applications for membership in the Society were received. 

It was decided to hold the next summer meeting of the 
Society at Cleveland, Ohio, on September 4-5. The Mathe- 
matical Association of America will meet at Cleveland on 
September 6-7. The two organizations have appointed a 
joint committee on arrangements for the meetings, consisting 
of Professors Focke, Huntington, Pitcher, D. T. Wilson, and 
Secretaries Cole and Cairns. 

At the annual meeting of the Society, the Council placed itself 
on record as desiring.to cooperate with the National Research 
Council in forwarding the interests of research. At the 
February meeting, a committee was appointed to confer with 


300 THE FEBRUARY MEETING OF THE SOCIETY. — [April, 


the chairman of the Mathematics Committee of the Research 
Council, Professor E. H. Moore, in regard to the selection of 
the members of that committee. 

By the will of the late Professor L. L. Conant, who was a 
member of the Society from 1892 to 1916, the sum of $10,000 
is left to the Society, subject to Mrs. Conant’s life interest. 
The will provides that the income of this bequest “shall be 
offered once in five years as a prize for original work in pure 
mathematics.” This generous gift, a noble monument to the 
donor, should do much for the promotion of higher mathemat- 
ical aims in this country. For many years the Society has 
consistently pursued these aims, with a success far outrunning 
what might have been expected from its modest financial 
resources. With greater means in the way of general or 
special funds, it could accomplish still more. To anyone 
who is able to give for science, the Society presents itself as 
an experienced and beneficent administrator. 


The following papers were read at the February meeting: 

(1) Dr. A. R. ScuwerrzEr: “The iterative compositions of 
a function of n+ 1 variables (n = 1, 2, 3, ---).” 

(2) Dr. A. R. Scuwerrzer: “Functional equations based on 
iterative compositions.” 

(3) Dr. D. F. Barrow: “An application of Fourier’s series 
to probability.” 

(4) Professor Epwarp KasNeEr: “Degenerate cases in the 
theory of conduction of heat.” 

(5) Professor J. E. Rowe: “The equation of a rational plane 
curve derived from its parametric equations (second paper).”’ 

(6) Professor R. L. Moore and Dr. J. R. Kuine: “The 
most general closed plane point set through which it is possible 
to pass a simple continuous plane arc.” 

(7) Professor H. S. Warts: “New proof of a theorem of von 
Staudt and Hurwitz.” 

(8) Professor Henry Taper: “On the structure of finité 
continuous groups.” 

In the absence of the authors, the papers of Dr. Schweitzer, 
Dr. Barrow, Professor Rowe, and Professor Taber were read 
by title. Abstracts of the papers follow below. 


1. Dr. Schweitzer constructs an exhaustive table of iter- 
ative compositions of a function of n+ 1 variables (n = 1, 
2,3, +++). A symbolic representation for such a composition 
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is used, and by introducing a simple convention the com- 
positions are readily ordered for each value of n. ‘The con- 
struction of the table is based on the general principle implied 
by the following operation: If the function f(a, x1, +++, an) 
has some one of its arguments, say 29, replaced by the function 
f, then this f is denoted by f(xo0, %o1, -++, Yon) and the re- 
sulting composition is denoted by the symbol 


[O1, pomors tdt's (00, Ol; es On), 1 TAH A 


More compactly, the author puts, e. g., F(01) =f(ao, 2x1), 
F(0O1; 1) = [F(01); 0, (10, 11)], etc. Similarly for three 
variables one obtains F(012), F(012; 1), etc., F(012; 11), ete. 
Any iterative composition of a function of n mn 1 variables is 
represented, then, by the symbol F(012--- n; 7, t, ---) 
where 21, 2, etc., are certain integers. To illustrate, for 
n = 1 the iterative compositions are f(%o, 71), f{%0, f(X10, 211) }, 

fit f(Xoo, X01); 21} Ff (Xoo; %01), f (X10; v11)},F {xof [x10, f (e110; 2111) ]}, 


etc. 


2. In Dr. Schweitzer’s second paper a systematic application 
is made of the preceding iterative compositions of a function 
of n+ 1 variables (n = 1, 2, 3, ---) to the genesis of func- 
tional equations, by means of the inversion, elimination, or 
iteration of some or all of the involved variables (the processes 
being taken separately or in combination). The author ob- 
tains three categories of functional equations, viz., the in- 
versive, the eliminative, and the iterative, which, however, 
are not necessarily mutually exclusive. It is found that 
certain eliminative functional equations, including certain of 
those called “quasi-transitive,”’ are implied by certain purely 
inversive functional relations. An important class of in- 
versive functional equations is generated by the following 
requirement: Given the iterative composition F(012 --- n; 
21, 42, -++) and a substitution group G on the variables in- 
volved (leaving some or none of them fixed); to find the func- 
tion f{x1, X2, -+*, 41} which satisfies the functional equa- 
tions expressed by the formal invariance of the composition 
F(O12 +++ n; 0%, t2, +++) under the substitutions of the group 
G. On the other hand extensive new categories of elim- 
inative functional equations are obtained. A few of the 
theorems proved are as follows: 
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I. If f{f(ai, ve), f(v3, v4)} 1s formally invariant under the 
cyclic group on 24, Xe, #3, x4 then f(a, v2) = 2 1 {cx(a1) + cx(are)} 
where ¢ is an arbitrary constant. 

II. This theorem is a direct generalization of theorem I and 
incidentally generalizes Hayashi’s generalization of Abel’s 
functional equations. Instead of the symmetric group the 
cyclic group is used. 

ITT. If f{f(ai, ve), f(az, v4)} is formally invariant under the 
non-cyclic group of order four on 1, X2, 73, v4, and if f(a, x) 
= const., fif(x1, a)e1} = Af (a1, 2), then f(@1, v2) = a *{ex(a1) 
— cx(x2)}, where ¢ is an arbitrary constant. 

Ve If fiz, fli, to, y), tlh, te, 2) } a. ages Yy, Z), then 
f(x, y, 2) = a4{ d(x) — a(y) + x(z)}, where &(x) is arbitrary. 

Pelt FiF@, Y)s f lx, es pe fiz, z})1} <a F, y); where in 
the latter equation the symbol f occurs n+ 3 times 
(n= 1,2, 3, ---), then f(a, y) = a4 {a(x) + wa(y)}, where w 
is a root of the equation w* + w™!+ ---+w+1=0. 


3. This paper is the outgrowth of an attempt on the part 
of Dr. Barrow to solve a problem proposed by Professor E. W. 
Brown. A solution of the problem and a new proof of certain 
well known properties of frequency curves are obtained as 
applications of the main theorem of the paper which is as 
follows: 

Let two quantities V and M have frequencies f(x) and g(a) 
respectively, and let F(av) denote the frequency of M+ N. 
If these three functions are identically zero outside some 
interval (— C, C), and capable of development in Fourier’s 
series within this interval, then, letting a; and b;, a; and B;, 
A; and B; denote the 2th coefficients of the cosines and sines in 
these series, we have 


Ai+ ByV—1 aa C(a; a b; V— 1)(a; =F B; WV i Nid 


Equating the real and imaginary parts enables us to calculate 
the coefficients in the development of F(x) from those in the 
developments of f(a) and ¢(z). 


4. The partial differential equation for the conduction of 
heat in a plane determines the temperature as a function of 
the position (x, y) and the time?#. For each solution g(a, y, t) 
there will be, in general, ©? isothermal curves g(v, y, t) = ¢. 
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He has already stated in the preface his belief that some 
limitation of this sort is desirable and timely in order to avoid 
confusion and inconsistency in the study of series. 

On this point the reviewer is not in agreement with Professor 
Ford. It is of course highly probable that many definitions 
that satisfy the condition of consistency will not be very 
useful in the study of divergent series, and it may be found 
desirable at some future time to exclude certain definitions 
that do satisfy this condition. However, the reviewer does 
not think the time is ripe for such exclusion and he further 
believes that the limitations that the author prescribes 
for the definition of summability are too narrow. He does 
not share Professor Ford’s opinion, expressed in a footnote in 
the preface, that the present situation in the theory of diver- 
gent series is closely analogous to the one which caused 
Cauchy and Abel to rule out divergent series from the domain 
of analysis. At that time there was a decided vagueness with 
regard to the sense in which a divergent series could be con- 
sidered as having a sum, and a lack of precision in the various 
attempts to define a sum. Whatever definitions have been 
proposed recently have been stated with all the precision of 
modern analysis, and, as far as the reviewer is aware, have 
not been chosen in a pure spirit of arbitrariness. They have 
been selected, either from their probable usefulness in studying 
certain interesting types of divergent series, or as natural 
outgrowths of earlier definitions or of attempts to frame 
general theories of divergent series. 

If any limitations on the definition of summability are 
eventually agreed upon by workers in the field of divergent 
series, 1t seems natural to the reviewer that they should not 
exclude any series to which we would wish to ascribe a sum, 
provided we have a method of summation that gives to such 
a series a sum that is generally useful. The limitations sug- 
gested by Professor Ford do exclude many such series, for 
under these limitations no power series could be regarded as 
summable outside of its circle of convergence. Yet such a 
series can be summed within the polygon of summability 
by Borel’s integral definition to a value which is the analytic 
extension of the function defined within the circle of con- 
vergence. It is surely convenient to ascribe this value to 
the series, and since we can obtain the value by one of the 
standard methods of summation, it would seem logical to 
include such a series in the class defined as summable. 
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After defining the boundary value condition, the chapter 
under consideration continues with a discussion of the relation- 
ship to this condition of the six definitions mentioned above. 
Following this, conditions are obtained under which these 
definitions possess certain other properties. The author con- 
siders the effect on the summability and value of a series of 
adding terms to or subtracting terms from the beginning of 
the series, the nature of the series formed by adding corre- 
sponding terms of two summable series and that formed by 
taking the Cauchy product. The results are summarized 
on page 91. In the remaining sections of the chapter the 
writer discusses absolutely summable series (Borel), uniform 
summability, and a few important properties of series sum- 
mable by the Cesadro (or Holder) definition, or by Borel’s 
integral definition. 

Chapter V deals with the application of the theory of sum- 
mability to certain developments in orthogonal functions, 
namely to Fourier’s series and some of the allied developments. 
In this connection the convergence of the developments, as a 
special case of summability, is considered as well. While 
the author does not in general obtain results not previously 
known, he makes here a distinct contribution to the subject in 
that he develops a general theory of summability of develop- 
ments of this type, out of which the results for particular 
developments may be obtained as special cases. This serves 
to unify the whole treatment and to bring into greater promi- 
nence the essential features of the problem. The method of 
treatment is an extension of Dini’s discussion of the con- 
vergence of developments of this type. 

The chapter is divided into four parts. In the first part 
the author discusses the simplest case, the convergence and 
summability of the ordinary Fourier’s series. In connection 
with this discussion he makes clear to the reader what are the 
essential steps in building up a general theory that will apply 
to developments of this type. In the next part he develops a 
number of general theorems about the representation of arbi- 
trary functions by definite integrals, which form the basis for 
this general theory. In the third part he shows how Cauchy’s 
calculus of residues can be used to advantage in applying the 
theorems of the previous part to the developments in question. 
He also discusses certain general properties of the functions 
appearing in the terms of the developments, which are useful 
in studying their convergence or summability. 
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In the fourth and final part of the chapter we find a dis- 
cussion of three different types of developments, namely a 
class of important sine developments,* developments in Bes- 
sel’s functions and developments in Legendre’s functions. All 
these discussions are carried through on the basis of the 
author’s general theory. The results, while not always the 
most general that have been obtained, are broad enough to 
show the power of the general theory. ‘There is just one point 
in which results sufficiently complete for the applications 
have not been secured. In discussing the developments in 
terms of Bessel’s functions, no information is obtained with 
regard to the convergence or summability of the series at the 
origin, or its uniform convergence or summability in the 
neighborhood of the origin. Without information of this 
sort we are not able to carry through some of the applications 
of these developments to problems in mathematical physics. 
It is true that most discussions of the developments in Bessel’s 
functions leave this same point unsettled, but it is obviously 
a matter of much importance, and any treatment that over- 
looks it is incomplete in an essential point. 

In connection with his discussion of the developments in 
Bessel’s functions Professor Ford has very properly called par- 
ticular attention to the fact that the first adequate discussion 
of the convergence of the Bessel’s developments for points in 
the interval 0 < 2 <1 was given by Dini, since the latter’s 
priority in this matter has not received due recognition from 
certain writers.t 

Chapter IV concludes with a discussion of the convergence 
and summability of the developments in Legendre’s functions. 
The results here, though not the most general that have been 





* These developments have in the successive terms of the series trigo- 
nometric functions of the form sin \,2, where the 2’s are the roots of 


the equation : 
zcosz+psinz = 0. 


+ Cf. for example p. 374 of Whittaker and Watson’s Modern Analysis, 
where the development theorem is stated and ascribed to Hobson. It is 
true that Hobson’s result went beyond Dini’s in that he considered func- 
tions having a Lebesgue integral and discussed uniform convergence. 
However, making allowance for a few errors in formulas, the result stated 
by Whittaker and Watson was fully established by Dini, and it is un- 
fortunate that Dini’s work should have been referred to by these writers 
in such a way as to emphasize the errors and overlook the substantial 
contribution. 
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obtained,* are complete in the sense that both convergence 
and summability are established under fairly broad conditions 
for the entire interval (— 1 <a < 1), thus including the points 
x = — 1 and 2 = 1, which are exceptional in the same sense 
that the point x= 0 is for the developments in Bessel’s functions. 

At the beginning of this review two classes of readers to 
whom Professor Ford’s book should prove very useful, have 
been mentioned. In concluding, a third class should be 
noted, namely those who are already actively engaged in 
research work in the field of divergent series. ‘The literature 
in this field has grown so rapidly in such a short time that it 
is sometimes difficult, even for those who have made a point 
of following it, to locate readily a particular result. Professor 
Ford’s references to the literature are on the whole very 
complete and have evidently been made the object of much 
care. In this way his book furnishes readier access, not only 
to the many valuable results it contains, but also to a still 
greater number of related results in the literature of divergent 
series. 

A list of errata that have been noted is appended: 
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CHARLES N. Moore. 





* In the opinion of the reviewer attention should have been called to 
Gronwall’s very exhaustive discussion of the summability of the develop- 
ments in Legendre’s functions (ef. Math. Annalen, vol. 75 (1914), p. 321) 
in connection with the references to the literature in this chapter. 
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The Human Worth of Rigorous Thinking. By Cassius J. 
Keyser. Columbia University Press, 1916. 8vo, vii+ 
314 pp. $1.75. 


THESE essays and addresses of Professor Keyser are col- 
lected together in one volume as the result of fifteen years’ 
consideration of various phases of mathematics, particularly 
of its significance asa branch of human knowledge. Every- 
one who has heard or read the different articles already knows 
that the author sees things with a poet’s eye, and hears the 
strains of subtle music that emanate from this highest ether 
of the reason. The closing sentence of his book, and of the 
lecture widely delivered on mathematics, finds the deep- 
centered source of not only mathematics but also of science 
in the “joyous mood of the eternal Being” and both are con- 
sidered to be a “sublimated form of play, the austere and lofty 
analogue of the kitten playing with the entangled skein or of 
the eaglet sporting with the mountain winds.” For him 
“mathematics is but the ideal to which all thinking, by an 
inevitable process and law of the human spirit, constantly 
aspires.’’ Consequently to challenge the value of mathe- 
matics as a study worthy of humanity is to challenge the 
worth of all thinking. Its significance to man is beyond 
measure, for “Transcending the flux of the sensuous universe, 
there exists a stable world of pure thought, a divinely ordered 
world of ideas, accessible to man, free from the mad dance of 
time, infinite and eternal.’’ Its teaching may be so humanized 
that it will become a delight and a pleasure to all students, 
for “mathematics is precisely the ideal handling of the prob- 
lems of life, and the central ideas of the science, the great 
concepts about which its stately doctrines have been built up, 
are precisely the chief ideas with which life must always deal, 
and which, as it tumbles and rolls about them through time 
and space, give it its interests and problems, and its order and 
rationality.”’ The first three and the last two addresses of 
the collection are devoted primarily to considerations of the 
sort we have just mentioned. 

There are four essays dealing with such fundamentals of 
thought as the figure and dimensions of the universe, hyper- 
space, infinity, and the existence of the hypercosmic. Two 
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others are closely related to these in that they discuss the 
logical reduction of mathematics and the multiple interpreta- 
tions of systems of postulates and the deductions from them. 
In these we find the same lofty strain insisting upon the 
ability of the reason to find ultimate knowledge in mathe- 
matical theorems. ‘It is not in the world of sense, however 
precious it is and ineffably wonderful and beautiful, nor yet 
in the still finer and ampler world of imagination, but it is 
in the world of conception and thought that the human 
intellect attains its appropriate freedom—a freedom without 
any limitation save the necessity of being consistent.’ He 
is audacious enough to foresee an increase in our imagining 
powers so that even the ability to picture n-dimensional spaces 
may some day be gained by the race. In the hypercosmic he 
finds a world of pure thought “where is every type of order 
and manner of correlation and variety of relationship,” rich 
in esthetic interests, furnishing a sublimed and supersensuous 
art, the sure support of religious aspiration, permanent through 
all time. In hyperspaces he finds entities that have precisely 
whatever kind of existence may be attributed to the space 
of ordinary geometry. Whether such entities are found by 
the intellect or are created by it makes little difference. 
There are also four essays on education, discussing the basis 
of a liberal education, graduate instruction, the functions of a 
university, and research in American universities. He takes 
issue with the doctrine that all subjects are equally valuable 
in a curriculum, pointing out that there are deep-rooted 
instincts in mankind which seek for certain things and 
for which any curriculum must provide. The study of the 
history of human activity and thought is a necessity, as well 
as the study of natural science; the study of mathematics, 
logic, or rigorous thinking in some form is not to be omitted, 
nor is that of the social character of man; but in a way sur- 
mounting them all is the study of beauty in all its forms, for 
without this, life would indeed be poor and depressing. Al- 
though the various topics that will respond to these needs may 
vary from century to century yet in some form or other they 
must always be present if education is really to be liberal in 
the highest sense. Would that everyone could appreciate 
the deep underlying principles set forth here, in this day of 
educational fads and crude radicalism! A university he finds 
is “the offspring and the appointed agent of the spirit of 
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inquiry, expression and servant of that imperious curiosity 
which in a measure impels all men and women, but with an 
urgency like destiny literally drives men and women of genius, 
to seek to know and to teach to their fellows whatsoever is 
worthy in all that has been discovered or thought, spoken and 
done in the world, and at the same time seeks to extend the 
empire of understanding endlessly in all directions throughout 
the infinite domain of the uncharted and unknown.” As to 
research, the author believes in the three-fold organization of 
a university staff, the administration, the teaching staff, and 
the research staff. He characterizes his conceptions of the 
three thus: the great administrator is a man of constructive 
genius, the great teacher is a source of inspiration, the great 
investigator is a discloser of the harmonies and invariance hid 
beneath the surface of seeming disorder and of ceaseless change. 

The delightful style of the author, permeated as it is with 
lofty sentiment, keen appreciation of beauty, wealth of im- 
agery, striking illustrations, wide choice of terms, classical 
allusion, and warm feeling, makes the reading of these essays 
on rather abstract philosophical topics a pleasure as well as 
a profit. Every student of mathematics should read the 
book and catch the inspiration of enthusiasm for the divine 
science. ‘Mathematics is, in many ways, the most precious 
response that the human spirit has made to the call of the 
infinite and eternal. It is man’s best revelation of the ‘ Deep 
Base of the World.’”’ 

JAMES BYRNIE SHAW. 


Four Lectures on Mathematics. (Delivered at Columbia Uni- 
versity in 1911.) By J. Hapamarp, Member of the Insti- 
tute, Professor in the Collége de France and in the Ecole 
Polytechnique, Lecturer in Mathematics and Mathematical 
Physics in Columbia University for 1911. New York, 
Columbia University Press, 1915. v-+ 52 pp. 


Aut those who have had the pleasure of hearing Professor 
Hadamard’s lectures have doubtless remarked his unusual 
facility in opening up wide vistas in the course of a relatively 
brief discussion. It is natural to expect such a facility to 
appear at greatest advantage in a set of lectures that are 
intended to be primarily inspirational, such as the above, and 
in this case the expectation is amply realized. By the omission 
of practically all technical details, Professor Hadamard has 


318 SHORTER NOTICES. [ April, 


succeeded in giving a bird’s-eye view of some very extensive 
domains of mathematics in the course of these four lectures. 

The first lecture deals with solutions of linear partial dif- 
ferential equations determined by boundary conditions, and 
the central topics are Cauchy’s problem and _ Dirichlet’s 
problem. ‘The essential differences in nature of these two 
problems are set forth in clear and elegant fashion, and an 
illuminating discussion of their relationship to certain impor- 
tant physical problems is given. The lecture closes with a 
quotation from Poincaré on the service of physics to analysis 
in furnishing important problems whose solutions can fre- 
quently be predicted on physical grounds. 

The second lecture deals with contemporary researches in 
differential, integral, and integro-differential equations. In 
discussing the solution of Dirichlet’s problem by means of 
integral equations, the writer reminds us that the complete 
solution of a mathematical problem suggested by a physical 
problem may only be arrived at after interest in the physical 
problem has been lost. But at the same time he consoles 
us by pointing out the compensating feature that the mathe- 
matical solution may be of very great use in connection with 
other physical problems of greater actuality. The rest of 
the lecture concerns itself mainly with important investiga- 
tions in differential and integro-differential equations that 
have been inspired by the consideration of certain physical 
problems. It is pointed out that under the present hypothesis 
of the discrete structure of matter, physical problems tend to 
lead to ordinary differential equations rather than to partial 
ones. 

The third lecture is devoted to a discussion of analysis situs. 
The essential nature of this important branch of mathe- 
matics and its invaluable assistance in developing the theory 
of certain other branches, is very clearly brought out in brief 
compass. It is shown that in dealing with certain types of 
problems, analysis alone is insufficient to resolve all the diffi- 
culties without the powerful aid rendered by analysis situs. 
The réle of each branch is shown in very illuminating fashion 
by comparison with a map of a large country given on a 
series of partial leaves that can only be put together by means 
of an “assembling table” showing the general disposition of 
the leaves. 

The fourth and final lecture is devoted to elementary solu- 
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tions of partial differential equations and Green’s functions. 
A brief but comprehensive résumé of recent investigations 
concerned with these two topics is given. ‘The writer points 
out that the important difference between the Green’s function 
and the elementary solution of the corresponding differential 
equation, corresponds to a similar difference between Cauchy’s 
problem and Dirichlet’s problem. That is to say the Green’s 
function, like Dirichlet’s problem, depends very closely on 
the form of a certain surface or hypersurface, whereas the 
elementary solution, like Cauchy’s problem, does not. From 
this fact it is readily seen that considerations of analysis 
situs will play an important rdle in the study of Green’s 
functions. Hence these functions are related to all the prin- 
cipal topics of the preceding lectures, and therefore, as the 
writer expresses it, a discussion of them forms an appropriate 
conclusion. 
CHARLES N. Moore. 


Die elliptischen Funktionen und thre Anwendungen.  Erster 
Tel. By Roxpert Fricke. Leipzig, B. G. Teubner, 1915. 
x+500 pp. Price 22 Marks. 


THE present volume is the first of a series of three which 
Dr. Fricke proposes to write on the elliptic functions and their 
applications. It appeared in October, 1915, and is devoted 
to the function theoretic and analytic bases of the theory of 
elliptic functions. One would naturally expect that a treatise 
on elliptic functions from the pen of Dr. Fricke would follow 
the lines of thought developed by Klein and his students 
thirty-odd years ago. Consequently, on turning the pages of 
the present volume, one is not surprised to be reminded again 
and again of modes of thought, of formulas, and of geometric 
diagrams made familiar through the Klein-Fricke Modul- 
funktionen. Dr. Fricke refers to this when he writes in the 
preface: ‘‘ That I should adhere in the main to the methods of 
presentation, the use of the invariant theory, geometric rep- 
resentation, and so forth, which more than thirty years of 
close scientific companionship with my teacher and friend 
IF. Klein have made my own, I may regard as self-evident.” 

The introduction, consisting of 105 pages, is devoted to an 
exposition of theorems concerning analytic functions of a single 
complex variable. This material is made to lead up to a 
statement of the basic problems of the theory of elliptic func- 
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tions; namely, a study of the algebraic functions and their 
integrals on a Riemann surface whose deficiency is p = 1, 
and a classification of these functions into essentially different 
stages (Stufentheorie). The introduction closes with an 
application of the Fuchs’ theory to linear differential equations 
of the second order, in particular to the hypergeometric dif- 
ferential equation and hypergeometric series. 

The remainder of the volume is divided into two parts 
(Abschnitte), of which the first, consisting of five chapters, 
is devoted to the theory of elliptic functions of the first stage 
(Stufe). This, as we know, is the ‘“ Weierstrass theory ” 
with its characteristic rational invariants g2, g3 and the cor- 
responding normal form of the integral of first kind 
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"The discussion contains the usual materials with the invariant 
theory and the group theory always in the foregound. The 
first part closes with a discussion of the “ differential equation 
‘of the periods” and the related Schwarz differential ex- 
pression. 

The second part, consisting of three chapters, opens with a 
discussion of irrational invariants of the algebraic form f(z) 
of the fourth degree and we soon reach the characteristic 
irrational invariant \ (anharmonic ratio) of the second stage, 
and the irrational invariant jw (octahedral irrationality), 
characteristic of the fourth stage, together with the cor- 
responding normal forms of the integral of first kind 
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The first of these is the Riemann normal integral, and the 
second resembles very closely the Legendre-Jacobi normal 
form, but our author prefers to call it the Abel normal form, 
since Abel used it in his Recherches sur les Fonctions ellip- 
tiques. The Legendre-Jacobi normal form differs from the 
Abel normal form in having k? in place of u*. Moreover the 
Jacobi elliptic functions belong to the second stage in the 
Stufentheorie and not to the fourth. 
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The explicit statement of Klein’s Stufentheorie occurs in 
the second chapter. This theory depends upon the group 
of linear substitutions I: ”, that is, 


w= U+ Mw, + Mowe, 
(1) wy) = aw, + Bwo, 
w2 = Yo1 + Owe, 


where mj, m2, a, 8, y, 6 are integers and ad — By = 1, and 
its congruence subgroups; the principal congruence subgroup 
of nth stage being defined by the congruences 


(2) mi = 0; m, = 0, On Ores], B=y¥ 
The group I™; that is, 


O (mod n). 


1 4p -f- M411 “+ MWe, 


and the modular group I? are considered separately. The 
principal congruence subgroup of nth stage of I is defined 
by the first two congruences of (2), and the principal congru- 
ence subgroup of nth stage of I“ is defined by the last four 
congruences of (2). The theory of the modular group and its 
principal congruence subgroups is contained in the Modul- 
funktionen (1890). The definition of the discontinuity do- 
mains for the principal congruence subgroups of nth stage of 
I™ and of I” follow, and we are led, finally, to the follow- 
ing definition of an elliptic function of nth stage. 

An elliptic function of nth stage is a uniform homogeneous 
function wW(w/w1, we) of integral dimensions d of the three 
arguments wu, #1, @2 which is invariant (covariant) under the 
substitutions of the principal congruence subgroup of nth 
stage of [™ ©); for fixed values of wy, w, it is an analytic func- 
tion of wu, free from essential singularities in the discontinuity 
domain of the principal congruence subgroup of nth stage of 
I'™ and is defined for the entire w-plane except for u = ©; 


and for a fixed value of w/w» 





is an analytic function of w, free from essential singularities 
within the discontinuity domain of the principal congruence 
subgroup of nth stage of the modular group I, and is defined 
for the positive w-half plane. 
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_ Nearly a quarter of a century ago Professor Klein expressed 
the hope that he might sometime be able to treat the whole 
theory of elliptic functions from this point of view,* and the 
present text, when completed, may be regarded as in a sense 
a fulfillment of that hope. 

The Jacobi functions, snw, enw, dnw, now appear as 
elliptic functions of the second stage and the remainder of the 
volume is devoted to their properties, their relations to the 
Weierstrass functions, and to the properties of the allied theta 
functions. 

Dr. Fricke’s style is well known the world over and needs 
no comment. The text is free from errors, due credit being 
given by the author to Fraulein Dr. H. Petersen for careful 
proof-reading. The book appeared from the Teubner press 
‘in spite of all the difficulties of the time, without unusual 
interruptions.” In conclusion we may SS the hope that 
nothing will interfere with the publication of the two remaining 
volumes. 

L. WaYLANnp DowLIna. 


Problems in the Calculus, with Formulas and Suggestions. By 
Davin D. Lers, Ph.D. Boston, Ginn and Company, 1915. 
xli+224 pp. Price $1.00. 


THE first impression conveyed by the title of this book, that 
it may be a collection of problems of the sort discussed by 
Professor Archibald in the BULLETIN of June, 1914, is corrected 
by the first few words of the preface. ‘The book is said to be 
“the outgrowth of lists of problems prepared by the author 
to supplement the textbook,” and in it we find “a supple- 
mentary list of workable problems on any topic ordinarily 
included in a general course in the calculus.”’ 

Preceding each set of exercises is a brief statement of tHe 
formulas and methods applicable thereto, with warnings 
against some common errors. Infact it seems to the reviewer 
that too careful a classification and too definite directions are 
given to permit, much* less encourage, the development of 
initiative, versatility, and flexibility on the part of the student. 
When he has worked through a reasonable number of examples 
in his text-book, where properly enough most of them are 
carefully classified, the best additional preparation for the 


* Evanston Colloquium (Aug. 28-Sept. 9, 1893). Lecture X. 
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unassorted difficulties he will meet in physics, mechanics, or 
elsewhere would seem to be furnished by examples in which 
the method of attack is left. for him to discover. This is 
especially true in the case of formal integration; many stu- 
dents can “ turn the crank”? when they know what crank to 
turn, but are helpless when it comes to selecting a suitable 
method for themselves. This book of problems would be more 
helpful to them if the author had written each problem on 
formal integration for instance on a separate piece of paper 
and had secured the cooperation of a playful kitten in com- 
pleting the arrangement. | 

The intentional omission of the answers to a large number of 
examples should assist the development of students, but one 
would hardly make that claim for the inaccuracy which is 
threatened by the author’s statement that “‘no one has 
formally verified the answers.” The reviewer has not,done 
so in many cases, but would call attention to errors in parts 
(b), (e), (f), (g), (2) of example 3, exercise XCIX and in examples 
3 and 15 in exercise CII. The last-named example is the 
approximate integration of 


ae lg 
nl -cos a. 





In the first place, it hardly seems worth while to use approxi- 
mate rules for more than one or two examples that can be done 
easily by direct integration; or at least it is not worth while to 
preserve many such problems and answers in a book. In the 
secorid place, it is hardly worth while to employ the methods of 
approximate integration unless it is done accurately enough to 
give better results than inspection, counting squares, or guess- 
ing in any other form. The answer given for this problem, 
1.057 as compared with the correct 1, is surely beyond per- 
missible limits of error. It apparently results from a hasty 
use of the trapezoidal rule, which inspection shows to be inex- 
act in this case. ‘The same unwise use of this rule is suggested 
in example 3 of the same exercise, to find by four ordinates the 


1 
value of { V1 + a‘tdzv. If this is treated as an area, the 
0 


slope of the curve at the upper point is v2, and the slope of 
the upper boundary of the last trapezoid is less than 1; ob- 
viously the trapezoidal rule will be inaccurate. The answer 
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given, 1.07, seems to be the result of hasty work; accurate use 
of the trapezoidal rule yields 1.103, as compared with the 
exact value, 1.0894, obtained by the aid of I’ functions and 
verified by Simpson’s rule with five ordinates. The error 
due to the trapezoidal rule is nominally only 1.3 per cent., but 
inspection shows the area to be a unit square surmounted by a 
small area, and for this latter even an accurate use of the rule 
suggested results in an error of about 15 per cent. Such ap- 
proximate integration seems unsatisfactory to the reviewer, 
although it must be admitted that other books appear to 
sanction it. 

The points open to criticism—the too orderly arrangement, 
inaccuracies in certain answers, and undesirable features in a 
few problems—are flaws which limit rather than destroy the 
usefulness of the book. It is certain that many teachers will 
find it convenient to put in the hands of students for supple- 
mentary work, and more will find it a very satisfactory source 
from which to draw, for classroom work or tests, problems 
which will be new to their students. 


R. W. Buracess. 


Vom pertodischen Dezimalbruch zur Zahlentheorie. By ALFRED 
LEMAN. Leipzig, Teubner, 1916. iv+59 pp. Price 80 
Pfennige. 

THE aim of this little book is to present the main properties 
of periodic decimals as material for a concrete introduction 
to the more elementary topics of the theory of numbers. The 
concept congruence is introduced on page 16 and Fermat’s 
theorem is presented, illustrated and proved on pages 21-23, 
—each topic being a natural sequel to concrete questions and 
results concerning periodic decimals. 

Periodic fractions to bases other than 10 are treated briefly 
in the final chapter 8, although on page 51 this part of the 
theory is said to be treated in chapters 8 and 9. 

There is a list of about 15 papers, including most of the 
earliest ones. There is no mention of the early MS. by Leib- 
niz; Henry Goodwyn’s tables, 1816-28; the papers by Poselger, 
1827; Bredow, 1834; Midy, 1836; Catalan, Thibault, and Sor- 
nin in Nouvelles Ann. Math., 1842, 1848, 1846; Desmarest’s 
text, 1852; Hudson’s excellent paper in Oxford, Cambridge 
and Dublin Messenger of Mathematics, 1864, pages 1-6—not 
to cite various earlier papers and a hundred later ones. The 
topic is not exhaustively treated as claimed. 
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In the notes on page 54, the statements concerning perfect 
numbers and the largest known prime are not up to date. 

However, the author has succeeded in his aim to write an 
attractive account of the main properties of periodic decimals 
and to use that topic as a concrete means to acquaint the im- 
mature reader with some important theorems of the theory 
of numbers and to arouse his curiosity to pursue the theory 
further. 

L. E. Dickson. 


Compendio de Algebra de Abenbéder. ‘Texto arabe, traduccién 
y estudio por José A. SANCHEZ PEREz. Madrid, 1916. 
(Junta para Ampliacién de Estudios e Investigaciones cien- 
tificas, Centro de Estudios histéricos.) 


THE translator, who has an enthusiastic hope that some 
day an adequate history of mathematics in Spain will be 
written, sees in this manuscript a contribution of material for 
such a book. But the translation is of value for another 
reason: it makes accessible to the mathematical world in 
general another of the works compiled by the Mussulmans 
between the eighth and fifteenth centuries. Sr. Pérez begins 
his introduction with a brief account of certain phases of 
the history of mathematics in his own country and closes it 
by thirty pages of discussion of questions relating to the con- 
tents of this document and its authorship and date. 


The Compendio de Algebra is contained in manuscript 936 
of the Escurial library (Arabic section). There are forty-six 
folios in Arabic characters of Spanish type. The date, as 
given in the document, is the year 744 since the Hegira. 
Abenbéder understands that the object of algebra is the solu- 
tion of equations. He explains his subject in the form of 
ordinary discourse, without employing the notations of alge- 
bra. The work is divided into two parts—the theoretical and 
the practical. In the former, the first six “questions” treat 
the six forms of equations given by Al-Khowarizmi. Some 
of the particular equations used are those met with so fre- 
quently in these early texts: for example, (in our notation) 
a? + 10x = 39 and 2? -+ 21 = 10a. There are also six “ chap- 
ters” explaining the fundamental operations with the square 
roots of numbers and six others dealing with the rules of 
signs and with the squares and cubes of the unknowns. 
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The practical part of the book starts out with six problems 
illustrating the six types of equations. Five of these might 
well be placed in the next chapter, which contains eleven 
problems “concerning ten.’’ In each of these sixteen exercises, 
the number ten is to be divided into two parts according to 
to some specified condition: for example, the product of the 
parts divided by their difference equals five and one fourth. 
Then follow seven collections containing forty-eight examples 
in all. Half of these are “problems of the squares”’; such as, 
one more than one third of a square multiplied by one more 
than one fourth of the square equals twenty. Another group 
of five questions about soldiers involves arithmetical pro- 
gressions. ‘There are also “problems of commerce,” : “ prob- 
lems of the gifts,” and others concerning our old friends the 
couriers, who have, by various methods of travel, been pur- 
suing one another so industriously through the pages of 
algebra textbooks for centuries. After a formal statement 
that the end of the book of “chéber y almocabala”’ has been 
reached, there are appended a problem involving an arithmetic 
progression and also three meager rules for the solution of the 
three types of the complete quadratic. 

EK... B. COWLEY. 


First Year Mathematics. By GrorcEe W. Evans and Joun 
A. Marsu. New York, Chas. E. Merrill Company, 1916. 


As its name indicates, this work is intended for use in the 
first year of the high-school course, and is a correlation of 
elementary algebra, plane geometry and the fundamental 
ideas of coordinate and locus. 

In Chapter 1, simple equations in one unknown are intro- 
duced as a means of abbreviating arithmetical processes, 
with applications to ratio, linear and angular measurement, 
valuation problems, angles and angle relations and circular 
measurement. It may be noted that the term “stripe” is 
introduced in this chapter to denote a pair of parallel lines. 
Also, that it is pointed out in detail that precision of measure- 
ment is indicated by the number of significant figures in the 
result rather than by the number of decimal places. In 
explaining negative quantities the historical method is fol- 
lowed by assigning to the negative the primitive idea of a 
shortage to be made up, or caused to disappear, by the 
addition of a quantity sufficient to cover the shortage. ‘The 
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word shortage is the term actually used in the text, with a 
note to the effect that the process of making up a shortage 
is the real significance of the Arab word algebra, of which 
the English equivalent is “restoration.”’ 

Chapter 2 takes up approximate computations, including 
multiplication, division, and square root, with practical rules 
for fixing the decimal point and determining the accuracy of 
the result. 

Chapter 3 relates to the measurement of areas of plane 
figures, including the triangle, trapezoid, and circle, and the 
evaluation of simple formulas. 

Chapter 4 is devoted to the solution of fractional equations 
and certain standard types of problems, notably that of 
numbers formed by certain digits, the problem of relative 
velocities, and the ancient problem of ability and time. The 
problems in this chapter seem to be either irrelevant or of 
merely historical interest, and might well be replaced by 
problems of modern application and significance. 

Chapter 5 considers simple transformations of algebraic 
expressions such as transposition and the use of parentheses, 
and the multiplication and division of polynomials. The 
algebraic negative is here again explained as a shortage, such 
for example as arises when a merchant is unable to fill an 
order because of insufficient stock on hand. 

Chapter 6 explains the distinction between an equation of 
condition and an algebraic identity, and also takes up the 
factoring of quadratic expressions. 

Chapter 7 is devoted to the solution of quadratic equations. 
An important feature of this discussion is the careful and com- 
plete explanation given of the practical meaning of like and 
unlike roots, of negative and imaginary roots, of meaningless 
answers, etc. 

In Chapter 8 the elementary theorems of plane geometry 
are treated, including the properties of similar triangles, the 
ratio properties of triangles, and the Pythagorean theorem, 
the latter also being treated by the aid of the trigonometric 
tangent. 

Chapter 9 explains the fundamental idea of coordinate and 
locus, and illustrates by plotting data giving rise to a linear 
graph. To illustrate the relation of converse statements, 
such as “If an equation is of the first degree its locus is a 
straight line,” and its converse “If a locus is a straight line 
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its equation is of the first degree,” the pupil is required to 
give the converse of certain other statements, such as “If my 
straw hat is ruined a horse has stepped on it.” 

In Chapter 10 simultaneous linear equations are solved by 
elimination and by combination. 

In Chapter 11 simultaneous equations, including quadratics, 
are solved by the method of substitution, and also graphically 
by the intersection of their loci. 

Chapter 12 consists of 380 pages of supplementary problems 
for review. 

As a brief summary of the treatment, it may be said that 
formal definitions are reduced to a minimum, and every effort 
is made to appeal to the common sense of the pupil. The 
text is so arranged as to give the pupil a clear idea of the 
meaning and purpose of algebra and geometry, rather than to 
set forth a logical and conventional system of mathematical 
doctrine. This is primarily the ideal to be attained in the 
coordination of elementary mathematics, and as this idea 
seems to have been clearly the guiding principle in the selection 
and arrangement of material in this case, it is interesting to 
note the vitality and unity it gives to the text. Such a 
one volume text necessarily covers a limited field, but within 
its limits it is, with a few exceptions, thoroughly modern in 
its spirit and aims, as well as eminently teachable. 


S. E. SLocuM. 


Second-Year Mathematics for Secondary Schools. 2d edition. 
By E. R. Bresuticn. University of Chicago Press, 1916. 


Tus book is one of the numerous recent attempts to corre- 
late elementary algebra, geometry, and trigonometry for pur- 
poses of instruction. The idea of correlation is of course one 
of great possibilities, but to be successfully realized it must be 
based on some central and unifying principle, such, for in- 
stance, as the function concept advocated by Klein. A careful 
examination of the present work fails to reveal any such 
principle of selection or arrangement, and leaves the impression 
of a haphazard collection of unrelated topics. 

In order that the book may be judged on its own merits 
and not by the opinion of the reviewer, the following brief 
summary of its contents is given. 

Chapter 1 is a tabular statement of the geometric theorems 
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and constructions included in the preceding volume on first 
year mathematics. 

Chapter 2 is a brief explanation of logical statement, fal- 
lacies, and methods of proof, which could hardly be appre- 
ciated by pupils at this point, before having had sufficient 
practice to distinguish between the methods described and 
the difficulties involved. 

Chapter 3 relates to algebra, including simultaneous linear 
equations, elimination by combination and by substitution, 
and by the intersection of the graphs of their loci. This 
arrangement is meritorious, but the treatment is entirely too 
brief and is accompanied by very few problems. 

Chapter 4 takes up geometry, beginning with the properties 
of quadrilaterals and parallelograms. ‘This is interrupted by 
four quadratic equations to be solved algebraically, followed 
by three problems on loci, a page and a half on prisms and a 
page and a half on dihedral angles. This chapter shows 
plainly the lack of coordination which characterizes the book. 

Chapter 5 treats of proportional line segments, supplemented 
by properties of transversals intercepted by a system of parallel 
planes, and includes photographs of two railway bridges. 

Chapter 6 begins with the theory of proportion, is inter- 
rupted by three pages on the factoring of polynomials, returns 
to proportion, and ends by showing the relation of direct and 
inverse variation to proportion. 

Chapter 7 treats of similar plane figures, but digresses to 
explain the graphical method for finding mechanically the 
quotient of two arithmetical numbers. The objection to such 
an irrelevant digression is that it violates the principle of 
correlation which aims at concentrating the pupils’ thought 
instead of diverting it. 

Chapter 8 starts out by defining the projection of one line 
on another, then proceeds to the simplification of radicals, 
passing next to a discussion of the theorem of Pythagoras 
with historical notes and a picture of Fermat. The formula 
for the solution of quadratic equations is then given, and the 
chapter concludes by generalizing the theorem of Pythagoras. 
How this arrangement facilitates instruction is not fully 
apparent. 

Chapter 9 is mainly on trigonometry. The sine, cosine 
and tangent are defined, and brief tables of these functions 
given, with applications to the solution of plane triangles, 
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followed by the derivation of two trigonometric identities, 
after which comes the algebraic and graphical solutions of a 
quadratic with a linear equation. 

Chapter 10 relates to theorems on the circle, with historical 
notes and a photograph of Dryburgh Abbey. 

Chapters 11 and 12 are on geometry, discussing the measure- 
ment of angles by circular arcs, and proportional line segments 
in circles. 

Chapter 13 is on algebra and considers fractional equations 
including trigonometric identities. 

Chapter 14 swings back to geometry, taking up ipeometee 
inequalities mainly applied to line segments. 

Chapter 15 begins with dihedral angles and concludes with 
certain theorems on the sphere, enlivened by a photograph 
of the cathedral of S. Maria del Fiore. 

Chapter 16 treats of geometric loci, including among other 
things definitions of the circumcenter, incenter, excenter, 
orthocenter, the nine point circle and the Eulerian line. 

Chapter 17 is on the relation of a circle to its inscribed and 
circumscribed circles, and includes the determination of the 
value of z. This is illustrated by a photograph of Gauss, with 
historical notes, and photos of two ancient German buildings. 

Chapter 18 begins with a few theorems on plane areas, 
passing from this to the solution of literal equations in one 
and two unknowns, then back again to the discussion of 
certain theorems on areas of triangles, and ending with the 
factoring of polynomials. 

Chapter 19 concludes the work with a discussion of areas of 
polygons, illustrated with photographsof two peculiar buildings, 
which are not named but apparently represent what is called 
the Chicago style of architecture. 

The modern demand for economy of time in education will 
eventually lead to correlation of mathematics in which the 
central idea will be to cultivate in the pupil the habit of mathe- 
matical thought and exact expression, to give him equal 
facility in the application of algebraic and geometric methods, 
and to make the subject matter vital by modern applications 
and interpretation. The outline given above seems to indicate 
that the opportunity to accomplish these results has been 
almost entirely overlooked in the present work, as the arrange- 
ment has no advantage over similar material selected at 
random from standard texts. S. E. SLocum. 
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A Course on the Solution of Spherical Triangles for the Mathe- 
matical Laboratory. By HERBERT Bru, M.A., B.Sc., As- 
sistant in Natural Philosophy in the University of Edin- 
burgh. London, G. Bell and Sons, Limited, 1915. viii + 
66 pp. 

Tuis little book is No. 5 of the Edinburgh Mathematical 
Tracts of which Nos. 1, 2, and 4 are also manuals for the 
mathematical laboratory. It presents an account of various 
methods, numerical and graphical, of solution of spherical 
triangles. 

The author keeps his object clearly in mind, goes directly 
at it, maintains a good proportion of parts in definition, 
exposition, and illustration, and the result is a_ practical 
syllabus of the subject in brief space. The value of this 
manual is considerably enhanced for the inexperienced com- 
puter by the foresight of the author in going into details to 
exhibit and illustrate methods and devices which arise from 
experience which the beginner has not had, and are not 
immediately evident. On the other hand the reader is not 
confused with long expositions where they are not needed, 
and when he has once been over the contents and has acquired 
some experience in computing he will find the book what it was 
intended to be, a useful and practical manual. 

The first chapter deals with the use of logarithmic tables, 
including addition and subtraction logarithms, and questions. 
of precision. Seven place tables are used in the examples. 
The second chapter is an exposition of the general spherical 
triangle, the cases which arise on the basis of D’Ocagne’s 
classification, and the fundamental formulas, including 
those for solution by means of auxiliary angles. The third 
and fourth chapters are devoted to the numerical solution 
of the right-angled and the general spherical triangle, 
respectively. 

Chapter V treats certain special applications to navigation 
and astronomy, including great circle sailing, finding the 
longitude at sea, reducing an angle to the horizon, and 
conversion of star coordinates. In Chapter VI graphical 
methods of solution are set forth at some length. Here 
are given Monge’s method, the Emerson-Langley construc- 
tion, nomograms, including the analemma, -Chauvenet’s 
solver, and straight-line nomograms. 

A. M. Kenyon. 
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United States Life Tables: 1910. Prepared in the Division of 
Vital Statistics of the Bureau of the Census under the super- 
vision of JAMES W. GLovER. Washington, D. C., Bureau 
of the Census, 1916. 65 pp. 


Turis work includes twenty-five life tables derived from 
twenty-five classes of persons of the population of the original 
registration states. The statistical data for these tables are 
obtained from the estimated population within these states 
as of July 1, 1910, and from the corresponding deaths in the 
calendar years 1909, 1910, and 1911. Osculatory interpola- 
tion retaining fifth differences was employed in distributing 
into yearly age groups the numbers given in quinquennial age 
groups. The first table in the book (pages 16-17) is derived 
from the entire population of the original registration states. 
The remaining twenty-four tables are obtained by classifica- 
tions of this population into male and female, white and 
negro, rural and urban, native born and foreign born, and by 
preparing distinct tables for the following states: Indiana, 
Massachusetts, Michigan, New Jersey, and New York. 

There has been urgent need of an application of mathe- 
matico-statistical methods to derive reliable results on mor- 
tality among the general population, and among various 
classes of that population. Both from an examination of the 
present work and through correspondence with Professor 
Glover, the reviewer is much impressed with the thorough- 
going methods employed in deriving these tables. The results 
are based on the part of the population of the United States 
on which we have, in general, more reliable mortality data 
than on other parts of the country. It is a very important 
feature of this work that separate tables of infant mortality 
are prepared, which show the mortality by age intervals of 
one month for the first year of life, and that the method used 
in preparing the tables for the first five years of life is the very 
commendable one used in constructing the German life tables 
for the decennium 1891-1900. An explanation of the mean- 
ings of various columns of the tables is given, with concrete 
examples, which will make the tables easily understood even 
by persons who are not particularly familiar with the language 
in which mortality rates, populations living at given ages, and 
expectations. of life are expressed. One may easily draw from 
these tables rather striking information in regard to com- 
parative mortality rates of different classes of persons. For 
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example, of the classes considered, the negro males have 
the highest mortality, and the white females from the rural 
population have the lowest mortality. The tables give as 
the complete expectation of life at birth for the male negro 
34.05 years and for the rural female 57.35 years. The average 
death rate per thousand of the total population of the former 
is 29.37 while that of the latter is 17.44. As another striking 
illustration, we note that white males in cities have a complete 
expectation at birth of 47.32 years and an average death rate 
per 1,000 of 21.13, while the rural white males have a corre- 
sponding expectation of 55.06 years, and an average death 
rate per thousand of 18.16. 

These tables may well become standard for certain civil 
purposes, such as the valuation of life estates, where there does 
not exist the selection of lives such as is involved in the data 
on which life insurance tables are based. 


Het Rrerz: 





NOTES. 


Tue March number (series 2, volume 18, number 3) of the 
Annals of Mathematics contains the following papers: “‘ Sym- 
metric functions formed by systems of elements of a finite 
algebra and their connection with Fermat’s quotient and 
Bernoulli’s numbers,” by H. S. Vanpiver; “ The generalized 
Lagrange indeterminate congruence for a composite ideal 
modulus,” by H. S. VanpiveEr; “‘ On the congruence ca* + 1 
= dy’ in a Galois field,’ by H. H. MircuHe.x; “ On the geo- 
desics and geodesic circles on a developable surface,” by W. C. 
GRAUSTEIN; “‘ Note on representations of the partial sum of a 
Fourier’s series,” by DunHam Jackson; “‘ Acknowledgment,” 
by Frank Irwin; “ Certain general properties of functions,” 
by Henry BLUMBERG. 

Under an arrangement by which the Mathematical Asso- 
ciation of America will contribute to its financial support, the 
Annals will enlarge its annual volume by 100 pages, which 
will be devoted to expository and historical papers. The 
subscription price, beginning with volume 19, will be $3.00, 
with a reduction of one half to members of the Association. 


THE November, 1916, number (volume 2, number 11) of 
the Proceedings of the National Academy of Sciences contains 
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the following mathematical papers: “A set of independent 
postulates for cyclic order,” by E. V. Huntinaton; “ Cer- 
tain general properties of functions,’’ by HENry BLUMBERG. 
The February and March, 1917, numbers (volume 3, numbers 
2 and 3) contain: “‘ Natural and isogonal families of curves 
on a surface,’ by JosEPpH Lipxa; “Some problems of Dio- 
phantine approximation: the series Le(A,) and the distribu- 
tion of the points (A,q@),’’ by G. H. Harpy and G. E. Lirrie- 
woop; “A note on the fitting of parabolas,’’ by J. R. MInrEr; 
“The complete enumeration of triad systems in 15 elements,”’ 
by F. N. Cots, L. D. CumMmines, and H. 8. WHITE. 


At the meeting of the London mathematical society held on 
January 18 the following papers were read: By G. H. Harpy 
and S. RaMANvuJAN: “Asymptotic formulas in combinatory 
analysis”; by M. J. M. Hitz: “The singular solutions of or- 
dinary differential equations of the first order’’; by H. BATEMAN: 
“The nature of a moving electric charge and its lines of electric 
force’; by L. J. Roarrs: “The expansion of the variables of a 
hypergeometric equation in terms of the ratio of two solutions”; 
by H. J. Prrestiey: “A problem in the theory of diffraction.” 


THE Swiss mathematical society held its regular summer 
meeting at Schuls (Engadine) August 6-9, 1916. The fol- 
lowing papers were presented: By L. Creurer: “The power of 
a line”’; by O. Spress: “Closure problems for convex curves”’; 
by C. CartuEer: “On imaginary ruled geometry”; by W. H. 
Youna: “Multiple integrals and Fourier series”; by GRACE 
C. Youna: “On the curves of Cellérier and Weierstrass”; by 
F. Rupio: “ Report on the new edition of Euler’”’; by M. Gross- 
MANN: “The completion of the general theory of relativity”’; 
by H. Weyt: “The problem of analysis situs”; by L. G. Du 
Pasquier: “On generalized arithmetic’”’; by G. Pétya: “A 
counterpart of the Liouville approximation theorem in the 
theory of differential equations’; by O. BERLINER: “On a 
projective natural geometry”’; by Kk. Merz: “ Historical note 
on the Steiner surface’; by W. H. Youne and Grace C. 
Youna: “The structure of functions of several variables”; by 
O. Buocu: “On the geometry of the Gauss number plane.” 


At the annual meeting of the Paris academy of sciences held 
on December 21, the following prizes were awarded in pure and 
applied mathematics: 
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As no satisfactory memoir was received on the problem set 
in 1915, the Grand prize was not awarded. But a prize of 
2,000 franes was given to Professor N. E. NORLuND, of the 
University of Lund, for his contributions to the theory of linear 
equations in finite differences. The de Parville prize (1500 
franes) was awarded to Professor L. Torres, of Madrid, for 
his calculating machine for solving algebraic equations and 
other mechanisms invented by him. ‘The prize in history and 
philosophy of the sciences (1,000 francs) was given to Professor 
J. BENSAUDE, of Lisbon, for his book on nautical astronomy 
in Portugal during the great exploration period. The Fran- 
coeur prize (1,000 francs) was awarded to the late Professor 
L. Couturat, of the Collége de France, for his mathematical 
works. The Poncelet prize (2,000 francs) was awarded to 
Professor C. J. DE LA VALLEE-Poussin, of the University of 
Louvain, for his mathematical works. The Lalande, Valz, and 
Janssen prizes in astronomy were divided among J. E. Coaata, 
G. Boccarpl, Cu. Fasry, H. Buisson, and H. BourGert. 

The following prizes are offered under the usual conditions, 
the awards to be made in December, 1917: Poncelet prize 
(2,000 franes) for a memoir in pure mathematics; Francoeur 
prize (1,000 francs) for the best essay in pure or applied mathe- 
matics; Montyon prize (700 frances) for the best practical ap- 
plication of mathematics; Fourneyron prize (1,000 francs) for 
the most meritorious investigation of ball bearings. The 
problem set for 1916 is also repeated: the most important 
improvement of motors used in aviation. The Boileau prize 
(1,300 franes) for theoretical and experimental progress in 
hydraulics; de Parville prize (1,500 francs) for a contribution 
to mechanics; Lalande prize (540 frances) and Valz prize (460 
frances) for researches in astronomy; Grand prize (3,000 francs) 
for the best essay on the problem: “'To improve in an important 
point the study of the successive powers of the same substi- 
tution, as the exponent of the power increases indefinitely;”’ 
Le Conte prize (50,000 frances) for work in mathematics (one 
eighth may be used for encouragement, and seven eighths in 
one or more prizes for results). The general prizes include, for 
recognition of mathematical accomplishment without more 
detailed specification, the following: Houllevigue prize (5,000 
francs), Wilde prize (4,000 franes) and Jérome Ponti prize 
(3,500 francs). 
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THe biennial Ackermann-Teubner prize (1,000 M) has been 
awarded to Professor E. ZERMELO, of the University of Ziirich, 
for his investigations of the theory of sets, particularly for his 
memoir of 1907 on well ordered sets. 


THE following university courses in mathematics are an- 
nounced: 

COLLEGE DE FrRaNncE: (December 1, 1916—-March 25, 
1917).—By Professor G. Humprrt: Abelian functions of 
two variables, two hours.—By Professor J. HADAMARD: 
Partial differential equations and the problem of Cauchy, two 
hours.—By Dr. M. BrititoviIn (from January 2): Internal 
structure of the earth according to geodesy and seismology, 
two hours.—By Dr. L. Lancrvin: Principle of relativity and 
the theory of gravitation, two hours. 


CoLUMBIA UNIVERSITY (summer session, July 9-August 17). 
—By Professor JamMEs Mactay: Fundamental mathematical 
concepts, five hours; Theory of geometric constructions, five 
hours; Theory of numbers, five hours.—By Professor E>warpD 
KASNER: Differential geometry, five hours; Theory of func- 
tions of a complex variable, five hours.—By Professor W. B. 
Frre: Projective geometry, five hours; Higher algebra (Galois 
theory of equations), five hours. 


CORNELL UNIVERSITY (summer session, July 9-August 
17).—By Professor V. SnNypER: Foundations of elementary 
mathematics, five hours; Ruler and compasses, five hours.—By 
Professor C. F. Crata: Higher analysis, five hours.—By Pro- 
fessor F. W. OwEns: Projective geometry, five hours. Pro- 
fessors SHARPE, CARVER, GILLESPIE, Hurwitz and Drs. 
McKertvey and SILVERMAN will conduct a mathematical 
conference weekly. 


UNIVERSITY OF PENNSYLVANIA (summer session, July 9- 
August 18).—By Professsor G. H. Hatiert: Higher calculus, 
five hours.—By Professor R. L. Moore: Foundations of 
geometry, five hours——By Dr. F. W. Brau: Continuous 
groups, five hours. 


UNIVERSITY OF PENNSYLVANIA (academic year 1917-18). 
—By Professor E. S. Crawury: Higher plane curves, two 
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hours.—By Professor G. E. FisHer: Functions of a complex 
variable, two hours.—By Professor I. J. Scawarr: Infinite 
series and products, two hours.—By Professor G. H. HAuLetr: 
Finite groups, two hours.—By Professor F. H. Sarrorp: 
Partial differential equations, two hours.—By Professor M. J. 
Bass: Theory of numbers, two hours.—By Professor G. G. 
CHAMBERS: Synthetic projective geometry, two hours.—By 
Professor O. E. GLENN: Calculus of variations (second semes- 
ter),-two hours.—By Professor H. H. Mrrcneu: Algebraic 
numbers, two hours.—By Professor R. L. Moore: Founda- 
tions of mathematics, two hours.—By Dr. F. W. Brau: Dif- 
ferential geometry, two hours. 


Proressor C. J. DE LA VALLEE-PoussIN, of the University 
of Louvain, has been elected a foreign associate of the Royal 
society of Naples. 


Dr. A. TERRACINI has been appointed instructor in analytic 
geometry in the University of Turin. 


Proressor A. M. Harprna, of the University of Arkansas, 
has been promoted to a full professorship of mathematics. 


At Harvard University the two Benjamin Peirce instruc- 
torships have been filled for the coming year by the reap- 
pointment of Dr. W. L. Hart and the appointment of Dr. 
T. A. Prerce. Mr. B. H. Brown and Mr. J. L. Watsu have 
been appointed instructors in mathematics. Dr. L. R. Forp, 
of the University of Edinburgh, has been appointed instructor 
in actuarial mathematics. 


Dr. G. R. CLEMENTS, of the University of Wisconsin, has 
been appointed instructor in mathematics in the U. S. Naval 
Academy. 


Proressor Witi1AM BEEBE, of Yale University, died 
March 11 at the age of sixty-six years. 
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NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


© ANDION (I.). La cuadratura del circulo y de la eliptica. La Pay, R. C. 
Piuto, 1916. 4to. 


Boote (G.). Collected logical works. Volume 2: Laws of thought 
(1854). London, Open Court, 1916. S8vo. 16+448 pp. - 15s. 


DUNKEL (O.). See Goursat (E.). 


GoursatT (E.). A course in mathematical analysis. Differential equa- 
tions, being Part 2 of Volume 2. Translated by E. R. Hedrick and 
O. Dunkel. Boston, Ginn, 1917. 8vo. 8-+800 pp. $2.75 


Hancock (H.). Elliptic integrals (Mathematical Monographs, No. Be 
¢ New York, Wiley, 1917. S8vo. 104 pp. Cloth. $1. 


Heprick (E. R.). See Goursat (E.). 


HuntTINGTON (EK. V.). The continuum and other types of serial order. 
* 2d edition. Cambridge, Mass., Harvard University Press, 1917. 8vo. 
8+82 pp. Cloth. $1.00 


INDEX du répertoire bibliographique des sciences mathématiques. 3e 
édition. Amsterdam, Delsman, 1916. 115 pp. 


JOHNSON (G.). The arithmetical philosophy of Nicomachus of Gerasa. 
(Diss., Pennsylvania.) Lancaster, Pa., 1916. 49 pp. 


LeHMER (D. N.). Elementary course in synthetic projective geometry. 
Boston, Ginn, 1917. 12mo. 18+123 pp. $0.96 


Licut (G. H.). The dependence of the topography of envelopes of sys- 
tems of extremals on curvature. (Diss., Yale.) Lancaster, Pa., 
1917. 4to. 32 pp. 


MacRosert (T. M.). Functions of,a complex variable. London, Mac- 
¢ millan, 1917. 14+295 pp. 12s. 


Marcu (H. W.) and Wourr (H. C.). Calculus. (Modern Mathematical 
Texts, edited by C. S. Slichter.) New York, McGraw-Hill, 1917. 
8vo. 16+360 pp. $2.00 


MircHeit (B. E.). Complex conics and their real representation. 
(Diss., Columbia.) Lancaster, Pa., 1917. Svo. 4+44 pp. 


Rics Instirutr. The book of the opening of the Rice Institute. Hous- 
ton, Rice Institute, 1917. S8vo. Vol. 1. Pp. 14+1-264. Vol. 2. 
Pp. 265-680. Vol. 3. Pp. 681-1100. 


> Sepewick (W. T.) and Tyter (H. W.). A short history of science. New 
York, Macmillan, 1917. $2.50 


SticHTER (C.8.). See Marcu (H. W.). 


© Sopra la insussistenza del numero r. Palermo, Calogero Sciarrino, 1916. 
Svo. 


TyLer (H. W.). See Szepewick (W. T.). 
Wotrr (H.C.). See Marcu (H. W.). 
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Il, ELEMENTARY MATHEMATICS. 


ANDREWS (P. L.). Test papers in mathematics: designed to cover the last 
year’s work of preparation for the public schools and for the Royal 
naval college, Osborne; with an introduction by E. F. Johns. Ports- 
mouth, Gieves (John Hogg), 1916. 8vo. 48 pp. Is. 6d. 


Atwoop (G. E.). See Mysrs (G. W.). 


Bore. (E.) et Monten (P.). Algébre. Classe de 3 A, 2 et 1 A.B, 3 B, 2 
C.D, et enseignement secondaire des jeunes filles. Paris, Colin, 1916. 
Cartonné. Fr. 3.00 


Gorr (R. R.). Drill book in plane geometry. Boston, Riverdale Press, 
Brookline, 1916. 7+113 pp. 


Jouns (E. F.). See ANpreEws (P. L.). 
Monret (P.). See Boren (E.). 


Myers (G. W.) and Atwoop (G. E.). Elementary algebra. Chicago, 
Scott, Foresman and Company, 1916. 12+838 pp. 


ROSENBERG (F.). Test questions in junior algebra. London, University 
Tutorial Press, 1916. 113 pp. With answers. 1s. 6d; without, Is. 


III. APPLIED MATHEMATICS. 


Apetti (A.). Osservazioni astronomiche fatte all’equatoriale di Arcetri 
nel 1915, ed appendice di M. Maggini. Firenze, tip. Galletti e Cocci, 
1916. 4to. 73 pp. L. 4.00 


ANNUAIRE pour |’an 1917, publié par le Bureau des Longitudes. Avec des 
notices scientifiques par G. Bigourdan, J. Renaud et M. Hamy. 
Paris, Gauthier-Villars, 1917. 16mo. 8+ 662 pp. Fr. 2.00 


BIGOURDAN (G.). See ANNUAIRE. 


CaNTONE (M.). Corso di fisica sperimentale. Vol. 3, parte 4e 5 (Acustica 
ed ottica).. Napoli, G. Maio (B. De Rubertis), 1916. 8vo. 8+725 


pp.) L. 18.00 
CLEMENTS (G. R.). Problems in the mathematical theory of investment. 
Boston, Ginn, 1917. 12mo. 24pp. Cloth. $0.32 


Davenport (C. B.). Statistical methods with special reference to bio- 
logical variation. 3d edition revised. New York, Wiley, 1914. 8+ 
225 pp. $1.50 


Deu Re (A.). Sopra una formula del Betti relativa alla propagazione del 
calore, e sopra gli ellissoidi principali e di conducibilita del Boussinesq 
e del Lamé; formule fondamentali per transformare, con omografie 
estensive, formazioni d’ordine qualunque. Napoli, tip. B. De Ruber- 
tis, 1916. 8vo. 12 pp. 


Dinaro (S.). Il capo meccanico. Nouvo trattato teorico pratico descrit- 
tivo di meccanica industriale. Milano, Hoepli, 1916. 8vo. 12+ 
761 pp. L. 6.50 


Erepia (F.). Aviazione e meteorologia: prolusione tenuta al Collegio 
Romano il 1° settembre 1916 per l’inaugurazione della scuola civile 
d’aeronautica. Roma, tip. E. Armani, 1916. S8vo. 14 pp. 


Fiemina (J. A.). The principles of electric wave telegraphy and telephony. 
3d edition. London, Longmans, 1916. 16+911 pp. 30s. 
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GepHarT (W. F.). Principles of insurance. Vol. 1: ‘‘Life’’; vol. 2: 
“Fire.’ New York, Macmillan, 1917. $1.50+1.50 


Giorui (E.). Il meccanico. 7a edizione. Milano, Hoepli, 1915. 16+ 
536 pp. L. 4.50 


Guover (J. W.). United States life tables. Washington, Government 
Printing Office, 1916. 4to. 65 pp. Cloth. $0.75 


Gorri (C.). L’apprendista mececanico. Nozioni elementari di disegno 
geometrico e meccanico, di meccanica, caldaie e di macchine a vapore, 
etc. Milano, Hoepli, 1914. 16+315 pp. M. 3.00 


Hamy (M.). See ANNUAIRE. 
Heprick (E. R.). See Smira (C. M.). 


JouGUET (E.). Mécanique des explosifs. Paris, Doin, 1917. 12mo. 
20+520 pp. Cartonné. Fr. 6.00 


Maaaini (M.). See Apnrttr (A.). 


NavTIcau almanac and astronomical ephemeris for the year 1919 for the 
meridian of the royal observatory at Greenwich, published by order 
of the Lords commissioners of the Admiralty. Edinburgh, Neill, 1916. 
Svo. 


RANELLETTI (C.). Applicazioni di geometria descrittiva. Milano, Hoepli, 
1914. 12+201 pp. L. 2.00 


RENAUD (J.). See ANNUAIRE. 


SILVANI (J. B.).. Comment on peut expliquer tous les phénoménes observés 
dans le ciel et sur la terre. Nice, Mathieu, 1916. 8vo. 


Smita (C.M.). Electric and magnetic measurements. Edited by E. R. 
Hedrick. New York, Macmillan, 1917. 12mo. 12+373 pp. $2.40 


Stars at a glance. A handy sky guide on naval lines. London, G. Philip 
and Son, 1916. 48 pp. Is. 


VenEzIA, Ufficio idrografico del R. Magistrato alle acque. Norme ed 
istruzioni per il servizio meteorologico et catalogo alphabetico della 
biblioteca, dalla lettera A alla lettera C compresa. Venezia, C. 
Ferrari, 1916. 1 fasc. 8vo. ed 1 fase. 27 X 37 cm. 


WASHINGTON, Hydrographic office, U. 8S. Navy. Line of position tables 
for working sight of heavenly body for line of position by the cosine- 
haversine formula, Mareq Saint Hilaire method. Published by the 
Hydrographic office under the authority of the Secretary of the Navy 
(H. O. No. 171). Washington, 1916. 8vo. 1838 pp. $0.45 
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EQUILONG INVARIANTS AND CONVERGENCE 
PROOFS. 


BY PROFESSOR EDWARD KASNER. 


(Read before the American Mathematical Society April 24, 1915.) 


THE writer has studied the invariants of a pair of analytic 
curves under the equilong group with the main object of throw- 
ing light on the corresponding question in the more important 
conformal geometry.* The two theories present many anal- 
ogies, but are not connected by a strict principle of duality. 
The number of invariants and their orders turn out to be the 
the same, though the results have to be calculated inde- 
pendently. 

In some questions, however, the two theories differ essen- 
tially, not only in the methods to be employed, but also in the 
results obtained. Thisis true, in particular, with regard to the 
convergence of the power series entering into the formal 
calculations. ‘This question was left unsettled in the paper 
cited. 

The principal object of the present paper is to complete the 
equilong theory by showing that the series in question are 
always convergent. It thus follows that the equality of the 
absolute invariants is a sufficient as well as a necessary con- 
dition for the equivalence of two pairs of curves. The method 
used is to reduce the question to one in differential equationst 
and then to apply certain existence theorems, for solutions 
at a singular point, due to Briot and Bouquet. 


1. Calculation of the Invariants. 


The equilong group of the plane consists of all contact 
transformations which convert straight lines into straight lines 
in such a way that the distance 6 between the points of con- 
tact of any two curves on a common tangent remains in- 


* See Conformal Geometry, Proceedings of the Fifth International 
Congress, Cambridge (1912), vol. 2, pp. 81-87. 

+ Such a reduction is impossible in the conformal theory. We have 
instead a functional equation, and in some cases, as Dr, Pfeiffer has re- 
cently shown, the formal solution is actually divergent. In the language 
of the paper cited above, invariant relations of infinite order are required 
in conformal equivalence, but not in equilong equivalence. 
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variant. If we use Hessian line coordinates wu, » (where 2 is 
the perpendicular distance from the origin and w is the angle 
which the perpendicular makes with the initial line), the group 
may be written, in the notation of dual numbers, 


(1) U + 4V = Function (u+ 7v), where 7 = 0, 
or, in separated form, 
(2) U= ou), V =r¢'(u) + Yu), 


where ¢ and y are arbitrary analytic functions.* If we change 
the sign of v, we obtain the improper equilong transformations 
which preserve the magnitude of 6 but reverse its sense. 

A single regular analytic curve has no invariants: it can 
always be reduced to the normal form v = 0, that is, the 
origin (considered as an envelope of lines). 

Let us now consider two curves having a common tangent; 
this tangent we may assume to be the line wu = 0, v = 0. 
One of the curves we may assume reduced to v= 0. The 
other is defined say by v = f(u), where f is any power series 
without a constant term. In the second plane let the two 
curves be written in-the form V = 0, and V = F(U). 

We then have to consider the subgroup of (2) which converts 
the point »v = 0 into itself, and the line wu = 0,» = 0 into itself. 
This is 
(3) U= lu), V = vy'u), 


where g(u) is any power series beginning with the first power 
of w. : 

In terms of power series our problem is now as follows: 
When will the curves 


(4) v= aut aw?+-:--, 

(5) V = A,\U + A,U?-+ «.- 

be equivalent under a transformation of the form 

6) U = ayu-+ agu? + agu® + +--+, (a1 + 0), 


V = v(ay + 2aou of 3a3u + ote -)? 
The requisite condition is expressed by the identity 





* See Scheffers, Math. Annalen, 1905. The lines and curves considered 
are oriented. 
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(7) (ayu + au? + +++)(a1 + 2aqu + 8a3u? + ---) 
= Ax(ayu = Agu? -|- 2% -) + Ao(ayu + au? -t- eds a) <i 


Equating coefficients, we find first aja; = aA1. Since 
a, + 0, it follows that a; = A;. Hence a; is an absolute 
invariant. In fact a, in the curve (4), is the distance from the 
origin along the tangent wu = 0, v = 0 to the point of contact 
with the curve. This verifies the invariance of 6, the tan- 
gential distance of two curves. 

Equating coefficients of w” in (7), we find an equation in- 
volving a1, de, -+-, Gn, the coefficient of a, being 


TOS Same A, — (n —- lay (n = Dic 


Hence, if we assume aq, + 0, the equation can be solved for 
Gn. Hence no higher absolute invariants exist. 

THEOREM I. A pair of curves whose tangential distance 6 
is not equal to zero has no absolute invariant, under the equilong 
group, except 6. 

To show that two pairs of curves having the same 6 are 
actually equivalent, it is of course necessary to show that the 
first of the series (6), whose coefficients a, are calculated as 
described above, is convergent. ‘This we shall do later. 

We consider next the case 6 = 0, that is, the case where the 
two curves form a horn angle.* Let the order of contact of 
the two curves be h — 1, where h may be 2, 3, ---. In our 
reduced form one of the curves is the point v = 0, so the 
other must be of the form 


v= anu’ + anu™t+ --- Ge oak) 


This takes the place of (4). In the second plane the curve 
(5) must take the same form, since order of contact is obviously 
an arithmetic invariant. The transformation (6) remains the 
same. 

The first equation obtained from the identity (7) is now, 


a, = dino aige 


which determines a;.t Inthe next equation the coefficient of 








* See the author’s paper cited above. 

tIf h—1 is even, and if a, and A, have opposite signs, the a, thus 
found will be imaginary. In this case we may apply a preliminary im- 
proper equilong transformation, say U’ = U, V’ = — V, which will change 
the sign of A,;. Hence we can always take a to be real. The other 
coefficients a2, a3, -++ are found rationally, hence the transformation wiil 


be real. 
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dy is (2 — h)an; hence we can solve for az unless h = 2. In 
general, the nth equation determines a, unless h = n. Hence 
for a given order of contact, that is, a given value of h (greater 
than unity), there is one and only one equation of the set 
which cannot be solved for one of the coefficients (the one with 
highest subscript) of the’ transformation. This particular 
equation, the Ath in the list, together with the previous equa- 
tions, will enable us to eliminate ay, dz, «++, a@,—1, thus giving 
a relation between the coefficients az, «++, aez-1 and Ap, -:-, 
Ao,-1 of the two curves. This relation can be separated in 
the form 


J on—1(Oh; hls Tips Ql2h—1) rr Jon—1(An, Ans; ie res Asnr_-1), 


where J is a certain rational function of its arguments. Hence 
we have an absolute invariant of order 2h — 1. 


THeoREM II. Any horn angle, that 1s, a pair of curves 
touching each other, has one and only one equilong invariant. 
If the order of contact 1s h — 1, the order of the absolute invariant 
hese 1s 2h — |. 

If we allow h to take the value unity, the curves will not 
be in contact (we may call this contact of order zero), and the 
invariant J; is merely 6, the tangential distance. It is thus 
easy to restate Theorem II so as to include Theorem I. 

In the case of simple contact, h = 2, the invariant J3 is of 
third order and has the following geometric meaning (not 
restricted to the canonical form in which one of the curves is 
reduced to a point) 

dry dro dr, dro 
bay el Ce 


(ry a fo)? 7 (i ee 


8 Pe 





Here 17; and r2 denote the radii of curvature of the two curves 
of the horn angle; ds; and dsp denote the elements of arc; 
d@, and d62 denote the changes in the inclination of the tangent. 
The radii and their rates of change are of course taken at the 
vertex of the angle.* 








* The analogous conformal invariant of a horn angle is (see first citation) 
dy, _ dys 
va ds, ds» 


AT iis pe aes on aes oe 
/ (v1 — 2)?’ 


where y denotes curvature. 
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2. Convergence Proofs. 


If two pairs of curves have the same absolute invariant, then 
it is possible at least formally to find a power series for an 
equilong transformation converting the one pair into the other. 
To show that the series thus obtained is always convergent, 
we restate our equivalence problem (again in its canonical 
form) in terms of differential equations. 

If »v = f(u) and V = F(U) are to be equivalent under the 
transformation U = ¢(u), V = vg’(u), then 


pin Ole) 
ee) eres 





Here ¢ is the unknown function. It will be convenient to 
replace u by 2, and g by y. Thus our differential equation is 


(8) dy Fy) Ay+ Ay? -:: 
dx f(x) awtaaw?t---’ 

The curves will be equivalent rf, and only af, this differential 

equation admits an analytic solution of the form 


(9) y = aye+ Aaa" +... (a, + 0). 


The formal conditions are obtained from an_ identity 
which is obviously the same as (7) with w replaced by z. 
Hence we have a single condition on the coefficients in (8), 
namely, J(a) = J(A). The series (9) then formally exists, in 
fact there will always be «1! such series, one of the coefficients 
(namely a,) being arbitrary. 

To show that the series obtained are convergent (that is, 
that the radius of convergence is greater than zero) we might 
use directly Cauchy’s method of majorants; but this is un- 
necessary, since we can appeal to the following result due to 
Briot and Bouquet:* If an equation of the form 











* Goursat, Cours d’Analyse, vol. 2 (second edition), pp. 503, 504. It 
is there shown that if the coefficient an, or 6 in Goursat’s notation, is 
not a positive integer, there is one solution; if b isa positive integer, there 
will be either 0 or «1 solutions. But divergent series never arise. 

This is of course not true for differential equations of all forms. For 
example, 

dy y-2 
dx ibe 





is satisfied formally by y =x + 2? + 2!a3 + 3!la4 + ---, which is divergent 
for all values of x other than zero. 
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dy cs A10u pe Ao1y ae Aor” + Ay1XY ote Aoy” 4- or ie 


(10) dx x ‘ 


can be solved formally by a power series 
y = ce ++ Coa" + +s, 


this series will necessarily be convergent. 

We discuss first the case where the tangential distance 6 
is not zero. Then a; = A; + 0, so we may write (8) in the 
form 


dy (Ary =) (arb oot ae) ey eee 


v x x 





where Ff is a power series beginning with terms of the second 
degree in x and y. ‘This equation is of the form (10). Hence 
convergence is assured. 

We take next the case 6 = 0. If the order of contact is 
h — 1, the differential equation (8) becomes 


dy oe Any" os Ayay ot aU 

Ce ER dM alin pad Seige ops Fo” bt 0, An Oe 

To reduce this to the Briot and Bouquet form, we make a 

change in the dependent variable, using the substitution 

Ah 

(13) y= (zg+A)z, where \*1= ae 
h 

The transformed equation is found to be 


da (h =") alee) 
where the power series R starts with terms of the second 
degree. This is of the form (10), the coefficient b or ao, 
being the integer h — 1. Hence g will be a convergent power 
series. By (13), the same will then be true of y. 


THeoreM III. The convergence of the series defining the 
equilong transformation is thus guaranteed in every case. 


In our discussion we have assumed one of the curves of the 
pair in each plane to be reduced to a point, the origin. We 
may pass directly from this canonical form to the general 
form, and state our final result as follows: 
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THEOREM IV. If one pair of curves 
v= aut aut -::, 
Buu + Bat + ++, 


is to be equivalent, under the equilong group, to a second pair of 
curves 


v 


V = AU+ AU? + --, 
V=B8B,U0 + B,U? + piicine'g 


the necessary and sufficient condition is the equality of a single 
absolute invariant J, that is, 


J(a, B) = J(A, B). 


If the order of contact of the curves of each pair (this is obviously 
an arithmetic invariant) is h — 1, the invariant J is of order 
2h —1. 

If h = 1 (curves not touching), J is the tangential distance 6. 
If h = 2 (simple contact), J is a combination of the radii of 
curvature and their rates of variation, as given above. 


CoLuMBIA UNIVERSITY, 
New YORK. 


THE INVERSION OF AN ANALYTIC FUNCTION. 


BY DR. SAMUEL BEATTY. 


(Read before the American Mathematical Society, April 28, 1917.) 


THE demonstration of the existence of the inverse of an 
analytic function is made to depend in the Weierstrass theory 
upon the power series representation of the function and in 
the Cauchy theory upon the Jacobian of the real and imaginary 
parts of the function with reference to the real and imaginary 
parts of the variable. The proof presented in the following 
pages finds its source in the Goursat conception of an analytic 
function and is related as to method to the theory of sets of 
points. 

Suppose the function w = f(z) exists and has a finite de- 
rivative at each point of a simply connected domain D. 
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Suppose 29 is a point of D for which the derivative is different 
from zero. There is a simple, closed curve C lying entirely 
in D and containing 2 as an interior point, such that for points 
within or on it the values of the function are all different from 
one another and the values of the derivative are all different 
from zero. For if f(z) — f(z’) = 0 can be satisfied by different 
values z, 2’ both as near 2 as desired, then 





: be or f()dt 
ij (20) a tad po 2) (t a z') 
m 1) a Fe) 
2. ey rey 2 


= 0, 


the simple closed curve I lying entirely in D and containing 
within it 29 and the points zg, 2’ as above described; while if 
the derivative equals zero for values z as near zo as desired, 
then its value at zo is also zero. Denote the aggregate of 
interior points of C by {z} and the aggregate of function values 
resulting therefrom by {w}. Denote by {z}’ the derived set of 
{z} and by {a} the aggregate of points of {z}’ not in {gz}. 
Then {z}’ = {z} + {a}. But {w} is included in {w}’, for 
if w is an isolated point of {w} and if Z is the corresponding 
point of {z} then (w— #)/(z — 2) approaches infinity as z 
approaches Z, which contradicts the assumption of a finite 
derivative at Z Denote by {8} the aggregate of points of 
{w}’ not in {w}. Then {w}’ = {w} + {6}. 

On the basis of the relation w = f(z) there is a‘(1, 1) cor- 
respondence between the points of {G} and {a}. For suppose 
a is a point of {a} defined by the sequence 21, 22, 23, °°: 
made of points of {z} and suppose a is the only limit point 
of the sequence. The corresponding sequence w, We, Ws, 

-, made up of points of {w} must define at least one number 
b. If the latter sequence has more than one limit point, then 
by dropping out corresponding elements from each sequence 
two new sequences are secured defining only the numbers 
a and 6 respectively. Proceeding from such sequences it 
appears that 


he 


n> Sn — @& 


=fi(a) +0, lims,—- a= 0; 
™— eo 
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from which it follows that lim w, — f(a) = 0, which asso- 


n—>0o 
ciated with the relation iim Wn — b = O furnishes as result 


b=f(a). Itis now evident that there was no possibility of 
the latter sequence defining more than one number. Hence 
corresponding to any number a@ of {a} is one and only one 
number £ of {G8} so that 8 = f(a). It may be proved in like 
manner that corresponding to any number 6 of {G} is one and 
only one number a of {a} so that 8 = f(a). Finally this same 
method of proof coupled with the fact that {a} includes 
{a}’ may be employed to establish that {6} includes {6}’. 

Each point of {w} is an inner point of {w}. For denote the 
aggregate of all points in the plane not included in {w}+ {8} 
by {6}. Each point of {@} is an inner point of {6}, since the 
limit points of {w} + {@} are all included in {w} + {6}. It 
has been proved that no point of {w} is a limit point of {6} 
and it remains to prove that no point of {w} is a limit point of 
{6}. Suppose that w is any point of {w}. With w ascenter 
draw a circle of radius o, within which is no point of {6}. 
Draw a concentric circle of radius ¢/2. This latter circle con- 


tains within it no points of {@}. For if so, suppose @ is such 


a point. There is then a circle with @ as center and of radius 
o < a/2 containing within it only points of {@} and such that 
any larger concentric circle contains within it points of {ww} 
as well. Such circle must have on its boundary a point w 
of {w}, whose corresponding point is Z of {z}. For g suffi- 
ciently near to Z, amp (z — 2) can take values differing by any 
assigned positive number less than 27, while amp (w — w) 
cannot take values differing by any assigned number greater 
than 7. Hence amp [(w — w)/(z — 2)] is without a limit 
as zg approaches 2, which contradicts the assumption of a 
derivative at 2, finite and different from zero. An evident ex- 
tension would serve to show that there are no points of {9} 
within the circle of radius o 

Moreover, any two points of {w} can be joined by a simple, 
regular curve composed entirely of points of {w}, for the cor- 
responding points of {z} can be joined by a simple, regular 
curve composed entirely of points of {z}, which on the basis 
of the relation w = f(z) furnishes the simple, regular curve 
desired joining the two points of {wt}. The set of points 
{w} is therefore a domain and the set of points {z} is con- 
nected therewith by a relation of the form z = ¢(w). The 
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fact that ¢’(w) exists and equals the reciprocal of f’(z) justifies 
the conclusion that z = ¢(w) is an analytic function of w for 
the domain {w}, and this is the inverse of w = f(z) for the 
domain {z}. ' 

Suppose next that the derivative is zero at zo. It is not 


possible that 
Mii (2) — (20) 


hate (z —g 0)” 





= 0 (m= 1,2, 3). =e 


unless f(z) is a constant. This is at once evident from the 
power series representation for f(z), but it is more in line with 
the subsequent course of the present paper to establish it in 
the manner now to be described. Where n — 1 is any assigned 
positive integer and if 


tien £2) — Se) 
1m 


Z——p Z) (2 bang Zo)” “1 


= (0, 


define w,_1(z) in D to equal 
F(z) — Fo) 


(Fey poe 


for z different from zo and to equal zero for z = 2. Then 
Wn-1(z) 1s analyticin D. If Cis any simple, closed curve in D 
containing zo as an interior point, then for any other interior 
point z 

Wni(z) 1 Wn—1(t)dt 

Z—2 210 o(t — 2)(t — 20)’ 








from which it follows that 


if) — fo) _ 1 fat 


SoS aan) e = 5 CaP Means 





The proposition is, therefore, to show that it is impossible to 


have 
t)dt 
| ea (n 2; 3 Sera 


unless f(z) is a constant. If zis any interior point other than 
the center 29 of a circle lying entirely within C and if all the 
integrals above are supposed to be zero, then 
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(2 —-20)f(20) = 5 a J G3 =)" f(t)dt 


ries 2 eae 
=a 2 (jaa) tow 
be (a= Zo)f (2). 


That is, f(z) = f(z0), which contradicts the assumption here 
made that f(z) is not a constant. Hence for a certain positive 
integral value of n — 1 


Z2— 2 (zg ai Zo)" Mee. ve ari a)" 











either does not exist or if so is not zero. The previous argu- 
ment shows that this latter limit exists and equals 


f(Hdt 


a A(t apt” 


which may be denoted by pe’. Adopting the definition 
already given for wn_1(z) 1t appears that 


nals) = pet 


Z—>2 a 





W' n—1(20) — 
Substituting £ for w — f(zo), then for any point z of D other 
than 2 
( g i) os Wn—1(2) 
Z—2)/ £&—2° 


fen £2) =F) 


2— > 2% (zg - Zo)” 


Since 





exists and is different from zero, zo is not a limit point of 
points z for which f(z) — f(z.) = 0. Since for any point z 
of D other than 29 


Wn—1(2 
f'(z) = (2 — 2)"1 Eze + (n— Lr i( vet) | ; 
Zo 1s not a limit point of points z for which f’(z) = 0, for in 
that case Wn—1(z0) would equal zero. Hence where d is any 
fixed positive number less than p sin (z/n), a domain R about 
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but not inclusive of zo exists so that for any point z therein 
é" and dw/dz are both different from zero, and 


Wr—1(Z) 
Z— 2 








pe”) <d, 


or what is the same thing, 
Wn—1(2) ae a h id ) 


in which 0 <A <d. One of the values of £&/(z — 20) cor- 
responding is 


[eae NE ioe 
p! In giO+2qm)in | 4 + F ee ) = pin et(Ot2qm in it + sou : 


in which 0 <k <h. Hence for such a determination of 
E/(z — Zo) it appears that 


5 pea pilin ei(Ot2am in 
20 e0 











T 
1/n sin —, 
<p Pz 


Therefore, for z in the domain R there are n determinations of 
€ so that the corresponding values of £/(z — 20) lie one within 
each of n equal circles, each circle lying exterior to the re- 
maining n — 1 circles and the centers of the circles representing 
the nth roots of pe’. Having regard to the values of £/(z—29) 
lying within a definite one, but nevertheless any one of these 
circles as determined by the values of zg in R, and noting that 
£ = 0 for = 20, then for the domain composed of A and the 
point 20, € is a one-valued function of z. Moreover, the de- 
rivative of € for z = 29 is the number represented by the center 
of the particular circle chosen. For any point z of R 


which is finite and different from zero. That is, € is an ana- 
lytic function of z for the domain R and the point 20, and for 
this latter point the derivative is not zero. Hence by de- 
creasing d,a domain R can be found so that the corresponding 
values of € are all different from one another. Hence corre- 
sponding to such a domain R and the point z = go is a domain 
S and the point € = 0, the variables of which are connected 
by the analytic relations 
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It is clear that corresponding to any point w in the vicinity 
of f(zo) the function z = y(&) furnishes m values of z. Also 
the form of ¥(€) would depend on the particular circle chosen, 
but one form may be transformed into any other by replacing 
£ by the product of € and the appropriate nth root of unity. 


UNIVERSITY OF TORONTO. 





EMORY McCLINTOCK. 


But few members of the American Mathematical Society at 
the present time appreciate the magnitude of the services 
rendered by its former president, Emory McClintock, who died 
July 10, 1916. 

He was born September 19, 1840, at Carlisle, Pa. His 
father was the Rev. John McClintock, a learned Methodist 
Episcopal clergyman, for a time professor of mathematics, 
Latin, and Greek in Dickinson College, and during the Civil 
War chaplain of the American Chapel in Paris. He is perhaps 
best known as the author, with another, of a “ Cyclopedia 
of Biblical, Theological, and Ecclesiastical Literature.” 

McClintock went to school for the first time at the age of 
thirteen, and a year later entered the freshman year of Dickin- 
son College. In 1856, when his father left Dickinson College 
for New York, he entered Yale, and in 1857 he entered Colum- 
bia as a member of the class of 1859. His remarkable ability 
excited the admiration of his teachers, Professors Charles 
Davies and William Guy Peck. In April, 1859 in order to 
meet an emergency caused by the illness of a member of the 
teaching staff, he was graduated and appointed tutor in mathe- 
matics. Soon afterwards his father took charge of the Ameri- 
can Chapel in Paris, and in 1860 McClintock resigned his 
position at Columbia to goabroad. In 1861 he studied chem- 
istry at the University of Gdéttingen. In 1862 he returned 
to America with the intention of engaging in the Civil War. 
He was offered an appointment as second lieutenant of topo- 
graphical engineers in the United States Army, but on his 
way to Washington suffered a sunstroke which prevented him 
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from entering the army. From 1863 until 1866 he was con- 
sular agent of the United States in Bradford, England. 
During 1866 and part of 1867 he was connected with a 
private banking firm in Paris. In 1867 he was appointed 
actuary of the Asbury Life Insurance Company of New York, 
and in 1871 he became the actuary of the Northwestern Life 
Insurance Company of Milwaukee, a position that he retained 
for eighteen years. 

Early in 1889 he was appointed actuary of the Mutual Life 
Insurance Company of New York to succeed Professor W. H. 
C. Bartlett. With this company he remained until his death, 
serving as actuary until 1911, and continuing thereafter as 
consulting actuary. From 1905 until 1911 he was also vice- 
president and trustee. In the autumn of 1906 serious ill 
health compelled him to relinquish a part of his activities and 
in 1911 he retired altogether from active work for the company. 

McClintock applied for membership in the New York 
Mathematical Society in November, 1889, was elected vice- 
president the following month and president at the annual 
meeting in December, 1890. He retired from the presidency 
at the annual meeting in December, 1894, on which occasion 
he delivered a very remarkable and interesting address 
entitled: ‘‘ The Past and Future of the Society.”* Atthesame 
meeting the Society adopted the following resolution: 

“Resolved, That the American Mathematical Society on the 
occasion of the retirement from the presidency of Dr. Emory 
McClintock expresses its appreciation of the great services 
rendered by him while presiding officer of the Society and its 
recognition of the fact that to his initiative were due the 
broadening of organization and extension of membership 
which have made the Society properly representative of the 
mathematical interests of America.” 

The writer, who in 1888 had been offered a position in the 
actuarial department of the Mutual Life Insurance Company, 
and who was secretary of the Mathematical Society in its 
early days, made the acquaintance of Dr. McClintock shortly 
after his arrival in New York in 1889. He frequently visited 
McClintock at “ Kemble Hill,” his home near Morristown, 
New Jersey, and soon came to admire his learning, scientific 
ability, breadth of view, and far-sighted wisdom. McClin- 
tock at all times displayed the keenest and most active 








* Published in the BULLETIN, vol. 1, pp. 85-94. 
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interest in every plan for enlarging the scope of the Society 
and improving the character of its work. It was chiefly 
through his encouragement and support that the BULLETIN 
was founded in 1891. His influence and financial assistance 
led the Society in 1896 to undertake the publication of the 
papers read at the International Mathematical Congress in 
Chicago in 1898. His wise advice, patience in conference, 
and generous assistance were most helpful to the Society in 
connection with the establishment of the 7’ransactions in 1900. 

On one or two occasions the writer heard him express regret 
that he had not followed an academic career, which would 
have permitted him to give a larger share of his time to 
research and enjoy those mutually inspiring relations that so 
often exist between a teacher and his students.. However 
McClintock never failed to stimulate and inspire everyone of 
scientific aptitude or taste with whom he came in contact; 
and as one who was not by profession a teacher of the sub- 
ject, he stands practically alone among notable oe con- 
tributors to pure mathematics. | 

MceClintock’s scientific publications date enn 1868, when 
he began his epoch-making contributions to the theory of life 
insurance. For an account of his work in this field the reader 
is referred to the appreciation recently published in the 
Transactions of the Actuarial Society of America.* 

His contributions to the literature of pure mathematics 
began when adequate facilities were first afforded for the 
publication of the mathematical researches of Americans by 
the establishment of the American Journal of Mathematics 
in 1878. Immediately thereafter he submitted several papers 
for publication. His first paper, entitled ‘“ An essay on the 
calculus of enlargement,” was an effort to present the theory 
of finite differences and the differential calculus from a unified 
point of view. The paper may be regarded as a precursor 
of recent attempts to consider difference equations as dif- 
ferential equations of infinite order. 

His other more important papers were a series of researches 
on solvable quintic equations published in the American 
Journal of Mathematics and a paper on the theory of numbers 
published in the third volume of the Transactions. During 
the years 1879 to 1899 McClintock published fifteen papers 
in the American Journal of Mathematics, being for a number of 


* Vol. 17, part II, (Oct., 1916). 
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years the most frequent American contributor not on the 
editorial staff of the Journal. 

When one considers that McClintock made no use of the 
powerful labor saving machinery which has revolutionized 
modern analysis, the results obtained by him in his researches 
on quintic equations, as well as some of his other achieve- 
ments, appear to indicate a truly wonderful power of manipu- 
lation and clearness of vision. 

He received the honorary degree of Ph.D. from the Uni- 
versity of Wisconsin in 1884, LL.D. from Columbia in 1885, 
and LL.D. from Yale in 1899. He was president of the 
Actuarial Society of America from 1895 to 1897. He was an 
honorary fellow of the American Academy of Arts and 
Sciences, a member of the London Mathematical Society, and 
a fellow of the Institute of Actuaries. 

A list of McClintock’s mathematical publications is given 
below: 


1. ‘‘An essay on the calculus of enlargerent.’”’ American Journal of 
Mathematics, volume 2 (1879), pages 101-161. 


2. “A new general method of interpolation.” American Journal of 
Mathematics, volume 2 (1879), pages 307-314. 

3. ‘On a theorem for expanding functions of functions.”’ American Journal 
of Mathematics, volume 2 (1879), pages 348-353. 

4. “Note on a theorem for expanding functions of functions.”’ American 
Journal of Mathematics, volume 3 (1880), page 173. 

5. “On certain expansion theorems.” American Journal of Mathematics, 
volume 4 (1881), pages 16-24. 

6. “On the remainder of Laplace’s series.””’ American Journal of Mathe- 
matics, volume 4 (1881), page 96. 

7. “On the resolution of equations of the fifth degree.”’ American Journal 
of Mathematics, volume 6 (1884), pages 301-815. 

8. “Analysis of quintic equations.’”? American Journal of Mathematics, 
volume 8 (1885), pages 45-84. 

9. “On the algebraic proof of a certain series.’””’ Presented to the Society 
March 6, 1891. American Journal of Mathematics, volume 14 
(1891), pages 67-71. 

10. ‘On independent definitions of the functions log (x) and e?.’”’ Pre- 


sented to the Society March 6, 1891. American Journal of Mathe- 
matics, volume 14 (1891), pages 72-86. 

11. “On lists of covariants.” Bulletin of the New York Mathematical 
Society, volume 1 (1892), pages 85-91. 

12. “On the computation of covariants by transvection.” Presented to 
the Society January 2, 1892. American Journal of Mathematics, 
volume 14 (1892), pages 222-229. 

13. ‘‘On the non-euclidian geometry.” Bulletin of the New York Mathe- 
matical Society, volume 2 (1892), pages 21-83. 

14. “On the early history of the non-euclidian geometry.” Bulletin of 
the New York Mathematical Society, volume 2 (1893), pages 144-147. 

15. ‘Theorems in the calculus of enlargement.’ Presented to the:‘Society 
August 14, 1894. American Journal of Mathematics, volume 17 
(1895), pages 69-80. 
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16. “A method for calculating simultaneously all the roots of an equation.” 
Presented to the Society August 14 and October 27, 1894. Ameri- 
can Journal of Mathematics, volume 17 (1895), pages 89-110. 

17. “The past and future of the Society.’”’ Presidential Address, 
delivered before the Society December 28, 1894. Bulletin of the 
American Mathematical Society, volume 1 (1895), pages 85-94. 

18. “On the most perfect forms of magic squares, with methods for their 
production.’ Presented to the Society April 25, 1896. American 
Journal of Mathematics, volume 19 (1897), pages 99-120. 

19. “On a solution of the biquadratic which combines the methods of 
Descartes and Euler.’”’? Presented to the Society May 29, 1897. 
Bulletin of the American Mathematical Society, volume 3 (1897), 
pages 389-390. 

20. “Further researches in the theory of quintic equations.’”’ Presented 
to the Society August 17, 1897. American Journal of Mathematics, 
volume 20 (1898), pages 157-192. 

21. ““A simplified solution of the cubic.”’ Presented to the Society 
December 28, 1900. Annals of Mathematics, series 2, volume 2 
(1901), pages 151-152. 

22. “On the nature and use of the functions employed in the recognition 
of quadratic residues.’”’? Presented to the Society December 27, 
1901. Transactions of the American Mathematical Society, volume 3 
(1902), pages 92-109. 

23. “The logarithm as a direct function.’”’ Presented to the Society 
February 28, 19038. Bulletin of the American Mathematical Society, 
volume 9 (1903), pages 467-469. 

THOMAS 8. FISKE. 


COLUMBIA UNIVERSITY. 





ON FOCI OF CONICS. 


BY DR. J. H. WEAVER. 


THE study of the properties of conic sections, and of certain 
related points and lines has afforded ample scope for the 
faculties of all mathematicians from the Greeks on down 
through the ages. And not the least important among the 
points connected with the sections are the foci. It is the 
object of the present paper to give (I) a short historical sketch 
of the development of the properties of conics connected with 
the foci; (II) some of the theorems from Pappus which have a 
bearing on foci and tangents. 


I. Historical Sketch. 


What name should be connected with the discovery of the 
foci is still a matter of conjecture. Zeuthen* seems to think 


* Geschichte der Mathematik im Alterthum und Mittelalter, Kopen- 
hagen, 1896, p. 211. 
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that the focus for the parabola was known to Euclid. How- 
ever, we have no mention of such points or of any of their 
properties until we arrive at the time of Apollonius (about the 
middle of the second century B.c.). He proves for us in his 
Conics, Book III, Props. 45-52,* the following properties of 
foci for central conics. 

I. If Ar and A’r’, the tangents at the extremities of the 
axis of a central conic, meet the tangent at P in r and 7?’ re- 
spectively, then 

(1) rr’ subtends a right angle at each focus S and S’; 

(2). yor s =A S hand 7 rset le 

II. If O is the intersection of rS’ and r’S, then OP is per- 
pendicular to the tangent at P. 

III. The focal radii of P make equal angles with the tangent 
at that point. 

IV. If from either focus as S$, SY be drawn perpendicular 
to the tangent at any point P, the angle AYA’ will be a right 
angle, or the locus of Y is a circle on AA’ as diameter. 

V. If C is the center of the conic, a line drawn through C 
parallel to either of the focal radii of P to meet the tangent 
will be equal in length to CA. 

VI. In an ellipse the sum, and in a hyperbola the difference, 
of the focal distances from any point on the conic is equal to 
the axis AA’. 

Apollonius does not use or mention in any way the focus 
for the parabola. 

The next mention that we have of foci is given us by Pappus 
(about the end of the third century a.D.). He gives us the 
first recorded use and proofs of the focus-directrix definition 
of conics.t In addition to these Pappus has several other 
lemmas that have a bearing on foci. Their statement and 
proof will be given in section II. 

But although Apollonius and Pappus have recorded for us 
the most notable of the properties of the foci, neither of them 
attached any name to the points in question. That honor 
was left for Johann Kepler (1571-1630). In his work Ad 
Vitellionem Paralipomena quibus, Astronome Pars Optica 
Traditur, Francofurti, 1604,¢ he gives a short account of the 
conic sections, a part of which runs as follows: 








* See Conics of Apollonius, ed. Heath, pp. 1138-118. 

7 For a discussion of these theorems see ay article, Pappus, ‘‘Intro- 
ductory Paper,’’ BULLETIN, vol. 23, No. 3, p. 134. 

t See Kepler, Opera Omnia, ed. Frisch, Frankofurti, 1859, vol. II, p. 185. 
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“There are among these curves certain points of especial 
consideration, which have a certain definition but no name, 
unless they usurp for name the definition or some property. 
For if from these points lines are drawn to the points of contact 
of tangents to the section, these lines make equal angles with 
the tangents. . . . We, because of the properties of light and 
the eye, from the viewpoint of mechanics shall call these points 
foci. We might have called them centers, because they are 
on the axis of the section, if authors, in the: hyperbola and 
ellipse, were not accustomed to calling another point the 
center. In the circle there is one focus, the center. In the 
ellipse there are two foci equally distant from the center, and 
more removed in the more acute. In the parabola, one focus 
is within the section and the other may be considered either 
within or without the section and removed to an infinite dis- 
tance from the first focus, so that if a line drawn from this 
‘cecus’ focus to a point of the section will be parallel to the 
axis. In the hyperbola, the external focus becomes nearer the 
internal focus as the hyperbola becomes more obtuse.” 

In the above rather free translation of Kepler’s remarks 
two things are to be noted as distinct contributions to ge- 
ometry: (1) The discovery that the parabola may be con- 
sidered as having two foci; (2) the formulation of the idea that 
parallel lines are concurrent at a point at infinity. 

Following hard upon the footsteps of Kepler, Girard 
Desargues (1593-1662) extended the notion of the new 
doctrine of infinity, used the general method of projection 
and gave methods for determining the foci of a conic both in 
a plane and when the conic i'n a cone. In the plane case 
he used the circle defined by Apollonius in his conics.* The 
method for determining the foci in a cone has been summarized 
by Chasles as follows: 

Given any conic O and a cone through it. Let O’ be any 
section of the cone. Through the vertex V pass a plane 
parallel to that of O’ meeting the plane of O in the line ab. 
Take any point ¢ on ab and let the chord of contacts of the 
tangents from ¢ to O meet abint?’. Also let rr’ be any segment 
of ab which subtends a right angle at V. The two sets of 
points ¢#’ and rr’ constitute two involutions having one segment 
cc’ incommon. ‘The polars X, X’ of c and c’ correspond to the 
axes of 0’. . . . The tangents to O from the points r and the 
lines from r’ to their several points of contact determine on 


* See I (1) above. 
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X an involution, whose double points correspond to the foci 
of O’, since every tangent and its normal are harmonic con- 
jugates to the focal distances of the point of contact.* 

Another interesting determination for foci was given by 
Maclaurin (1698-1746).¢ It is as follows: Let there be a conic 
section and let its major axis be TT’, and let its auxiliary 
circle be drawn. Let a tangent be drawn to the conic cutting 
the auxiliary circle in the points A and B. Let AC be a 
diameter of the: auxiliary circle. Let BC be drawn and let it 
cut TT’ in F. Then Fis a focus of the conic. 

Poncelet (1788-1867), however, greatly extended the theory 
of the foci when he worked out his theory of ideal chords, and 
showed that all circles in a plane pass through the same two 
points ¢ and g’ on the line at infinity, and indicated the 
bearing of these points on the foci of conics.{ He also shows 
that an analytic calculation of the foci from their definition 
gives not two foci for each central conic, but four, two real ones 
on the major or transverse axis and two imaginary ones on the 
minor or conjugate axis.§ _ Pliicker (1801-68) extended the 
ideas of Poncelet on foci to plane curves of all orders, regard- 
ing as a focus of any curve the point of intersection of any 
two tangents drawn to it from ¢ and ¢’, one from each.|| 

A great many properties of foci and methods for determining 
them have been discovered in modern times. An extensive 
list of references bearing on this subject may be found in 
Taylor’s Conies Ancient and Modern and in the Encyklopiadie 
der Mathematischen Wissenschaften, Band III., Heft I, 
pages 52-56. Only one of the theorems will be noted here. It 
is as follows: If any cone is cut by a plane and spheres are 
inscribed in the cone tangent to the plane, these will touch 
the plane in the foci of the conic section. One would expect 
to find such a theorem among those enunciated by the Greeks, 
but it was not stated in definite form until discovered by 
Dandelin in 1822.9 


*For a further discussion of the work of Desargues see C. Taylor, 
“‘Conics, Ancient and Modern,’’ Cambridge, 1881, pp. Ixi and 261, where 
references to the original sources may be found. 

Geometrica Organica, sive descriptio linearum curvarum universalis, 
London, 1720, Sec. III, p. 102. See also Poncelet, Traité des Propriétés 
projectives des Figures, Paris, 1865, Tome I, p. 249. 

t See Traité, sections 89-98, 453 of tome I. 

§ Annales de Mathématiques, vol. 8 (1818), p. 222. 

|| Crelle’s Journal, vol. 10, pp. 84-91. 

{| Nouveaux Mémoires de l Académie Royale des Sciences et Belles-lettres 
de Bruxelles, tome II, pp. 171-202. 








1917. ] ON FOCI OF CONICS. 361 


II. Some Theorems of Pappus which have a Bearing on Focr. 


In addition to the above mentioned theorems of Pappus 
relative to the subject the following ones have some interesting 
properties which have a bearing on the foci. ‘They are lemmas 
on the books of Determinate Section of Apollonius.* 

THEOREM 1: “Let there be a semicircle AEB on the diameter 
AB (Fig. 1), and in this the perpendiculars CE and DZ and 


2 


A C DPB 


Fia. 1. 
let the line EZH be drawn and to this the perpendicular BH, 
then three things follow: CB - BD= BH’, AC - DB=ZH? and 
AD - BC = EH’. 

“Let HC, HD, AZ and ZB be drawn. Since 7 AZB 
is right and DZ is perpendicular to AB, then 72DZB 
= ~ BAZ. But since the angles BDZ and ZHB are right, 
the points D, Z, H and B are concyclic, and ~DZB= 2 DHB; 
then, EB being drawn, 2 BAZ = 7 BEZ, being angles in 
the same- segment BZ; and in the segment BH 7 BEZ 
= / BCH, therefore 7 DHB= 7 BCH. Therefore the 
triangles CBH and HBD are similar and 


CB:BH = BH:BD or BC- BD= BH’. 


But also AB - BD = BZ?, whence if we subtract BC - BD 
= BH’, there remains AC: BD = ZH’. Again since AB 
- BC = BE’, if we subtract CB - BD = BH?, there remains 
AD -CB= EH?.” 

In this proof the equation BC - BD = HB? signifies that 
HB is tangent to a circle which passes through C and D and 
has its center at the midpoint of HZ. If we extend EZ to 
L, then from the equation AC - BD = ZH” we have LE 
= ZH, and the circle through D, C and H passes through L. 
We may then consider AB as the tangent to an ellipse whose 
major axis is HL, whose foci are E and Z and whose auxiliary 
circle is the circle through C, D, L and H, while AB is the 


* See Pappus, ed. Hultsch, Book VII, Prop. 59, 61, 62 and 64. 
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portion of a tangent cut off between the two tangents at the 
vertices of the ellipse, and the circle on AB as diameter is 
then the circle mentioned by Apollonius as passing through 
the foci of an ellipse. 


THEOREM 2: “‘ Three straight lines AB, BC and CD are 
given (Fig. 2); then if AB- BD:AC: CD= BE’ EC, 





HIG. 23 


AE+. ED: BE. EC is a unique and minimum ratio and 
equals AD?: (Vv (AC - BD) — WV (AB - CD) )?. 

““ Let there be described on the diameter AD a circle, and 
from the diameter let the perpendiculars BZ and CH be drawn 
to the circumference. Since by hypothesis AB - BD: AC - CD 
= BE? > EC?, and since AB * BD = BZ and’ - CDE ac 
then BZ? : CH? = BE: EC; and so'82% CH=] aaa 
Therefore the triangles ZBE and HCE are similar and 
Z ZEB = z HEC, and therefore the line through Z, E and 
H is straight. Let ZEH be drawn and let HC be produced 
to F, a point of the circumference, and let ZF be drawn and 
produced to K, whence a perpendicular KD is drawn to ZK; 
then by the above theorem 1, AC- BD = ZK’, and 
AB -CD = FR?, therefore ZF (that is ZK — EK) = Vv (AC 
- BD) — V(AB- CD). Now let the diameter ZL be drawn, 
and FL also; then 4 ZFL = 7ZECH, and in the segment 
ZF, Z ZLF = ~ ZHF. Therefore the triangles ZFL and 
ECH are similar. Therefore LZ :ZF = HE: EC; that is, 
because LZ and AD are diameters, 4D: ZF = HE: EC, 
and so AD? : ZF* = HE? : EC’; that is, on account of. the 
similar triangles HCE and ZBE which make HE :EC=ZE : EB, 
AD’: ZF? = HE: ZE:EC-EB = AE-ED:BE - EC. And 
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the ratio AE - ED: BE - EC is unique and minimum, and 
we have shown above that ZF = Vv (AC - BD) — Vv (AB- CD); 
therefore AE - ED: BE-EC=AD*: (Vv (AC. BD)—V (AB; 
CD) )*is a unique and minumum ratio.” 

In this theorem as in the above, 4D may be considered as 
a tangent to an ellipse which has Z and F for foci and K for a 
vertex. Moreover FE is the point of contact of AD with the 
ellipse. This is evident if we notice that 7 ZEB = 2HEC 
= / CEF. Pappus, however, does not prove that the ratio 
is actually a minimum. Fermat does this in his theory of 
maximum and minimum, where he remarks that Pappus 
recognized the difficulty of solving such problems.* 


THEOREM 3: “‘ Again let there be three given lines AB, BC 
euoveDettio, 3): then if AD: DB: AC» CB = DE LEC, 





iG? a. 


AE +-EB:CE.- ED is a unique and minimum ratio and is 
equal to (Vv (AC - BD) + v (AD - BC))? : DC’. 

“Let the perpendicular EZ be drawn from EF to AD and 
produced so that AD -DB= ZD? and let HC be drawn 
parallel to ZD. Since by hypothesis AD -DB:AC.+CB 
= DE? .: EC? and in the similar triangles ZED and HEC, 
Di hC = UZ. CH, then AD~ DB: AC «CB = DZ’ :CH?’; 
and because of the construction AD - DB = DZ’, AC - CB 


* See Oeuvres de Fermat, Paris, 1896, vol. 3, p. 134. 
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= (CH?, Let AZ;.ZB, AH, HB be drawn and letiOa ape 
produced and cut the line BZ in F. Since AD - DB = DZ, 
/ BZD = 7 ZAB. But because SAC: CBR = Gia 
AC :CH = CH : CB, the angles BHC and BAZ are equal. 
But since DZ and HF are parallel, 7 BZD = 7 BFH. Let 
HB and ZB be produced, and let HB cut AZ in K and ZB 
cut AH in-L; then 7 BFH-+ 7 BHF = 7 KBZ. More- 
over “¢ BEFH =v BZD = AZAB end be eer eo 
= / BAH;therefore 7 ZAB+ /BAH=7 KBZ= ZKAL. 
But ~ KBL+ z KAL = two right angles, and so the 
points A, L, B, and K are ona circle. Therefore the angles at 
[and K are right.* Now let BM be drawn perpendicular to 
ZD, and let it cut the line EZ in N, and let DN be drawn and 
produced to X, a point of BZ. Then DX is perpendicular to 
ZL (see footnote below) and is perpendicular to HL. Let 
HF cut BN in the point 0; then HO is perpendicular to BM » 
(for ZD is perpendicular to BM, and by construction HF is 
parallel to ZD). Now AC - CB = CH’; therefore 7 BHC 
= /~ HAC. But let NC be produced to P the point of inter- 
section with BH; then NP is perpendicular to BH. Therefore 
by similar triangles BOH and BPN, the points O, P, H and 
N are on a circle and in the segment PO ~ PHO = 7 PNO, 
or 7. BHC = 7 CNB: Further 742428 = 7 BO 
parallels HA and DX. Therefore if we note that 7 BHC 
= / CNB and BHC = 7 HAC, and 7 HAL 
whence ~ CNB= z BDN. Therefore the triangles BNC 
and BDN with the common angle NBD are similar and 
in these DB: BN = BN: BC or DB. BC = BN Spur 
since in the triangle BDZ, DNX is perpendicular, and to this 
the lines ZN and NB are drawn, then ZD? — DB?= ZN*— NB’. 
But from construction AD - DB = ZD* = AB - BD + BD’; 
then ZD? — DB? = AB - BD, andso ZN? — NB? = AB: BD. 
But we have proved that NB?= DB-BC and so ZN?=AB- BD 
+ DB-BC=AC-BD. Therefore ZN = vV (AC BD). 

“Again as above HN? — NB? = HC? — CB’. But because 
as above AC-CB= HC? = AB~ BC+ BC’, HC s6c 
= AB. BC, and so HN*?— NB? = AB: BC. But weeheve 
shown that NB? = DB - BC and so HN? = AB- BC+ DB 
-BC=AD-BCorHN=V7V(AD- BC). ThereforeZN+NH 
=v (AD- BC)+ Vv (AC: BD). 

* Pappus proves this in a preceding lemma. ‘The proof offers no dif- 
ficulty. See Pappus, Book VII, Prop. 60. 
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“Again since the angle ZKH is right and AE perpendicular 
to ZH, by similar triangles AZE and HBE (each being 
similar to the triangle ABK), then AH :-EZ = HE : EB, or 
AE -EB=ZE-EH. ThereforeAE-EB:CE-ED = ZE 
-HH:CE- ED. But because ZD and HC are parallel, 
fee r= HE: EC and from this-72H:CD= ZH: ED: 
therefore ZE - EH: DE- EC = ZE*: ED? = ZH?’ : CD". 
Therefore AE -EB:CE- ED = ZH*:CD?, and the ratio 
AE -EB:CE - ED is singular and minimum, and so, since 
ZH = V(AC- BD) + V(AD - BC), the ratio (Vv (AC - BD) 
+ V¥(AD - BC))? : CD? is unique and minimum.” 

In the above theorem let us assume the line AD to be tangent 
to a parabola at the point E, and let O be the vertex of the 
parabola, ON the axis and Z the point in which the normal 
EN cuts the parabola, and let AZ be the tangent to the parab- 
ola at the point Z. ‘Then all the relations in the proof of 
the above theorem will readily follow. 

In theorem 64 Pappus proves that if the points A, B, C, D 
and EF have the order ABCDE on a line then AD? : (Vv (AC 
- BD) + vV(AB- CD))? = AE- ED: BE- ECisauniqueand 
maximum ratio and this may be interpreted in terms of the 
hyperbola in exactly the same way that theorem 2 was 
interpreted for the ellipse. 

Whether Pappus or Apollonius were thinking in terms of 
conic sections or not in these three problems seems rather 
doubtful, but if they were it is interesting to note that in the 
ease of the ellipse and the hyperbola use is made of the foci 
while in the parabola no use is made of any such point. It is 
also interesting to note that these three are the only maximum 
and minimum problems (according to Pappus) in the second 
book of Determinate Section, and that these three cases may 
be made to depend upon the three conic sections. 

West CHESTER, Pa. 
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NEW LIGHT ON OUR NUMERALS. 


BY MR. JEKUTHIAL GINSBURG. 


Introductory Note.—It is interesting to see how much new 
light is constantly being thrown upon chapters in the history 
of mathematics which have always been more or less obscure. 
We know, for example, with reasonable certainty the original 
habitat of our numerals; we know approximately the century 
in which they were perfected; we have rather positive informa- 
tion as to the century in which they first appeared in European 
manuscripts; and we are well advised, through the work of 
Mr. G. F. Hill, as to their variations in form for the last 
thousand years. It is true that we do not know when or 
where the zero of our system was first conceived, although 
we now have some valuable information as to the one that 
was used by the Mayas, nor do we know the origin of six of 
the primitive forms of the digits. Furthermore we do not know 
with any certainty the date of the first appearance of our 
numerals on the Mediterranean littoral, but we are not without 
hope that all this information will sometime be forthcoming, 
at least to some degree. 

Our hope that such further knowledge is not beyond our 
reach is strengthened by a discovery recently made by M. F. 
Nau, no report of which seems as yet to have appeared in 
English. Because of the importance of this discovery, I 
have asked Mr. Ginsburg to make it known to the readers of: 
the BULLETIN and to supplement the simple statement of the 
discovery by searching out such information as is available 
concerning the interesting scholar and teacher, Severus Se- 
bokht, in whose writings the first positive trace of the nu- 
merals, outside of India, is found. This he has done, and his 
article is to my mind particularly valuable because of these 
features: (1) It shows us that these numerals reached the 
Arab lands a century earlier than was formerly supposed; 
(2) it shows that the zero was probably not in the system as 
then mentioned, showing at least that its value was not gen- 
erally comprehended in the seventh century and possibly 
confirming the impression that the symbol had not yet been 
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invented; (3) it reveals something of the life of a man hitherto 
unmentioned in the histories of mathematics. 

- It is to be hoped that this valuable information may prove of 
such interest to readers that Mr. Ginsburg may be encouraged 
to tell American scholars, in the near future, something of 
Sebokht’s notable contributions to the study of the astrolabe. 


Davip EUGENE SMITH. 





THAT our common numerals are of Hindu origin seems to 
be a well-established fact,* and that Europe received them 
from the Arabs seems equally certain, but how and when these 
numerals reached the Arabs is a question that has never been 
satisfactorily answered. It is the object of the present article 
to call the attention of students of the history of mathematics 
to newly discovered evidencet showing that the Hindu 
numerals were known to and justly appreciated by the Syrian 
writer Severus Sebokht who lived in the second half of the 
seventh century; that is, about a hundred years before the 
date of the first definite trace that we have hitherto had of 
the introduction of the system into Bagdad.{ It will also be 
shown, on the basis of such information as is available re- 
specting his life and works, that Sebokht was in the most 
favorable position for getting information of this kind, and 
that he furthermore had in his possession the most powerful 
means for the propagating of such knowledge. 

Severus Sebokht of Nisibis, bearing the title of bishop, 
lived in the convent of Kenneshre on the Euphrates§ in the 
time of the patriarch Athanasius Gammala (who died in 631) 
and his successor John.|| He distinguished himself in the 
studies of philosophy, mathematics, and theology, and in his 
time the convent of Kenneshre became the chief seat of Greek 
learning in western Syria. Of his astronomical and geograph- 





* Smith and Karpinski, The Hindu-Arabic Numerals, Boston, 1911. 
By the French orientalist M. F. Nau in the Journal Asiatique, series 10, 
vol. 16 (1910). 

t Smith and Karpinski, The Hindu-Arabic Numerals, p. 92. 
ee Ai Wright, Short History of Syriac Literature, London, 1894, pp. 

—] 

| Sebokht took part, together with the Jacobite patriarch Theodorus, 
in a public dispute against the Maronites in the year 659. We have also a 
letter written by him in the year 665. From these details we may conclude 
that he flourished in the beginning of the second half of the seventh century. 
(M. F. Nau, in the Journal Asiatique, series 9, vol. 18, p. 60.) 
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ical works there are a few fragments in a manuscript now in 
the British Museum.* ‘These fragments consider such ques- 
tions as whether the heaven surrounds the earth in the form 
of a wheel or of a sphere; the habitable and uninhabitable 
portions of the earth; the measurement of the heaven, the 
earth, and the space between them; and the motion of the sun 
and the moon. His treatise on the plane astrolabe was 
published with a French translation by M. F. Nau in the 
Journal Asiatique, series 9, volume 13. Sebokht also wrote a 
short treatise on eclipses, in which he ridicules the then ac- 
cepted belief in a celestial dragon as the cause of all such 
phenomena.T 

But the most interesting of Sebokht’s writings for the student 
of history is undoubtedly a fragment of a manuscript{ pub- 
lished by M. F. Nau, in the Journal Aszatique (series 10, volume 
16, page 225) in which he directly refers to the Hindu numerals. 
He seems to have been hurt by the arrogance of certain Greek 
scholars who looked down on the Syrians, and in defending 
the latter he claims for them the invention of astronomy. 
He asserts the fact that the Greeks were merely the pupils of 
the Chaldeans of Babylon, and he claims that these same 
Chaldeans were the very Syrians whom his opponents con- 
demn. He closes his argument by saying that science is 
universal and is accessible to any nation or to any individual 
who takes the pains to search for it. It is not therefore a 
monopoly of the Greeks, but is international. 

It is in this connection that he mentions the Hindus by way 
of illustration, using the following words: “‘I will omit all 
discussion of the science of the Hindus, a people not the same 
as the Syrians; their subtle discoveries in this science of 
astronomy, discoveries that are more ingenious than those of 
the Greeks and the Babylonians; their valuable methods of 
calculation; and their computing that surpasses description. 
I wish only to say that this computation is done by means of 
nine signs. If those who believe, because they speak Greek, 
that they have reached the limits of science should know these 
things they would be convinced that there are also others 
who know something.” This fragment clearly shows that 
not only did Sebokht know something of the numerals, but 











* Add. 14, 538, pp. 1538-155. . 
‘J i Notes d’Astronome Syrienne, Journal Asiatique, series 10, vol. 16 
1910). 

t Ms., Syriac, Paris No. 346. 
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that he understood their full significance, and may even have 
known the zero as Rabbi ben Esra did, in spite of the fact 
that he, too, speaks of nine numerals. There are two ques- 
tions that may immediately arise: (1) How could Sebokht 
have obtained any information about the Hindu numerals? 
and (2) What are the chances that Sebokht was instrumental 
in introducing the numerals to the Arabian scholars? 

The first of these questions may be answered very easily. 
Nisibis, the place where Severus lived, was the chief city* of 
Mygdonia, a small district in the northeast part of Mesopo- 
tamia. It was situated in a rich and fruitful country, was 
long the center of a very extensive trade, and was the great 
northern emporium for the merchandise of the east and the 
west. Since the exchange of goods is always accompanied 
by the exchange of ideas, it is only reasonable to surmise that 
the different systems of numeration were known in Nisibis, 
where they could hardly escape the attention of a man like 
Sebokht, who would surely have been looking for just such 
information. 

The second question is more difficult to answer. It may 
be said, however, that the weight of the evidence is in favor of 
Sebokht’s work being at least one of the agencies by means of 
which the knowledge of the numerals was transmitted to the 
Arabs. He was the head of his convent and occupied a com- 
manding position in the literature of his country. He had 
many pupils, one of whom, Athanasius of Balad,j was the 
patriarch of the Jacobites, while such others as Jacob of Edessat 
and probably George, Bishop of the Arab Tribes,§ were well 
known as translators and polygraphers. We may be certain 
that the knowledge of the numerals possessed on the banks 
of the Euphrates by Severus was transmitted by him to his 
numerous pupils and through them to other scholars all over 
Syria. Since we know that Syrian scholars were employed by 
the caliphs as translators and educators,|| it would be only 
natural that these Syrians should impart to the Arabs, among 
other facts relating to the sciences, the knowledge of the Hindu 
numerals. | 

CoLUMBIA UNIVERSITY. 








* See Smith’s Dictionary of Greek and Roman Geography. 
+ W. Wright, Short History of Syriac Literature, pp. 154-155. 
t Ibid., pp, 141-154. 
° Ibid., pp. 156-159; M. F. Nau in the Journal Asiatique, series 10, 
vol. 16. 
|| Ernest Renan, Islamisme et la science, p. 9. 
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SHORTER NOTICES. 


Théorie générale des Nombres. By E. Dumont, Capitaine du 
Génie Belge. Paris, Gauthier-Villars, 1916. (No. 35 of 
the series of Scientia.) 93 pp. 2 francs. 


In spite of the distractions on the Yser in 1914-1915, 
Captain Dumont has been able to produce a very clear account 
of the fundamental notions of number which he had pre- 
viously published in extended form in his book Arithmétique 
générale (1911). This small volume is one of the physico- 
mathematical series in the Scientia publications of Gauthier- 
Villars, which undertake to present in succinct form the ideas 
of science in process of development. Several others of the 
series have dealt with recent ideas in geometry, analysis, and 
algebra. 

This volume is divided into two parts: Des Nombres absolus, 
and Des Nombres relatifs. In the first part is given a develop- 
ment of numbers as the ratios of segments of a straight line. 
The notion of segment of a line is taken as an undefined 
element. An absolute number is then any law of formation 
of a segment from a given segment. The product of a segment 
by a number (absolute number) is another segment. Captain 
Dumont in fact sets up a set of logical relatives of which the 
domain is the range of segments of a straight line, the converse 
domain is the same range, and the relative is considered only 
with reference to certain processes of addition, subtraction 
and multiplication of the segments. These processes are 
supposed to be known. ‘This first part does not differ essen- 
tially, save in formal statements, from other derivations of 
the system of real numbers. 

In the second part the fundamental entity is no longer a 
segment but a vector, by which is meant a directed segment. 
The notion of direction is assumed. Definitions are set up 
for free vectors, glissants, symmetric or opposite vectors, and 
nul vectors. The definition of relative number then follows 
as any law of determination of one vector from another; by 
which is really meant again a logical relative whose two 
domains are the same, namely the range of all vectors. We 
arrive thus at qualified numbers, which change a glissant 
vector into another on the same line, or support; versors, 
which turn glissant vectors around an axis perpendicular to 
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the line of the vectors; glisseurs, which move a glissant 
vector parallel to itself along an axis perpendicular to the 
line of the vector. _ Combinations of these give quaternions, 
in which are included complex numbers, vector-quaternions, 
and surcomplex numbers. 

In this part the author insists on the distinction between 
the vector that is commonly associated with a complex number 
in the Argand representation, and the number itself. This 
distinction is, in the opinion of the reviewer also, vital in 
many places, and unless noticed leads to trouble. For in- 
stance, the Steinmetz treatment of alternating currents is 
handled by Cramp and Smith from this point of view to the 
improvement of the whole treatment. Hamilton was the 
first to define a quaternion as the ratio of two vectors, having 
arrived at this definition by a study of certain groups of linear 
substitutions, of which one was a form of the quaternion group 
as an abstract group. ‘The later expositions given by Hamil- 
ton used this geometric method of approach. One might go 
farther and produce a system of numbers corresponding to 
the ratios of the members of any set of geometric elements, 
such as bipoints, biplanes, as Cailler and others have done. 
Some of these geometric elements have even received names, 
as fléche, bouclier, drapeau, feuillet, moulinet. Captain 
Dumont, however, develops the notion only as far as bi- 
quaternions. . 

He insists rightly that the method of development is syn- 
thetic, and demands no postulates except those of euclidean 
space, while other methods of the arithmetico-logical type 
demand large lists of postulates. Further the development 
is not referred to any coordinate system, and to no fixed 
base of units. It becomes thus autonomous. Whether he 
is correct in thinking it could be taught easily from this 
intuitive point of view is a question which time and experience 
will settle. The intuitive method seems at least as good as 
any way to identify the fundamental elements that one starts 
with, and in a genuinely logical sense it is just as rigorous. 
When anyone thinks that by talking of the set of elements 
A, B, C, --+ he is any better able to identify an element than 
he is when he talks of the segments of the line, OA, OB, OC, 
--+ he is deceiving himself into a fancied rather than a real 
rigor of treatment. The really essential thing, it would seem, 
is whether or not some unstated quality of the element is 
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one that the deductions depend upon. ‘To illustrate, one may 
prove the theorems of geometry relating to the circle by 
using wire circles just as well as by using a highly artificial 
definition of an abstract circle, provided that he does not 
depend upon the copper or silver, or their qualities, nor upon 
the thickness, or cross-section of the wire. In most work in 
mathematics we are engaged in finding the deductions that 
can be drawn from certain features only of a concrete existence 
and which are not in the least affected by other features of 
the object. In other words the most highly concrete object 
is just as good as the most highly abstract object for deduc- 
tions that are limited to certain characters possessed in 
common by the two. From this point of view the definition 
from geometric objects is justifiable. On the other hand the 
recognition of the non-geometric character of all the numbers 
deduced is one that if more common would prevent much 
wasted ink and time. Such a notion as that of the product of 
two geometric vectors ought to disappear from the field, for 
instance, save as a phraseology perhaps. ‘The fruitless dis- 
cussions over the identification of the right quaternion and the 
vector (geometric) would no longer be heard of, and all vector 
systems would be recognized as algebras of hypernumbers. 
JAMES ByRNIE SHAW. 


Napier Tercentenary Memorial Volume. Edited by CarcrLt 
GILsTON Knott. London, Longmans, Green and Com- 
pany, 1915. xi+441 pp. Price, £1 ls. 

THIS sumptuous volume compiled by Dr. Knott is made up 
of the addresses and essays communicated to the International 
Congress held in Edinburgh in 1914 to commemorate the 
tercentenary of the publication of Napler’s epoch-making 
Mirifici Logarithmorum Canonis Descriptio. 

The papers are both historical and mathematical, the former 
dealing with the life and works of Napier and of his con- 
temporaries, immediate predecessors, or followers, and the 
latter part of the work treating of the modern progress in 
calculation, in the preparation of tables, and the like. There 
is also an account of the Edinburgh meeting, with the addresses 
of a formal congratulatory nature, a list of members, and two 
indexes, one of subjects and the other of names. 

The historical papers are as follows: “The invention of 
logarithms,” by Lord Moulton, a careful study of the working 
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of Napier’s mind in the development of his theory, made with 
all the acumen of one of the best legal minds of the present 
time; “‘ Merchiston Castle,” by George Smith, then the head- 
master of Merchiston Castle School, the best description of the 
building that has been published, illustrated by a colored 
print; “‘ Logarithms and computation,’ by Dr. J. W. L. 
Glaisher, partly historical but chiefly given to the post-na- 
pierian development; ‘“‘ The law of exponents in the works of 
the sixteenth century,” by the present reviewer; “ Algebra in 
Napier’s day and alleged prior inventions of logarithms,” by 
Professor Florian Cajori, a careful and scholarly investigation 
of the claims of others with a judicial decision against such 
claims; ‘“ Napier’s logarithms and the change to Briggs’s 
logarithms,” by Professor G. A. Gibson, a critical study of the 
important question of the relation between Napier and Briggs 
in the introduction of the base 10; ‘ The introduction of 
logarithms into Turkey,” by Lieut. Salih Mourad, wherein it 
is shown that logarithms found their way into Turkey in 1714, 
and that they were explained in the Turkish language in 1765, 
through the efforts of Ismail Effendi; “‘ A short account of the 
treatise ‘De arte logistica,’”’ by Professor J. E. A. Steggall, 
with a facsimile of one of the pages; ‘“‘ The first Naperian 
logarithm calculated before Napier,” by Professor G. Vacca, 
in which it is shown that Pacioli (1494), in a problem on 
compound interest, gave a rough calculation of log 2 in solving 
what is practically (1 + 7/100) = 2; but that Pacioli had 
any real conception of logarithms is not asserted; “‘ The theory 
of Naperian logarithms explained by Pietro Mengoli (1659),”’ 
by Professor G. Vacca, in which it is shown that Mengoli, a 
pupil of Cavalieri, set forth his explanation in the Geometria 
Speciosa which was published in Bologna in 1659. 

One of the most important articles in the book is the bib- 
liographical chapter by Professor R. A. Sampson on the books 
exhibited at the time of the meeting. Professor Sampson 
has given a careful description of each of the early editions, 
with numerous facsimiles, including two pages from the 
Aritmetische vnd Geometrische Progress Tabulen of Jobst 
Buergi, printed in Prague in 1620. These facsimiles show the 
title page and also one page of the tables. Since this was 
lent by the Town library of Dantzig, and was to have been 
returned early in August, 1914, it would be interesting to 
know where it has been stranded during the last two and a 
half years. 


3v4 ; SHORTER NOTICES. [ May, 


The mathematical articles include a study of Napier’s rules, 
by Professor Somerville; a consideration of fundamental 
trigonometric and logarithmic tables, by Professor Andoyer; a 
description of the work of Edward Sang, by Professor Knott; 
a study of formulas used in calculation for the development of a 
function of two variables in spherical harmonics,: by Professor 
Bauschinger; a study of nomograms and of the early calculat- 
ing machines, by Professor d’Ocagne; a new table of natural 
sines, by Mrs. Gifford; a consideration of the arrangement of 
tables, by Dr. J. R. Milne; a note on ‘critical’ tables, by 
Mr. T. C. Hudson; a study of economy of entries in tables, by 
Professor J. E. A. Steggall; the graphical treatment of crys- 
tallographic problems, by Dr. A. Hutchinson; a method of 
computing logarithms by simple addition, by Mr. Schooling; 
a question as to reducing to a minimum the mean error of 
tables, by Mr. Erlang; a study of the extension of accuracy 
of tables by improvement of differences, by Dr. W. F. Shep- 
pard, a paper of unusual interest; a method of finding anti- 
logarithms without tables, by Dr. Artemas Martin; the 
approximate determination of the functions of an angle, by 
Mr. H. S. Gay; and a study of life probabilities on the Gold- 
ziher criterion, by Mr. Quiquet. 

The work is illustrated with great care. The colored por- 
trait of Napier, from the original painting in the University of 
Edinburgh, is a very welcome addition to the list of portraits 
of mathematicians now available for study, and the fascimiles 
from early printed works are of great value. 

It is impossible within the limits of a review of this nature 
to enter into an extended description of the articles. Suffice 
it to say that there has never appeared a work on the history 
of any single mathematical discovery that has been so sump- 
tuously published or that contains so much valuable material 
for the student of the history of mathematics. May we not 
hope that the forthcoming two-hundredth anniversary of the 
death of Newton may see a similar meeting in Cambridge, with 
the result of the publication of a similar volume relating to the 
life and works of the world’s greatest mathematical physicist? 

Davip EUGENE SMITH. 
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A Course in Mathematical Analysis. By EpouARD GOURSAT; 
translated by E. R. HEpricK and Orro DunKEL. Volume 
II, Part I: Functions of a Complex Variable. Boston, 
Ginn and Company, 1916. v-+259 pp. 

THOSE who are familiar with Professor Hedrick’s excellent 
translation of the first volume of this standard French treatise 
will welcome this continuation of his work. ‘To have books of 
this type available for the use of students who do not read 
French with facility is a great boon to American teachers. In 
particular the present volume is admirably adapted for use as a 
text in an introductory course on the theory of functions of a 
complex variable. 

The content of the book has already been summarized in 
Professor Osgood’s review of the first edition of the original 
work.* With regard to the merits of the translation, it is 
sufficient to say that it maintains the high standard already 
set in the translation of the first volume. The separation into 
two parts of the translation of volume II increases the availa- 
bility of the work for use in American universities. 

CHARLES N. Moore. 


A Review of High-School Mathematics. By Wrtu1amM Davip 
REEVE and RALEIGH SCHORLING. Chicago, The University 
of Chicago Press, 1915. x+70 pp. 
Tats little handbook has now been out for nearly two 

years, and has had an opportunity of being put to the test. 

What the results of such a test are, however, can only be 

determined by the users. Nevertheless it is evident to any- 

one that such a handbook must have its chief value in a school 
where the course of study is the same as that followed in the 
exercises. The authors have evidently had this in mind, for 
there are not any very serious departures from the sequence of 
topics generally adopted in our best American schools. Even 
with a class which begins algebra in the conventional manner 
there is no reason why the slight amount of intuitive geometry 
in the sections devoted to the equation should not be welcome. 

On the whole it may be said that the book is modeled some- 
what after the exercise manuals so commonly used in Europe. 

In schools in which the textbooks in use do not supply sufficient 

review material, which is not generally the case with the lead- 

ing American textbooks, this manual may be found helpful. 

Davin EUGENE SMITH. 


= BULLETIN, vol. 15 (1908-09), pp. 120-126. 
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Plane Geometry. By Joun W. Youna and ALBERT J. 
ScHowartz. New York, Henry Holt and Company, 1915. 
223-+X pp. 

THE need of a textbook such as Young and Schwartz’s Plane 
Geometry is perhaps best stated by the authors themselves in 
their preface. “As a result of the widespread discussion 
during recent years on the improvement of our courses in 
elementary geometry, the majority of thoughtful teachers 
appear to have reached substantial agreement on at least one 
point: To begin the course in plane geometry in the traditional 
formal manner is pedagogically irrational and scientifically 
unnecessary. ‘There has accordingly arisen an increasing 
demand for a textbook which will supply a pedagogically 
rational approach to the study of plane geometry without 
sacrificing the logical structure of the subject.” 

The authors have departed from the orthodox formula for 
writing plane geometry texts. They do not begin with a 
formal (and in the eyes of the student also formidable) set 
of definitions and axioms followed by a proposition of the 
type: All right angles are equal. Instead the first chapter of 
46 pages seeks to make the student familiar with the common 
geometric concepts. In the second chapter such notions as 
undefined term, fundamental proposition, geometric proof 
are clearly explained. Then begins the formal geometry. 
One finds considerable change in the list of propositions from 
what one ordinarily sees in an elementary text. Very many 
theorems which neither serve as links in the logical develop- 
ment nor are important in themselves have been omitted. 
In the space thus gained the definitions and elementary appli- 
cations of the trigonometric ratios are introduced. 

The authors have made geometry ‘ easy ’ in the sense that 
their explanations and proofs are put in such language as to be 
intelligible to the average student. The problems are nu- 
merous and well selected. Mechanically the book is well 
gotten up. The use of two color printing for the figures, the 
auxiliary and construction lines being in a quiet green (not 
bright red), helps materially. It may be that the reviewer is 
prejudiced since the book happens to agree with his notions 
of what an elementary plane geometry text should contain, 
and it is for that reason that he believes that it is a most 
welcome and valuable addition to our small list of good mathe- 
matical textbooks. M. G. GaBa. 
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Ruler and Compasses. By Hitpa P. Hupson, M.A., Se.D. 
London, Longmans, Green and Company, 1916. 148 pp. 
93 figures. Price $1.80. 


Tuis little book is a welcome addition to the literature on the 
boundary between elementary and advanced mathematics. 
While a number of excellent texts exist in other languages, either 
originally or by translation, heretofore we have had neither in 
English. The present claims only to be a compilation from 
other books and memoirs on the subject, yet it is really much 
more, as it is full of the ingenious devices peculiar to the British 
school of mathematics. 

With the exception of the well known book of Enriques* it 
is more systematic than any of the preceding treatises, and 
excells that one by being more practical and less verbose. In 
fact, in places the book is too compact to be of maximum 
service. 

The problem is introduced by comparing the postulates and 
constructions of Euclid and showing that every construction is 
based on the interpretation of the solution of linear and quad- 
ratic equations. This excellent presentation is followed by a 
survey of the methods by which the various problems are to 
be attacked; it is unfortunate to bring in a considerable 
number of new words here, the meaning of which is given later. 

The elements of cartesian geometry are developed and 
applied, but the explanations are too brief. A straight line is 
assumed tacitly to have a linear equation; the coordinates of 
the point common to two lines are shown to be expressible 
rationally in the coefficients in the equations of the lines. The 
section on the domain of rationality is, well written. 

The regular polygons are scarcely mentioned. It is stated 
entirely without proof that the inscription of a regular polygon 
depends on a.binomial equation; the limitation on the exponent 
of the unknown is clearly derived. The entire construction 
of the heptadecagon is disposed of in ten lines and a figure. 

The treatment of constructions by means of the ruler alone 
is prefaced by a discussion of projective properties, including 
vanishing lines, Desargues’s theorem, cross ratio, harmonic 
section, involution, homography, and double elements. Many 
of these are given entirely without proof, and in no case is the 








*Questioni riguardanti la geometria elementare, Bologna, 1902; 
German translation by Fleischer: Fragen der Elementargeometrie, Leipzig, 
1907. 
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proof full enough to be of much use. On the other hand, the 
application to elementary metrical cases is much more satis- 
factory. 

Constructions by ruler and compasses bring in the cross 
ratio of four points on the circle; otherwise it keeps closely in 
touch with principles developed by Euclid. Then follows a 
chapter which employs the method of three trials, the idea of 
displacement, similarity, inversion, and duality, followed by 
another devoted to special devices on account of limited 
space, etc. 

The last two chapters are given up to constructions made by 
the ruler and one fixed circle, and by the compasses alone, 
respectively; each contains a scheme of comparison of the 
relative merits of different constructions. 

To sum up, the immediate practical problem is everywhere 
well treated, but the foundations, taken from post—euclidean 
ideas, are by no means so well done. Many of these ideas 
could have been dispensed with altogether, and the others 
easily proved for the purpose in hand, under restrictive 
hypotheses. It is true that this alternative also has objec- 
tions; if a reader delves further into projective and analytic 
geometry, he would approach the fundamental theorems under 
false impressions. To one already familiar with these two 
subjects, the whole problem becomes an easy one, but to 
those who are familiar with elementary geometry and algebra 
only, the choice of the restrictive premises seems to the re- 
viewer to be the wiser procedure. 

The style is clear and the figures are well drawn; one 
unusual feature is that every algebraic equation is written in 
boldfaced type, making a formidable-looking page. ‘The book 
is not provided with an index, nor are more than a very few 
exercises left for the reader to work out. 

VIRGIL SNYDER. 


Calculus. By Herman W. Marcu and Henry C. Wo .rFr. 
(Modern Mathematical Texts, edited by C. 8S. SLICHTER.) 
New York, McGraw-Hill Book Company, 1917. 16+360 
pp. 5X 7%. 125figs. Price $2.00. © 


Havine in mind particularly the needs of technical stu- 
dents, the authors have used for illustrative purposes many 
practical problems. For the same reason the exercises contain 
many problems drawn from engineering. ‘The book contains 
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about the average number of applications. There are other 
books on the calculus which contain many more applications 
than the present volume. ‘I'wo problems are discussed in 
some detail which are omitted in most calculus books, viz., 
the cable with a uniform horizontal load (parabolic cable) and 
the cable with equal loads on equal lengths (catenary). 

The authors have exercised considerable care and have 
met with more than ordinary success in making clear the 
meaning of an infinitesimal, curvature, and mean value. Du- 
hamel’s theorem is explained with unusual clearness and is 
used consistently in obtaining integral forms. Illustrative 
examples are numerous. 

The preface states that a large number of drill problems have 
been inserted. In general we find this to be true. None of 
the lists are excessively long. Some are in our opinion too 
short. Chapters XVI and XIX end with no problems. We 
find other chapters ending with 1, 2, 3, and 5 problems. 
Answers are given to approximately fifty exercises. 

The subject of integration is first brought to the student’s 
attention on page 46 just after he has learned to differentiate 
the power function. ‘Thereafter whenever he is shown how 
to differentiate a new function he is at once also shown how 
to apply the result to the integration of certain forms. 

In the short sixteen-page chapter on differential equations 
no use is made of the initial conditions to determine the 
constants of integration with the exception of the discussion of 
a damped harmonic motion in the last article of the book. No 
exercises are given after this discussion. The subjects of 
center of gravity and moments of inertia have been treated 
somewhat more fully than is usual. 

The book is designed for a course of four hours a week 
throughout the college year. But it is easy to adapt it to a 
three-hour course by suitable omissions. On the whole the 
book is a good one and has added its share to the general 
endeavor to obtain better texts. 


W. V. Lovirt. 


Die Differentialgleichungen des Ingenieurs. By Dr. W. Hort, 
Engineer in the Siemens-Schuckert Works. Berlin, Springer, 
1914. 540 pp. 


Tuts volume cannot fail to be of interest to teachers of 
mathematics in American schools of engineering. The follow- 
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ing paragraphs taken from the preface indicate the controlling 
purpose of the author. 

“Da ich méglichst alle fiir Aufgaben des Ingenieurswesen 
wichtigen Methoden bringen wollte, habe ich mich veranlasst 
gesehen, die Reihenentwickelungen nach Frobenius nebst der 
damit in Zusammenhang stehenden Ermittelung der logarith- 
menbehafteten Integrale linearer Differentialgleichungen zu 
behandeln. Bekanntlich werden diese Verfahren in der Be- 
haltertheorie gebraucht. Daneben werden einige Fragen, 
die mit der Technik nicht in unmittelbarem Zusammenhang 
stehen, wie z. B. die Integration der Differentialgleichungen 
der Planetenbewegung, ihres allgemeinen Interesses halber 
erortert.”” * * * “Im Interesse der Anwendungen sind auch 
die Differenzengleichungen wenigstens in einem kurzen Abriss 
aufgenommen werden.” 

Then comes the significant statement: 

““Beim Abschluss des Druckes ersehe ich aus Nr. 20 der 
Zeitung des Vereines deutscher Ingenieure, dass der deutsche 
Ausschuss fiir technisches Schulwesen in seinem fiinften 
Bericht den gleichen Anschauungen Ausdruck gibt, die mir den 
Abstoss zur Abfassung dieses Buches gegeben haben.” 

For the reviewer the natural query as to what the book stands 
for in engineering education in Germany is answered in the 
paragraph just quoted. One is at first inclined to conclude 
that the author’s point of view is a personal one. In fact, the 
scope of the book is so comprehensive,—including in the first 
part (pages 1-253) a thorough course on ordinary differential 
equations, with applications to a great variety of engineering 
problems, and in the second part (pages 254-519) an exposition 
of the differential equations of mathematical physics, with 
emphasis on such problems as Helmholtz’s vortex theory and 
Lorenz’s investigations on turbines,—that the first thought is 
that the.author takes an extremely advanced position as to 
the possible use a practising engineer may have to make of 
mathematics. But the authority of the committee on tech- 
nical education referred to puts the matter in a different light. 
Evidently the position that engineering students should be 
trained in mathematics far beyond the calculus receives 
organized support in Germany. 

The book can be used with advantage by American teachers 
as a storehouse of problems with which to vitalize the subject 
of differential equations. 

Prercey F. Smita. 
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Fundamental Sources of Efficiency. By FLETCHER DURELL. 
Philadelphia and London, J. B. Lippincott Company, 1914. 
368 pp. 


In these latter days of accelerated national development, an 
era in which whole philosophies of life are being subjected to 
their supreme test—the right to live—the old principle of the 
survival of the fittest has assumed a new aspect and we now 
recognize it in the problem of national efficiency. | 

We have all read of the wonderful results obtained by men 
of genius through the intelligent application of a few simple 
principles .of efficiency in concrete fields. The magazines 
have been flooded with stories using these as themes. ‘T'ech- 
nical journals have presented arrays of facts and figures il- 
lustrating the astounding results obtained through their use; 
efficiency engineering is a modern and live profession; econ- 
omists are dividing themselves into schools in accordance 
with their beliefs concerning the workings of these principles 
and some philosophers tell us that the social order is rapidly 
changing—that intelligent cooperation is superseding in- 
dividualism. 

We have seen manufacturing plants reorganized; yes, even 
self-appointed committees of politicians from state legislatures 
have set themselves the—to them—simple task of reorgan- 
izing great universities. 

But we have not—at least not all of us—read a book such as 
that under review, in which are summarized and analyzed into 
a few elemental principles the various forms and sources of 
efficiency. It is so written that. the general reader may enjoy 
its pages and a mathematician may easily find in the groups 
of exercises at the close of the chapters many a mental stimulus. 
An efficiency expert would find the summaries near the ends 
of the chapters logical recapitulations of discussions carried 
out—bird’s-eye views of the fields covered therein. 

The following are the headings of a few of the 18 chapters and 
appendices A and B contained in the book: II. Reuse, III. 
The unit and its multiplier, IV. The group, ---, IX. 
Expenditure and results, ---, XIII. Rhythm. These 
titles are sufficient to suggest, perhaps outline, the nature of the 
discussion in each chapter. The principles and sources of 
- efficiency are discussed in detail and a wealth of concrete illus- 
trations cited. Among these are many of the classic appli- 
cations of which we have read and which have shown in their 
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simplicity and results that the whole subject is well worth 
while. 

Any instructor might easily learn many a lesson of value 
from the pages of the book—if he cared to investigate, for ex- 
ample, just how efficiently he is handling a section of students 
in any subject he may be teaching. 

In Chapter XVII the author shows how the various effi- 
ciency methods advocated apply to such specimen depart- 
ments of human thought and endeavor as psychology, edu- 
cation, sociology, business, ete. A brief historical survey is 
given in Appendix B. 

Ernest W. Ponzer. 


NOTES. 


At the meeting of the London mathematical society on 
February 1 the following papers were read: By P. A. Mac- 
Manon: “The significance of a certain algebraic function in 
the theory of distributions’ and “The number of ways of 
pairing off the members of two identical sets of different 
quantities”; by W. H.Saumon: “Curves of constant torsion.” 


At the meeting of the Edinburgh mathematical society on 
March 9 the following papers were read: By G. B. JEFFERY: 
“The transformations of axes for Whittaker’s solution of 
Laplace’s equation’; by H. Datta: “On the failure of 
Heiermann’s theorem.” 


AMONG recent mathematical works published by Gauthier- 
Villars are the following: Cuvres de Cauchy, 2e série, Tome 
XIT (Nouveaux Exercices d’Analyse et de Physique, Tome 2), 
(Euvres de Poincaré, Tome II, and two volumes of the Borel 
series of monographs, Lecons sur les Méthodes de Sturm dans 
la Théorie des Equations différentielles linéaires et leurs Dé- 
veloppements modernes, by Professor MAximE BOcHER, and 
Intégrales de Lebesgue, Fonctions d’Ensemble, Classes de 
Baire, by Professor C. DE LA VALLEE Poussin. Tome XIII, 
2e série (Nouveaux Exercices d’Analyse et de Physique, Tome 
3), of the Ciuvres de Cauchy is now open to subscription, 
and ‘Tome I of the (Zuvres de Poincaré is in press. 
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TuE Rice Institute, of Houston, Texas, has just issued, in 
three volumes, the Book of the Opening of the Rice Institute, 
an account of the academic festival held in celebration of its 
formal opening in October, 1912. These volumes contain, 
in addition to an account of the exercises of dedication, the 
inaugural lectures delivered by the delegates of various institu- 
tions. Among these are the following mathematical lectures: 
“Molecular theories and mathematics,” “Aggregates of zero 
measure,’ and “ Monogenic uniform non-analytic functions— 
the theories of Cauchy, Weierstrass, and Riemann,” by Pro- 
fessor EMILE BorEt, delegate of the University of Paris; and 
“Henri Poincaré,” “The generalization of analytic functions,”’ 
and “On the theory of waves and Green’s method,” by Pro-— 
fessor Viro VoLTERRA, delegate of the University of Rome. 


By recent action of the Board of Trustees of the University 
of Chicago, the President of the University, on recommenda- 
tion of the head of a department, will welcome doctors of 
philosophy of the University of Chicago and other universities 
as guests of the university, with the privilege of attending 
seminars and of carrying on research in the laboratories and 
libraries. There will be no charge except for laboratory sup- 
plies and a nominal laboratory fee where laboratory work is 
done. Arrangements should be made with the university in 
advance. 


Tuer Adams prize of Cambridge University has been awarded 
to J. H. Jeans, former fellow of Trinity College, for his 
essay: “Some problems of cosmogony and stellar dynamics.” 
The value of the prize is £250. 


Proressor A. N. WuitrEHEap has been elected president 
of the British mathematical association. 


Mr. P. A. MacManon has beén elected president of the 
Royal astronomical society. 


ProFressor Epwarp Kasner has been elected a member of 
the National Academy of Sciences. 


Dr. E. A. T. Kircuer, of Harvard University, has been 
appointed instructor in mathematics at the University of 
Minnesota. 
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Mr. T. R. Hoticrorr has been appointed instructor in 
mathematics at Columbia University. 


Mr. W. H. Witson, of the University of Illinois, has been 
appointed instructor in mathematics at the Massachusetts 
Institute of Technology. 


PROFESSOR GASTON DaARBoux, of the University of Paris, 
and permanent secretary of the Paris Academy of Sciences, 
died February 22, at the age of 74 years. He was author of a 
four-volume treatise on differential geometry bearing the title 
Théorie générale des surfaces, a work on orthogonal systems of 
surfaces, one on the cyclide and allied surfaces, and a large 
number of memoirs in the leading mathematical periodicals. 
During the last thirty years he has been a member of more 
than fifty learned societies. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 
Bartey (F. H.). See Woops (F. 8.). 


Barrow (I.). Geometrical lectures. Translated with notes and proofs 
by J. M. Child. London, Open Court, 1917. 8vo. 14+218 Pp 
4s. 6d. 


Fra (M.). Legons sur les méthodes de Sturm dans la théorie des 
équations différentielles linéaires et leurs développements modernes, 
professées & la Sorbonne en 1913-1914. (Collection de Monographies 
sur la Théorie de Fonctions publiée sous la Direction de M. Emile 
Borel.). Recueillies et rédigées par G. Julia. Paris, Gauthier-Villars, 
1917. 8vo. 6+118 pp. Fr. 5.00 


Bore (E.). See BOcuER (M.). 


Casori (F.). A history of elementary mathematics with hints on methods. 
of teaching. Revised and enlarged edition. New York, Macmillan, 
1917. S8vo. 8+324 pp. $1.75 


Curtp (J. M.). See Barrow (I.). 
JuLIA (G.). BdcHER (M.) 


DE MoNTESSUS DE BALLOoRE (R.). Lecons sur les fonctions elliptiques en 
vue de leurs applications. Paris, Gauthier-Villars, 1917. 8vo. 
10+268 pp. Fr. 12.00 


Rey Pastor (J.). Fundamentos de la geometria proyectiva superior. 
(Junta para ampliacién de estudios e investigaciones cientificas, 
Laboratorio y seminario matemdatico publicaciones, Tomo 1.) Ma- 
drid, 1916. 8vo. 22-4444 pp. Pes. 12.00: 
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SrBrRANI (F.). Riassunto formulario di geometria analytica, algebra, 
» calcolo infinitesimale, calcolo vettoriale e meccanica razionale. Roma, 


Atheneum, 1915. 8vo. 4-+575 pp. L. 12.00 
Woops (F. 8.) and Barney (F. H.). Analytic geometry and calculus. 
Boston, Ginn, 1917. 8vo. 12+516 pp. $3.00 
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THE APRIL MEETING OF THE AMERICAN MATHE- 
MATICAL SOCIETY AT CHICAGO. 


Tue thirty-ninth regular meeting of the Chicago Section, 
the eighth meeting of the Society at Chicago, was held at the 
University of Chicago on Friday and Saturday, April 6 and 7. 
About seventy-five persons were present, among them the 
following fifty-five members of the Society: 

Professor G. A. Bliss, Professor R. L. Borger, Professor P. P. 
Boyd, Professor J. W. Bradshaw, Professor W. H. Bussey, 
Professor W. D. Cairns, Professor R. D. Carmichael, Dr. E. W. 
Chittenden, Mr. E. H. Clarke, Dr. L. C. Cox, Professor 
A. R. Crathorne, Mr. G. H. Cresse, Professor D. R. Curtiss, 
Professor L. E. Dickson, Professor A. Dresden, Professor 
Weeouevord, Or. VV. V.N.. Garretson, Dr. G. H. Graves; 
Dr. J. O. Hassler, Mr. C. M. Hebbert, Professor E. R. Hedrick, 
Professor T. H. Hildebrandt, Mr. Glenn James, Professor 
A. M. Kenyon, Professor W. C. Krathwohl, Professor Kurt 
Laves, Professor W. D. MacMillan, Professor W.: Marshall, 
Professor T. E. Mason, Dr. A. L. Miller, Professor G. A. Miller, 
Professor E. H. Moore, Professor E. J. Moulton, Professor 
F. R. Moulton, Dr. J. R. Musselman, Dr. A. L. Nelson, Dr. 
F. W. Reed, Professor H. L. Rietz, Professor W. H. Roever, 
Miss I. M. Schottenfels, Dr. A. R. Schweitzer, Professor 
J. B. Shaw, Professor H. E. Slaught, Mr. G. W. Smith, 
Professor E. J. Townsend, Professor A. L. Underhill, Professor 
E. B. Van Vleck, Dr. V. H. Wells, Professor E. J. Wilczynski, 
Dr. C. E. Wilder, Professor R. E. Wilson, Professor C. H. 
Yeaton, Professor A. E. Young, Professor J. W. A. Young, 
Professor A. Ziwet. 

The sessions on Friday were presided over by Professor 
W. B. Ford, chairman of the Section; the session of Saturday 
forenoon was under the chairmanship of Professor L. E. Dick- 
son, President of the Society. At the dinner held at the 
Quadrangle Club on Friday evening, fifty-one persons were 
present. 

Friday afternoon was devoted to a symposium on ‘‘The 
Lebesgue Integral.” The idea of a symposium was first 
suggested by Professor Van Vleck in April, 1915; it had been 
under discussion by different committees of the Chicago Sec- 
tion since that time. The committee appointed in April, 
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1916, for the purpose of arranging a symposium for the present 
meeting consisted of Professors Van Vleck and C. N. Moore, 
together with the members of the program committee. 

The principal papers were presented by Professor Bliss 
and Professor Hildebrandt. Since these papers are to appear 
in full in later numbers of the BULLETIN, only a list of the 
topics treated by them will be given here. 

Professor Bliss, ‘Integrals of Lebesgue and their applica- 
tions”: 1. Definition and existence of a Lebesgue integral; 
2. Measure of point sets and measurable functions; 3. Prop- 
erties of Lebesgue integrals; 4. Some applications of Lebesgue 
integrals. 

Professor Hildebrandt, ‘‘Integrals, extensions of and related 
to the integrals of Lebesgue’’: 1. Integrals defined on non- 
measurable sets; 2. Extension of integration to non-summable 
functions; 38. The Stieltjes integral; 4. The Hellinger inte- 
gral; 5. Generalizations of Lebesgue, Stieltjes, and Hellinger 
integrals. 

The papers were discussed by Professor E. H. Moore and 
Professor E. R. Hedrick. 

The forenoons of Friday and Saturday were devoted to the 
presentation of the following papers: 

(1) Professor T. H. HitpEBranpt: ‘‘On boundary value 
problems for linear differential equations in general analysis.” 

(2) Dr. E. W. Cuitrenpen: ‘On the relation of non- 
metrical analysis situs to the calcul fonctionnel of Fréchet.”’ 

(3) Dr. A. L. Mrtier: “‘Projective differential geometry 
of three dimensional varieties in S; and of line complexes.” 

(4) Professor R. D. CarmicHaEL: “Comparison theorems 
for homogeneous linear differential equations of general order.” 

(5) Professor R. D. CArRmMIcHAEL: “Note on convergence 
tests applicable to series converging conditionally.” 

(6) Mr. W. H. Witson: ‘On a certain general class of 
functional equations.” 

(7) Dr. A. R. Scuwerrzer: ‘Functional equations based 
on iterative compositions’’ (second paper). 

(8) Dr. A. R. Scuwerrzer: ‘On the implicit correlatives 
of certain functional equations” (preliminary communication). 

(9) Mr. C. M. Heppert: ‘‘Circular curves generated by 
pencils of stelloids and their polars.” 

(10) Professor R. D. CaArmicHakrL: ‘‘On the representation 
of functions in series of the form Leng(a@ + n)/g(a).” 
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(11) Dr. A. J. Kempner: ‘A theorem on lattice points.” 

(12) Dr. A. J. Kempner: ‘‘On irreducible equations admit- 
ting roots of the form a + re”, a rational and r rational.’’ 

(13) Mr. G. W. Smirn: ‘‘Nilpotent algebras generated by 
two generators, @ and j, such that 2? is not an independent 
unit.” 

(14) Professor J. B. SHaw: “Simplification of defining 
equations of nilpotent algebras.”’ 

(15) Professor E. B. Srourrer: ‘On the calculation of 
invariants and covariants of linear homogeneous differential 
equations.” 

(16) Professor G. A. Mitier: ‘Substitution groups and 
possible arrangements of players at card tournaments.”’ 

(17) Professor T. E. Mason: ‘‘On functional solutions of 
certain diophantine equations”’ (preliminary communication). 

(18) Dr. A. J. Kempner: ‘On the zeros of integral trans- 
cendental functions belonging to certain simple classes and 
the zeros of the derived functions.” 

(19) Mr. J. L. Wausu: ‘On the solution of linear equations 
in infinitely many variables by successive approximations.” 

(20) Dr. A. L. Nexson: “Plane nets and conjugate systems 
of curves.” 

(21) Dr. V. H. Wetts: ‘“‘Single parameter systems of 
polar fields.” 

(22) Professor S. Lerscuetz: ‘‘On certain two-dimensional 
cycles belonging to an algebraic surface.” 

Mr. Wilson was introduced by Professor Carmichael, and 
Mr. Walsh by Professor Van Vleck. The papers of Professor 
Stouffer, Dr. Kempner, and Professor Lefschetz were read 
by title. 

Abstracts of the papers, numbered to correspond to the 
titles in the list, follow below. 


1. In this paper Professor Hildebrandt considers linear 
boundary conditions relative to the general linear differential 
equation of the form 


Dyn = a — Jan 


in which 7, ao, and a are functions belonging to a class $, of 
the three variables p’, p’’ and x, which range over the classes 
Y’ and $” (general classes) and X (a linear interval) re- 
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spectively; D = d/dx, and J is a linear operator on a class 


& of functions on the range 8/3’. The boundary conditions 
considered are of the form 


en(a1) + Join(a1) + dy(x2) + Joon(x2) = a 


in which c and d are constants satisfying the condition c+d=1, 
01, 02 and gp are functions of the class &, and 2; and 2» are 
any two elements of ¥. The conditions under which there 
exist solutions of the differential equation and the boundary 
conditions are determined. By a suitable definition of 
adjoint boundary conditions relative to the adjoint differ- 
ential equation 


Dn = ag + Jha 


the usual theorems concerning the interrelations of the solu- 
tions of adjoint systems are obtained. 


2. Dr. Chittenden shows for a class S, satisfying any of the 
sets of axioms 21, Le, 23 given by Professor R. L. Moore as 
foundations for a theory of plane curves in non-metrical 
analysis situs, that it is possible to define the écart (P, Q) 
of any two elements of S, so that if P= L,P, then 
In(Pn, P) = 0, and conversely. There will exist classes 
So, Si, Se, relative to each element P of S, such that So con- 
tains P; S. contains So, S1, and no limiting element of So. 
Hahn has shown that there exists a function f(Q) which 
vanishes on So, 1s identically 1 on So, and satisfies the inequality 
0 < f(Q) < 1 on S,. It is shown in the present paper that 
the solutions of the equation f(Q) = x, 0< a <_ 1, form in 
the aggregate a simple closed curve whose interior contains 
So, and therefore P. 

These considerations show that non-metrical analysis situs 
as studied by Veblen, Lennes, and R. L. Moore is included in 
the calcul fonctionnel of Fréchet. A theory equivalent to 
the theories of these writers can therefore be based on the 
undefined notions point and distance. ‘The author is continu- 
ing his investigations in this direction. 


3. In this paper Dr. Miller sets up the following completely 
integrable set of four homogeneous linear partial differential 
equations in three independent variables: 
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oe. Serta sts C1" 5 + ag" se + a3" sf, 
5h. = ao"’y + a” st + a2” oe + a3” st eed cr nae 
ta as a = v 
ot = ie) a ou aay : 2 ar ace, 
ou — ag? y am ay*? st a ao®® i a a3” se ; 


where the a;”’s satisfy certain integrability conditions. The 
six independent solutions of these equations can be looked 
upon as the homogeneous coordinates of a point in five dimen- 
sions, depending on three parameters, and therefore represent 
a three-dimensional variety V3; in a five-dimensional space 
Ss. The projective differential properties of this V3 may be 
studied by means of the invariants and covariants of this 
set of equations under the transformations 


g=ry and a; = U;(u,). 


A fundamental set of these invariants and covariants has been 
found, as well as operators that produce from this set all other 
invariants and covariants. 

If the V3 lies on a hyperquadric in S; there is a one-to-one 
correspondence between the points of it and the lines of a 
complex in S3. Thus the differential properties of a line 
complex invariant under the general linear transformation 
on Klein coordinates may also be studied by means of this 
set of equations. 

The only cases ruled out are those in which the V3 lies in 
an S, or is a developable of the second kind. 


4. This paper by Professor Carmichael deals with several 
theorems of comparison stating interesting relations between 
the solutions of two homogeneous linear differential equations 
of general order such that the coefficients of the one equation 
bear certain prescribed relations to those of the other equa- 
tion. Among the results obtained are extensions in several 
directions of one of Sturm’s classical theorems of comparison 
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for equations of the second order. (See Sturm, Journal de 
Mathématiques, 1 (1836): 106-186, and Boécher, BULLETIN, 
4 (1898): 295-313, 365-376.) 


5. In this paper Professor Carmichael derives a general 
theorem concerning the convergence of series which need not 
converge absolutely and applies it to obtain some more usable 
particular theorems of which the following is one: If the series 
a; + ad, + a3 + --+ is summable of order & — 1 in the sense 
of Cesadro and if constants ¢1, C2, ¢3, «+: are selected so that 
the series 


8 


. 


| Ake; | 
1 


- 
lI 


converges, the limit 
linden Seeker 


exists and is finite, and the quantities 
Lcd NIE (7 = 2, 3, ees k) 
are bounded, then the series 


Q1C1 + G2C2 + agc3 + >> 


converges (but does not necessarily converge absolutely). 


6. The principal results of Mr. Wilson’s paper may be 
stated as follows: Every solution f(a) of the equation 


(1) 2, vif (aie + By) + Yarif(z) + YareFy) = 0; 


in which the a’s, 8’s and y’s are constants and no a is zero, 
is a solution of the normal equation 


wf 1)! 
QE yee fle + ) = 0, 





The most general solution of (2) continuous over the finite 
complex 2-plane is a polynomial in wu and v of degree n with 
arbitrary coefficients, where « = u-+ V— 1», and uw and 9 
are real. The general solution of (2) analytic over the finite 
complex a-plane is a polynomial in x of degree n with arbitrary 
coefficients. The most general solution’ of (2) continuous 
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along any line not parallel to the axis of imaginaries is a 
polynomial in wu of degree n with arbitrary coefficients, while 
the most general solution continuous along any line not parallel 
to the axis of reals is a polynomial in v of degree n with arbi- 
trary coefficients. From these properties of the normal 
equation it is easy to derive the corresponding properties of 
equation (1). Besides these several other results are obtained 
incidentally. 


ue iO, 13 2, 7+, ns 1g = --]} (hb = 12, > bere 
set of iterative compositions of a function of n+ 1 variables 
(n = 1, 2, 3, ---), the variables in the entire set being nota- 
tionally distinct. Then by an equation in iterative composi- 
tions Dr. Schweitzer means a relation between the preceding 
compositions F and some, none, or all of the variables ex- 
plicitly involved. By means of suitable adjoined conditions 
on the variables involved special types of equations are ob- 
tained, e. g., the “equation in partial functions” of Herschel.* 
Generalization of the preceding to simultaneous systems 1s 
made. 

An important class of equations in iterative compositions 
are those which involve infinite sequences and consequently 
the notion of convergence.{ In particular, limiting cases of 
certain generalizations of functional equations previously de- 
fined by the author are obtained. Example: If 


fi) = flit, Fit, we tes a) El; 


where in the latter iteration the f occurs n times, and 


Us Lt Je Tee), x}, Fils): y}] = FY, x), 


then a particular solution is 


fle, y) = {Y= 


2 vy) }. 


Finally, classes of eliminative functional equations are con- 
structed which are satisfied by the solution of the Siucaias 
fee (cr). — ct, where k =.2, 3,4, +++, and n.= 1, 2, 3, 


* Cf. Philosophical Transactions, 1814, pp. 458 ff. 

+ Cf. the memoirs of Nicoletti, especially, Mem. mat. fis. Soc. Ital. delle 
Scienze (3), 14 (1906). The subject matter of this memoir is capable of 
further abstraction. 
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Here for n = 2, k= 2, fie Ce) rr fits, te, f(b, te, x) }, etc. 
Such a class is, for instance, f{f; (a), fi (y)} = f(a, y), which 
has the particular solution f(z, y) = W1{&y(a) + &Y(y)}, where 
EE Get ye ete eee ee 


8. An important aspect of iterative compositions and func- 
tional equations is their possible expression in terms of trans- 
formations of variables and properties of these transforma- 
tions, e. g., iteration of transformations. Dr. Schweitzer 
makes a number of applications of this theory based on 
equations previously defined by him. One application con- 
sists in expressing certain of his eliminative functional equa- 
tions in implicit form and interpreting the solution of the 
latter as a problem of the inversion of the process of elimination 
of variables in algebra and analysis. Stated in somewhat 
general form, the problem is as follows: Given that an elimi- 
nant of the relations f;{a1', %’, «++, v4’, %1, %, **°, Xi, th, te, 

sa te} sh (k < V5 = 2, 3, is i) is p{ar', 2", ihe x", U1, 025 

-+, Xi, :f1, fo, ~**, fa, &} = 0; to find the functions Ase 
ample: To determine ¢ in the equations $(a1’, 7, ¢) = 0, 
p(X2", 2, t) = 0, P(E, 21’, ®2’) — O(E, 21, %2) = 0, which is an 
implicit form of the equations 2;/ = f{x, t}, ro’ = f{ae, t}, 
f{az’, xo’ = f{ai, v2}. Another application consists in the 
solution of quasi-transitive functional equations as defined 
by transformations of types occurring in the theory of Lie.* 


9. Mr. Hebbert studies the circular curves generated by 
pencils of stelloids which have the (n+ 1)st roots of unity 
and their associates as base points and are connected with the 
transformation 2’ = 1/2". This is a special case of the trans- 
formation 2’ = zg — (n+ 1)f(z)/f’(z), discussed by Professor 
Emch in the. Rendiconte del Crrcolo Matematico di Palermo, 
volume 34 (1912), pages 1-12. 


10. In this paper Professor Carmichael considers the general 
problem of representing functions with certain assigned proper- 
ties at infinity in series of the form 


“g(a +n) 
den g(x) 


* Cf., e. g., Levi-Civita, Real. Inst. Lomb. Rendiconti (2), vol. 28 (1895); 
Vessiot, same volume. 


b) 


1917. ] THE APRIL MEETING AT CHICAGO. 395 


where g(x) is a given function having the asymptotic repre- 
sentation 


a a 
(2) ~ areertee (1 +=4+3+ ), 


valid in a sector V including the positive axis of reals in its 
interior and being analytic in V for sufficiently large values of 
|x|. This problem contains as a special case the problem of 
the representation of functions in factorial series. (See 
Transactions, volume 17 (1916), pages 207-232.) 


11. In this paper, Dr. Kempner discusses the system of 
rectilinear paths of finite width and extending to infinity in 
both directions which may be laid through a square lattice- 
point system. 

Assuming in a rectangular system of coordinates the lattice- 
points represented by x= 0, +1, +2, ---, y=0, +1, 
+ 2, ---, and considering the width d of the path as a function 
of the slope tan g, the following theorem is easily derived: 
When tan ¢ = p/q, p, q relatively prime, then the broadest 
path in the direction ¢ which does not contain any points in 
its interior has the width d = (p?+ q?)-?. When tan ¢ is 
irrational, no path of finite width exists which does not 
contain an infinite number of points in its interior. 

Writing d = f(tan ¢), or y = f(x), it is seen that f(x) 1s 
a pointwise discontinuous nullfunction which is closely related 
to the well known pointwise discontinuous function y= F(a), 
F(x) = 0 for z irrational, F(p/q) = 1/q for p, q relatively 
prime. 


12. The present paper is a continuation of a paper: “On 
irreducible equations,” presented by Dr. Kempner to the 
Southwestern Section in November, 1913. It deals with irre- 
ducible equations having among their roots some of the form 
a+ re’’,aandrbothrational. Irreducibility here refers to the 
natural domain although extension to other domains is im- 
mediate for most of the theorems. Consider all circles in the 
plane, of rational radii about all rea! rational points as centers. 
One obtains thus a triply infinite system of circles which 
cover everywhere densely the complex plane. Some of the 
theorems established may then be expressed as follows: When 
an irreducible equation has roots on any of the circles, then 

I. The equation must be of even degree; 
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II. There are just as many roots lying outside the circle 
as there are inside, and the roots outside are the points of 
reflection of the points inside. 

III. The equation cannot have roots on any other circle 
which does not intersect the first; but 

IV. The equation may have roots on another circle which 
intersects the first; 

V. The radius and the center of the circle may always be 
determined by a finite number of rational operations and ex- 
traction of radicals; 

VI. The equation is completely solvable by radicals when 
its degree is smaller than ten; 

VII. Comparatively simple necessary and sufficient con- 
ditions for the existence of roots on any of the circles are 
established. 


13. In this paper Mr. Smith determines the types of nil- 
potent algebras which are generated by two units, 2 and 7, where 
is not an independent unit. He expresses these units in 
terms of the associative units of Professor Shaw and then 


forms the products jz and 27. Since in the form 
1, 4, i, ( as", Fewer’ i er ah ee ihe, ype ie pie ee 


the product of any two units is linearly expressible in terms of 
the units which follow both factors, certain relations among 
the parameters arise from the products 72 and 27. The solution 
of these relations leads to thirty different types of nilpotent 
algebras. Certain general theorems permit a simplification 
in the expressions for the units and the classification becomes 
possible. 


14. In this paper Professor Shaw shows that the defining 
equations of a Peirce algebra (nilpotent system of one partial 
modulus) admit of simplifications due to a choice of units 
which is usually possible. The advantage of the simplifica- 
tion lies in the greater ease of handling the representation in 
associative units. If the equations in the regularized base 
units and the adjunct unit 7 are 


He = bier The oul, erga 
b=) 


where Py. and Pa are polynomials in j, then either the deter- 
minant 
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Py, — 1, Po ’ 
Poy ’ Po — 1, 


vanishes or does not vanish. In the latter case the base units 
~ may be so chosen as to reduce Py, to 7 merely for b = 1, 

--, m. In the former case when the second term in the 
principal diagonal elements is replaced by X, the deter- 
minant set equal to 0 has m roots, which are polynomials in 7. 
If these are all distinct the terms in j?P, all drop out for a 
properly chosen base. If the roots are not distinct the problem 
needs further study. 


15. In previous papers presented to the Society, Professor 
Stouffer has obtained complete systems of seminvariants and 
semicovariants for a system of ordinary linear homogeneous 
differential equations of the second order with n dependent 
variables. In the present paper the problem is completed by 
the calculation of complete systems of invariants and co- 
variants for this system of differential equations. ‘The more 
complicated invariants and covariants are obtained by apply- 
ing certain operators to a set of simple invariants and co- 
variants. 


16. To emphasize certain properties of substitution groups 
Professor Miller directs attention to their availability for 
the purpose of determining arrangements of the players at 
card tournaments so that during a series of games each player 
will have each of the others once as a partner and twice as an 
opponent. The possibility of determining such arrangements 
was considered, from a different point of view, by E. H. 
Moore in his ‘‘ Tactical memoranda ”’ published in volume 18 
of the American Journal of Mathematics. 

When the number of players is a power of 2, sets of possible 
arrangements satisfying the stated condition can be obtained 
directly by means of the regular substitution group of order 
2”, and of type (1, 1,1, ---), by starting with any subgroup 
of order 4 contained in such a substitution group and trans- 
forming this subgroup under the powers of an operator of 
order 2” — 1 in the group of isomorphisms of this substitution 
group. When m is even we may impose the additional 
condition that during the first (2" — 1)/3 games each of the 
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players has each of the others once and only once either as a 
partner or as an opponent, but sets in which this additional 
condition is not satisfied can be obtained with equal ease in 
this case. 


17. In this paper Professor Mason replaces, in certain 
equations of Diophantus, the unknowns which are to be 
rational numbers by unknown functions restricted only by 
the equations. The functional equations are then solved. 
These functional equations, as such, are of some interest. 
The problem remaining is to restrict these functional solutions 
so that they will satisfy the conditions of Diophantus. The 
number of diophantine equations to which this process may 
be applied seems large. 


18. In the first part of this paper Dr. Kempner unifies a set 
of known theorems (comprising, for example, the first two 
theorems of § 230, and the theorems of §§ 232, 233, 234 in 
Vivanti-Gutzmer, Analytische Funktionen, 1906); their 
proofs are slightly simplified by introducing convex polygons 
(open or closed) which extend to infinity in the complex plane. 
As an application, the following theorem is derived: 

Let f(z) = eo + c1z + coz? + +++, co = 0, converge in the 
whole complex plane, let a,, (v = 1, 2, ---), be the zeros of 
f(z), and let Z| a, |-* be convergent for every ¢ > 0; if any one 
of the ci, co, «++ is zero, then either the zeros of f(z) lie all on a 
straight line passing through the origin, or every straight line 
through the origin has zeros on either side. (Allaand care real 
or complex.) In the second part theorems of the following 
kind are derived: Let m, n be any two positive integers, and 
@1, ***,@, any n numbers, 1, -+-, bm any m numbers, real or 
complex, and arbitrary except that no two a’s shall be equal, 
and no a equal toany b. Then a function f(z) exists such that 

I. f(z) = e? - o(z), where g(z) and ¢(z) are polynomials; 

II. f(z) = 0 has exactly the roots aj, ---, Qn; 

III. f’(z) = 0 has exactly the following roots: (a) bi, -:-, 
b, (all single, or counted with proper multiplicity when by, 
+++, b» are not all distinct), (b) up to n — 1 other roots, which 
cannot be arbitrarily assigned and which in general depend 
both on the given a and b. 

The author does not believe that this theorem can be derived 
by specialization from a (possibly related) theorem of much 
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wider scope due to Guichard (Annales de l’Ecole Normale 
Supérieure, 1884). 


19. Mr. Walsh considers a system of equations 
i+ Dass =c G@=1,2,3,-°*) 
= 
under the restrictions 
SlaylSp<t, lel SC. 
re 


A solution is obtained by using successive approximations; 
this solution is such that the 2’s are bounded, and it is the 
only such solution. 

By aslight change in the form of the equations, the results are 
extended to include some well known results of Poincaré and 
von Koch. 


20. G. Koenigs has proved that the perspectives on a fixed 
plane from a fixed point of the asymptotic curves of a surface 
form a net with equal Laplace-Darboux invariants. Dr. 
Nelson’s paper deals with the perspectives of conjugate systems 
of curves on a surface. Use is made of Wilczynski’s methods, 
according to which the conjugate system of curves is considered 
as being generated by the point P, whose homogeneous coor- 
dinates, y“ = y(u, v) (k = 1, 2, 3, 4), constitute a set of 
linearly independent solutions of the completely integrable 
system of equations 


Yuu = AYovv = byw ae CY y 2 dy, 
Yuv = bYu ar Gu, = ay. 


A point, P,, which describes a plane net of curves, has the 
homogeneous coordinates 7“) = 7(u, v0) (k = 1, 2, 3), 
which are linearly independent solutions of the completely 
integrable system 


Tuu = pile ae Bae a3 Cr, 
eT Ty Ea Gor ae Bit, ss Grn 
Tope A Ti aD Tet CT, 


The following theorems are obtained. (a) Any plane net 
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may be considered as the perspective from a fixed point of a 
conjugate system of surface curves. (b) The perspective on a 
fixed plane from a fixed point of a given conjugate system of 
surface curves forms a plane net whose completely integrable 
system (7) is characterized by the mixed invariantive relation 


/ oO B 0A’ OB 
Bsa = (aA") +2 ( )-% Ov 


a 


9 


4 


dudv 





= 0. 


21. The paper of Dr. Wells is a study of the five single 
parameter systems of polar fields, the pencil, the range, and 
the three intervening mixed systems. The pencil of polar 
fields is defined as all the polar fields determined by triangles 
perspective and reciprocal to one triangle, such that the cor- 
responding sides of those triangles form three projective first 
order pencils of rays. Similar definitions are given for the 
other forms by means of the determining triangles. In the 
pencil of polar fields the centers of perspective for the deter- 
mining triangles form a range of the fourth order, and the 
lines of perspective a pencil of the second order. For each 
system, the principal theorems give the loci of the poles of a 
line, and the polars of a point. In the first mixed system the 
polars of a point form a second order pencil, and the poles of a 
line a fourth order range. 


22. In this note Professor Lefschetz establishes the existence 
of a two dimensional cycle I’, corresponding to any two alge- 
braic curves Cy, C, on an algebraic surface F(a, y, 2) = 0. 
By means of certain functions of Poincaré, the periods of a 
double integral 


(1) { en dady (P adjoint polynomial) 


are found. From these it follows that if 4C; = 4Co, T ~ 0. 
If (1) is of the form 


aie TY andy, 


the periods are linear combinations of the logarithmic periods 


of 
Jf V(, Uns) ar ge de yee ae 


1917.]) MEETING OF THE SAN FRANCISCO SECTION. 401 


from which a very interesting connection with Severi’s theory 
of the base is derived. The paper appeared in the Rendicontz 
dev Inncer for February. 
ARNOLD DRESDEN, 
Secretary of the Section. 





THE APRIL MEETING OF THE SAN FRANCISCO 
SECTION. 


THE twenty-ninth regular meeting of the San Francisco 
Section was held at Stanford University on Saturday, April 7. 
Two sessions were required for the presentation of the program. 
Professor Lehmer occupied the chair. The following members 
of the Society were present: 

Professor R. E. Allardice, Professor H. F. Blichfeldt, Dr. 
Thomas Buck, Professor M. W. Haskell, Professor L. M. 
Hoskins, Professor D. N. Lehmer, Professor W. A. Manning, 
Professor H. C. Moreno, Professor C. A. Noble, Professor 
E. W. Ponzer, Dr. H. N. Wright. 

It was voted to hold the next meeting of the Section at the 
University of California, on October 27. 

The following papers were read at this meeting: 

(1) Professor H. F. Buicureitpt: “A further reduction of 
the known maximum limit to the least value of que crs 
forms.”’ 

(2) Professor D. N. LEnHMeErR: “ Certain divisibility theorems 
concerning the convergents of Hurwitzian continued fractions.” 

(3) Dr. G. F. McEwen: “ Determination of the functional 
relation between one variable and each of a number of cor- 
related variables by successive approximation.”’ 

(4), Pr ofessor W. A. Mannine: “On the order of primitive 
groups (III).”’ 

(5) Dr. H. N. Wricut: “Note on a certain quadratic trans- 
formation of the plane.”’ 

In the absence of Dr. McEwen, his paper was read by 
Mr. E. F. Michael of the Scripps Institute for Biological 
Research. Abstracts of the papers follow below. 


1. Having given the determinant D of a positive-definite 
quadratic form F in n variables, such integers, not all zero, 
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can be assigned to the variables that the value of F is not 
greater than y,D1/", where yn is a number depending only 
upon 7 (cf. Transactions for 1914, pages 227 ff.). Professor 
Blichfeldt has recently obtained a lower value for y, than 
that hitherto known (I. ¢., page 233) when n > 5. 


2. Hurwitz (Vierteljahrsschrift der Naturforschenden Gesell- 
schaft in Ziirich, 1896) has studied continued fractions whose 
partial quotients belong to arithmetical series. Taken 
modulo n the partial quotients of such fractions recur, and so 
also do the convergents. ‘The number of terms in the period 
of the convergents seems to depend in a very simple way on 
the modulus, and the appearance of prime factors in the 
numerators and denominators of the convergents presents an 
interesting study. The continued fraction for the Naperian 
base. ¢ = (2,11, 2, 1, 1, 4, 1,1, 6, 1/1, 8, 1, 15 JO 
an example. Calling the kth convergent A;/B,, Professor 
Lehmer has shown that A; recurs with a period of 3n with 
respect to any modulus n, and Bb, has a period 6n. Also 
Bas = DG er — A3zn—3 = 0 (mod ty, 


3. In order to determine quantitative relations from “field”’ 
data, where all the related magnitudes vary simultaneously, 
the disturbing effect due to the interrelationship of the inde- 
pendent variables must be eliminated. Assuming the change 
in the dependent variable w, due to a given change in any 
one of the independent variables z, y, 2, etc., to be independent 
of the values of the other variables, the problem is to determine 
the functional relation of w to each variable, when the form 
of the function is unknown and unrestricted. 

Arrange the values of x in order of magnitude, and enter 
corresponding values of w. Divide this series of values of a 
into groups, each containing about the same number of entries 
and having about the same range, and find the regression of 
w on x in each group, assuming it to be linear in each. Proceed 
in the same way with each of the other independent variables, 
thus obtaining first approximations to the average value of 
w and to each regression coefficient in each group corresponding 
to the average value of the independent variable from which 
the group was formed. By means of these approximate 
relations of w to y, w to 2, etc., apply a correction to each 
entry inthe (w, xz) tabulation that will reduce the value of w 
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to what it would have approximately been if y, 2, etc., had 
constant values, arbitrarily chosen. Then redetermine the 
regression of w on x in each group, and proceed in the same 
way with the other independent variables. 

A set of determinate simultaneous linear equations can be 
derived whose roots are the true regression coefficients and 
averages required, and it can be shown that if the values of 
the averages and regression coefficients found by continuing 
the above approximation process converge, the limits will 
satisfy these equations. 

Formulas, readily derived and involving constants easily 
determined from the data, greatly facilitate the computation, 
and provide an absolute check on the numerical work of each 
approximation, after the second. 

Dr. McEwen will offer this paper to the Annals of Mathe- 
matics. 


4. A partial statement of Professor Manning’s theorem is 
this: Let q be any positive integer greater than unity, and let 
» be a prime number greater than 2q; then the degree of a 
primitive group that contains a substitution of order p and 
degree gp but none of order : and of degree less than gp.cannot 
exceed gp + 4q — 4. This paper has been offered to the 
Transactions. 


5. An involution of lines is set up about each of the points 
A and B such that the double lines of each involution are at 
right angles. Then any point P of the plane, as the inter- 
section of a line of A with'a line of B, corresponds to a point 
P’ as the intersection of the corresponding lines of A and B. 
And conversely P’ is seen to correspond to P. In this way 
is obtained a quadratic transformation of the plane. 

The involutions about A and B determine a third involution 
of the same character about a point C, such that the same 
quadratic transformation of the plane is obtained from any 
two of the three involutions. | 

Dr. Wright shows that in this transformation the ideal line 
of the plane goes into the circle through A, B, and C. This 
circle is found to be the nine-point circle of any triangle whose 
vertices are three of the four invariant points of the trans- 
formation. . | 

W. A. MANNING, 
Secretary of the Section. 
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SINGULAR POINTS OF ANALYTIC TRANSFOR- 
MATIONS. 


BY PROFESSOR WILLIAM Fr. OSGOOD. 
LET a transformation be defined by the equations 
Tei Or (Uae eee) ((=1, ccs remetnls 


where the functions ¢; are meromorphic in the origin and the 
first uw of them, 0 < wu <n, have a non-essential singularity 
of the second kind there, the remaining n — yp functions being 
analytic or having a pole there. Let the point (a) be inter- 
preted in the space of analysis. 

Let those points of the region 


|u| < 1 (b= 1, i eee 


where 7; is a positive number, in which no function ¢; has a 
non-essential singularity of the second kind, be denoted by &, 
and let the points (#) which form the images of the points (u) 
of £ constitute the region M. There will be certain points of 
the (x)-space which will lie on the boundary of M, no matter 
- how far & is restricted. ‘The manifold of these points shall 
be denoted by Nt. 

The object of this note is to communicate the following 
theorem, the proof of which will shortly be published elsewhere. 


THEOREM. The manifold St 1s made up of a finite number 
of algebraic manifolds of the following kind: 

In the space of the first pw variables (a1, ..., 2) there 
exists a manifold & formed by a finite number of irreducible 
algebraic curves (k = 1), surfaces (k = 2), or hypersurfaces of 
order k < p, the number k being the same for all; or finally, of 
u<n, may include all the points of the space in question, 
and we set here k = wu. 

Then IN consists of the points (a1, . . -, Xn), where (a1, .. .; 
x,) is an arbitrary point of R, and 


© age vee ds Ore 
ainda eas, een) 


HARVARD UNIVERSITY, 
April, 1917. 


(j= wt 1 eae 
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THE PROJECTION OF A LINE SECTION UPON THE 
RATIONAL PLANE CUBIC CURVE. 


BY PROFESSOR JOSEPH EUGENE ROWE. 


(Read before the American Mathematical Society, April 28, 1917.) 


Introduction. 


THE rational plane curve of the third order, which we shall 
refer to as the R?, is of the fourth class; that is, from an 
arbitrary point of the plane four tangents can be drawn to 
the curve. But if the point is selected on the R?® itself, the 
tangent at the point accounts for two of these tangents, and, 
therefore, from such a point only two additional tangents can 
be drawn to the curve. A line section yields three points of 
the R® and these, in the manner just described, determine 
three pairs of additional tangents. An investigation of the 
points of a line and the six tangents so determined shows that 
the relations which exist among these are interesting as well 
as of a fundamental character. 


We shall let 
(1) Cf = a;t® ++ 3b;t? + 3cit + di (2 = 0, i 2) 


be the parametric equations of the points of the A, and it 
has been found convenient to use the following abbreviations: 


eer pape |, (8 = |abde) Bp’ =| acd), a! =| bed. 
Also, it may be verified that the identities 

(3) aia’ — 6,8’ + ¢8 —da=0 

exist among the coefficients in (1) and the Greek letters of (2). 


The Choice of a Lane Section. 


As the parameters 0 and «© may be assigned to any two 
elements in a one-dimensional space, we select the line deter- 
mined by the points of the R®? whose parameters are 0 and «. 
From (1) it follows that the coordinates of these points are d; 
and a;, respectively; hence the equation of the line determined 
by them is | adx | = 0, and the parameter of the third point 
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of the R® (found by substituting from equations (1) in 


| adx | = 0) collinear with a; and d; is the root of 
(4) pi + B= 0. 
By substituting t= — 8/6’ in (1) we obtain for the co- 


ordinates of the point (4) 
(5) a, = — a8" + 3b,6"6 — 3c,6'8 + d,6° (i=0, 1, 2). 


The Projections of the Three Points upon the R°. 
The projection of a point 2; upon (1) 1s* 
(6) | aba | t#+ 2| aca! + (| adx | + 3 | bex |)? 
+ 2|bdx|t+ | cdx| = 0. 


That is, if the coordinates of a point 2; are substituted in (6), 
the result is a quartic in t whose roots are the parameters of 
the points of contact of the four tangents that can be drawn 
from x; to the R? of (1). 

By substituting a;, d;, and the coordinates (5) in (6) for 2, 
we obtain 


(7) | Bat? -+ 26t + B’ = 0, 
(8) BE + 28't + 80’ = 0, 
(9) (82 — 3a8’)2 + (8a’B — B”) = 0, 


whose roots are the parameters of the points of contact of the 
tangents to R®? drawn from the points whose parameters are 
o, 0, and — §’/8, respectively. 

The form of equations (7)—-(9), if properly interpreted, 
conveys a great deal of information. Evidently the roots of 
(9)¢ are harmonict (apolar) to 0 and ©; the roots of (8) are 
harmonic to © and — £’/8; and the roots of (7) are harmonic 
to 0 and — §’/8. These results we summarize in 


THEOREM I. The parameters of any two of three collinear 
points on the R® are harmonic to the parameters of the points of 
contact of the two additional tangents that can be drawn to the 
R? from the third point. 


* J. E. Rowe, BULLETIN, vol. 22, No. 2, p. 75 (November, 1915). 

7 Observe that the order of statement in this sentence is not without 
purpose. 

t Salmon, Higher Algebra, fourth edition, p. 179. 
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Also, the determinant of equations (7)—(9) vanishes, as 
may be seen at once from the fact that (9) may be obtained 
by subtracting 6’ times (7) from 6 times (8). Hence* we have 

THEeorEM II. The parameters of the points of contact of the 
three parrs of tangents that can be drawn to the R® from three 
collinear points of the R® are harmonic to the same quadratic, 
or form a set in involution. 

Another result which may be derived as a corollary of 
Theorem I we shall state as 

THEoREM III. Lines on a point P of an R® cut the R® in 
pairs of residual points whose parameters are harmonic to the 
parameters of the points of contact of the two additional tangents 
drawn to R° from P. 

Although Theorem III may be regarded a corollary of 
Theorem I, it may be established independently. Thus: Let 
P(do, di, dz) be the point and (kx) = Ko%o + K1%1 + Kote = 
any line on P. Then (xd) = 0. The parameters of the 
residual points cut out of (1) by (xv) = 0 are the roots of 


(10) (xa)? + 3(xb)t + 3(xc) = 0 
and (10) is apolar to (8), for 
3(Kc)B + 3(ka)a’ — 3(xb)p’ = 0, 
as may be shown from (38) and the fact that (kd) = 0. 


PENNSYLVANIA STATE COLLEGE, 
March, 1917. 





EXAMPLES OF A REMARKABLE CLASS OF SERIES. 
BY PROFESSOR R. D. CARMICHAEL. 
(Read before the American Mathematical Society, April 28, 1917.) 
Two-Fold and One-Fold Expression of the Properties of Func- 
tions. 


1. In the development of analysis during the past genera- 
tion it has frequently happened that functions have arisen 
which are analytic in a sector of the complex plane and in 


* Salmon, Higher Algebra, fourth edition, p. 180. 
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that sector have a determinate asymptotic representation 

(in the sense of Poincaré) by means of a diverging power 

series. The first explicit appearance of these functions in a 

general way was in two memoirs by Poincaré* in 1885 and 1886. 
The importance of these functions was at once put in 

evidence by Poincaré’s association of them with the irregular 

singular point at infinity of the linear homogeneous differential 

equation 

qd?1 

Gait + Pay = 0, 





dl” 
Poot Pi 


in which the coefficients Po, Pi, ---, P,» are polynomials in 2 
subject to the condition that their degrees do not constantly 
decrease as one passes in order from the first to the last 
polynomial in the sequence. Poincaré (Acta Mathematica, 
loc. cit.) has in fact shown that a solution y(a) of such an 
equation is in general asymptotic to an expression of the form 


re (14+ S434 ), 


where yp is a constant and Q(a) is a polynomial in a, the asymp- 
totic representation being valid for z approaching infinity in 
an appropriate direction. 

In other important investigations functions of the same 
character have often made their appearance, particularly in 
the theory of differential and difference equations. In these 
investigations it has been usual to represent the asymptotic 
character of such a function by means of a diverging power 
series and to find in addition another form through which 
to put in evidence the analytic character of the function in 
the sector. In this connection use has frequently been made 
of the integral on which the Laplace transformation is based 
or of certain generalizations of it. In other cases it has been 
found necessary to resort to expansions of various types, 
particularly of those which arise through use of the method of 
successive approximation. ‘These procedures do not always 
lead to suitably convenient representations of the functions in 
consideration; in particular, the expansions last mentioned 
are often complicated in character. 








* Amer. Jour. of Math., vol. 7 (1885), pp. 203-258; Acta Mathematica, 
vol. 8 (1886), pp. 295-344. Particular instances of such functions appeared 
earlier, notably in the work of Stirling and Cauchy (see Borel’s Séries 
divergentes, p. 30). 
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2. Obviously, it is desirable, if possible, to have a single 
expansion of such character that it is capable of exhibiting 
the asymptotic properties of the function near infinity and 
of yielding at the same time a convenient and workable 
representation of it in the finite plane or in a significant 
portion of the finite plane. It is hardly to be expected that 
any single class of series will afford a form of such a tool best 
suited to all situations; but it may very well be (and we are 
about to exhibit a class of series in which it is) true that 
certain classes of functions of great importance and very 
frequently recurring in practice are capable of representation 
in one or another sort of series all of which belong to a single 
type and possess a unitary theory. 

Indeed it has recently appeared that factorial series and 
certain immediate generalizations of them serve just such a 
purpose to a remarkable degree. Norlund* has shown that 
functions which are characterized by being analytic in a half- 
plane and having an asymptotic character of a certain broad 
type are expansible in convergent factorial series (of a slightly 
generalized form) and that these series do in fact readily 
show the asymptotic character of the functions represented 
by them. In connection with a range of ideas differing in 
some essential respects from those of Nérlund it was shown 
earlier by Watsont that a certain form of factorial series 
furnished a sufficient means of representing a very important 
and wide-reaching class of functions. About the same time 
Hornt employed another generalization of factorial series in 
obtaining suitably convenient representations of solutions of 
linear differential equations in the neighborhood of an ir- 
regular singular point. Norlund§ has likewise employed fac- 
torial series in his fundamental investigation of the solutions 
of difference equations. 

3. In a recent memoir|| I have pointed out that factorial 
series whose fundamental importance has been made manifest 
in these several ways are but an instance of a large class of 
series of simple properties. It turns out that the latter are 


* Acta Mathematica, vol. 37 (1914), pp. 8327-887. 

+ Rendiconti del Circolo Matematico di Palermo, vol. 34 (1912), pp. 41-88. 

t Math. Annalen, vol. 71 (1912), pp. 510-532. 

§ Rendiconti del Circolo Matematico di Palermo, vol. 35 (1918), pp. 
177-216. 

|| Transactions Amer. Math. Soc., vol. 17 (1916), pp. 207-232. See 
also a forthcoming paper in the Amer. Jour. of Math. 
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suitable for the representation of functions which are defined 
throughout a sector and have certain types of singularities 
at infinity. Moreover these series afford the requisite informa- 
tion concerning the asymptotic character of the functions 
represented by them. 

These series are of the form 


Nee Dar g(x Coss 


where g(a) is a given function of 2 and the coefficients c, are 
independent of z. More precise definitions are to be found in 
the next sections. As will be seen from these definitions, the 
fundamental characteristic of g(a) is its asymptotic behavior. 

A detailed study of the more important series included in 
this class and especially of their suitability for the representa- 
tion of certain types of functions is desirable and leads to 
important consequences in the theory of functions. From 
these latter the close connection of the series Q(x) with the 
function-theoretic considerations mentioned in the preceding 
sections will become apparent. 

The principal object of the present paper is to show how 
several important series in the literature are included as 
special cases of the series Q(a) and the generalization 7(a) of 
it introduced in section 6 and to exhibit certain other interest- 
ing examples. I hope that attention may thus be directed to 
the importance of this entire class of series. I add also a 
brief discussion of the region of convergence of the new series 
TG): 

Definition of the Serves Q(x) and T(x). 


4. The class of series Q(x) is determined primarily by the 
properties of the basic function g(x) through which the series 
are defined. Accordingly it is desirable to begin with a state- 
ment of the properties of suitable functions g(a). 

In every case we shall confine our attention to a defined 
portion of the complex plane and usually to a sector formed by 
two rays from zero to infinity and containing in its interior 
the positive axis of reals. In such a portion of the plane 
(appropriately defined) we assume that g(x) is single-valued 
and also that it is analytic when |2| is sufficiently large. 
Moreover it is to have the asymptotic properties expressed in 
the formula 
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(1) g(x) ~ rye ( 1 -|- S45 + te ) ! 


in which P(x) and Q(x) are polynomials which we write in the 
form 


ety =o a ie pate te pee (ey + OTT LS 0), 
Q(x) = ao + aye + ar? + +++ ft amr™ (an + Oif m> 0). 


tee” where the principal determination of 


By r* we mean e 
log r is taken. 

In case k = 0 we assume that m > 1 in order to avoid a 
case which is unimportant so far as our present objects are 
concerned. 

The asymptotic relation (1) is to be understood as an 


abbreviation for the infinite sequence of limits 
(2) .lim z* ( g(2)a-rrerem — (1 =e + + ieee “:) | 


=0 (s=0, 1, 2, ---) 


the limits being taken for x approaching infinity in a sector 
including the positive axis of reals in its interior. 

5. By means of any function g(a) possessing the properties 
just indicated we introduce the series Q(a) defined by the 


9 


relation 
g(x + 0) 
3 ea BN Se ore al 
(3) (x) BD Res 
where the coefficients Co, ¢1, C2, -+- are independent of x. 


In case g(a +n) and g(x) have common zeros we shall 
understand that g(a + n)/g(x) denotes the function obtained 
when the numerator and denominator of this fraction are 
divided by an entire function (preferably a polynomial when 
possible) having for its zeros the common zeros of g(a + n) 
and g(x). 

A value of « for which any one of the functions g(a), 
g(x + 1)/9(a), g(a + 2)/g(a), --- has a singularity will be 
called an exceptional value or an exceptional pont for the series 
Q(v). Other values of 2 will be called non-exceptional or 
ordinary. 

In order to avoid cases without value for our purposes we 
shall assume that g(a) is of such character that there is a 
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(two-dimensional) region in the x-plane containing no excep- 
tional points for the series. 

6. Let us suppose that we have a finite number vy + 1 of 
series Q(x) which, with x replaced by x‘ where ¢ is a positive 
integer, we write in the form 


(ih eae 
0; (x*) = Liens g(a*) 


Let us multiply Q;(«*) by 1/z* (¢ = 0, 1, 2, ---, v) and add the 
resulting series term by term. We are thus led to a new 


(2 = 0, 1, 2, 729, D). 


series 
g(x’ + n) 
(4) TAG) NE) nes 
where, P(x) is a polynomial of degree v in 1/x, namely, 
PACS = Cno te a ai eae ae eG ee ~+ ~ c 


Exceptional points and oh cam points are here defined as 
in section 5, the point 2 = 0 being now added to the set of 
exceptional points. 

These series 7'(x) are here introduced for the first time. 
It is clear that they have a much greater flexibility than 
series Q(a2) in adapting themselves to the necessities of repre- 
senting a function which is arbitrary save as to general 
properties. 

7. The definitions of series 2(x) and T(x) might be extended 
to the case in which (1) is replaced by the relation 


x 2 a2 
g(x) ~ oP ee (14 25+ 35+ ) 


and P(a) and Q(x) are polynomials either in x or more generally 
in z!/?, Suitable functions g(x) for use in defining these more 
general series arise in situations analogous to those mentioned 
in sections 8 and 9 below. ‘The theory of these more general 
series Q(2) and 7a) will not be treated in this paper. 


Convenient Sources of Suitable Functions g(x). 


8. It is obvious that there exists a large class of series Q(2) 
in accordance with the foregoing definition; for one has the 
subclass of functions g(x) for which the series in the second 
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member of (1) is convergent when | 2 | is sufficiently large 
and in particular that in which the series terminates, the case 
in which it consists of the first term alone being of especial 
interest (as we shall see in section 11). 

That there also exist other important basic functions g(x) 
may be readily seen. In fact, as we saw in section 1, solutions 
y(x) of linear homogeneous differential equations of a certain 
broad type are found to possess in general the asymptotic 
representation 


y (x) ~ are (14 S434 .-) 


valid for x approaching infinity in an appropriate direction, 
Q(a«) being a polynomial in a and py, a1, a2, --- being constants. 
Hence a constant c exists such that y(cz) is a function having 
the property specified above for g(a). 

9. Another class of functions g(x) is afforded by the theory 
of difference equations. These functions are usually more 
effective than those defined by differential equations because 
the sequence of functions 


Coo emma tet a)- 9 g(ei- 3) 
gia)e gta) ale g(x) 


has in this case very simple properties of interrelation among 
its elements, more convenient for most purposes than in the 
case of functions defined by differential equations. A theorem 
asserting the existence of these functions may be stated as 
follows :* 

Let us consider the linear homogeneous difference equation 
of order n 


Fa + n) + ae) F@ +n — 1) + +++ + ane) F(@) = 0, 


in which the coefficients a;,(x) have the property that 7 “*a;,(2) 
is analytic at infinity for every value of k from 1 to n, pw being 
a constant. By e“*azo we denote the value of a~"*a;(a) at 
infinity. We assume that the quantities azo are such that the 
characteristic algebraic equation 


Git Gilet ol Ong 
has its roots a1, Q2, ***, Qn different from each other and from 


— *See Amer. Jour. of Math., vol. 38 (1916), pp. 185-220, and the papers 
there referred to. 





u 
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zero. .In this case the difference equation has n formal (and 
in general divergent) power series solutions of the form 


Fie) = wage (1 EHS oo) m1 2 ym 


where pi, Ci1, Ci2, +++ are constants which may be reckoned out 
directly by substituting the expansion in the difference equa- 
tion and equating like powers of x in the result. 

Then the difference equation has a fundamental system of 
solutions 


Fy(x), F(x), Bes F(x) 


possessing the following properties: 
(1) Each function in the system is analytic throughout the 
finite plane except at the singularities a of the functions 


1 ae) — aa) On—1(2) 
an Gy ala) Naataycm i Mea 


and the points a — 2 where 2 is a positive integer. 
(2) The functions Fy(x), Fo(x), ---, F,(x) have with respect 
to x the asymptotic representation 


MEA, XLpbi Cil Ci2 eee 
(5) Fi@)~e ata (1+% et ) 
a= Lites > EE 


this representation being valid for 2 approaching infinity in 
any sector V formed by two rays from zero to infinity with 
arguments less than 7/2 in absolute value. 

Very useful particular basic functions g(x) for series Q(x) 
and 7'(a) are afforded directly by the foregoing functions F(x), 
especially in the case when yp is a negative integer. If yp is 
not a negative integer then a suitable and convenient function 
g(a) in place of F(a) is given by 


g(x) = Frye) T@)re, 


where k& is a positive integer and I(x) denotes the gamma 
function of Euler. For the case when k is unity these func- 
tions are especially useful. Moreover, any one of many 
expressions similar to the foregoing readily serves the same 
purpose. 

The case when the difference equation is of the first order 
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deserves special mention on account of the elegance of many 
of the series arising through functions g(x) satisfying equations 


of the form 
g(z@+ 1) = R(x)g(x), 


where R(x) is a rational function of.x. See sections 12-17 
below. } 

10. Series Q(x) and T(x) give rise to what appears to be 
the fundamental expansion problem in the theory of difference 
equations; or, more exactly, they give rise to a general 
problem which includes this one as a special case and also a 
corresponding one in the theory of differential equations. 
The general problem is far more comprehensive than either 
of these special cases. 

The total class of series Q(x) and T(x) is very large owing 
to the paucity of restrictions which it is necessary to put 
upon the basic functions g(z). So far as I can see now, how- 
ever, 1t appears probable that the functions g(x) afforded by 
the solutions of linear homogeneous difference equations give 
rise to the most flexible series in the total class and are thus 
likely to prove themselves of the greatest permanent use 
in developing the theory of functions. It is for this reason 
that I venture to suggest tentatively that the series treated 
in this paper give rise to the fundamental expansion problem 
in the theory of difference equations. 

It is clear, however, that this expansion problem is not 
analogous to that having to do with orthogonal and bi- 
orthogonal functions in the theory of differential equations. 
Owing to the fact that many common properties are possessed 
by difference and differential equations it is natural to expect 
in the theory of the former the analogue of expansions in 
fundamental functions arising in the theory of the latter. 
That such a theory could be developed is highly probable; 
but it is not at present in existence. It seems improbable, 
however, that the expansions so obtainable are commensurate 
in importance with expansions in the form of our series Q(z) 


and 7x). 


Special Cases of Series Q(x) and T(x) in the Literature. 


11, Let us consider the special case in which g(x) has the 
value 


g(x) = e%”, 
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Then Q(a) is readily reduced to the form 


Q(x) = Do eng (nye? 
m=0 


If we make the substitution z = e??* the series (a) is trans- 
formed into the power series 


oF Cng(n)2”. 


n=0 


Hence among the special cases of series 2(a) is to be found the 
foregoing elementary transform of a general power series. 

12. It is well known that the function (a) has the asymp- 
totic character 


— 1 
Lins~ hee De (1 ae Or ae vee ). 


Hence for g(a) we may take the special value 


1 : a 
g(x) = T(x) px ete (a+ 4 ae ). 
Then we have 
gzatn) T(z) 1 


ga) T@+tn) a@+h@+2)---@+n—1)’ 


Hence for this case our Q-series takes the form 








00 Cr 
O(n) = ¢o-+ 2) aye 10) eT 


This is the well-known factorial series. The so-called series of 
binomial coefficients arises similarly by taking for g(a) the value 


g(x) = T(a), 
whence we have 
Q(x) = eo + Do ent(e@ + 1)---(e@ +n —1). 
n=1 
13. Another interesting example of our series Q(x) is ob- 
tained by taking for g(x) the value 


yee 1 mp PER Ger Be i! 
Me ee area v tertee( 1424 0.), 
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where a and b are constants and a +0. In this case the 
Q-series takes the form 





ro) Ce 
ee ot Lae + b)(ax + b+a)---(aa@+ b+ (n— 1a)’ 


Let us now give to b the value 0 and replace ax by z. Then 
if we put co = O the foregoing series takes the form 


© 


Cn 
a eS ec + a)(2 + 2a)-+-(2-- (n — I)a) 


This series plays the leading réle in Norlund’s fundamental 
paper on factorial series referred to in section 2. 

Concerning series S(z) Norlund proposes a fundamental 
problem in the following manner: What is the class of func- 
tions which admit an expansion of the form S(z) for appro- 
priately chosen real values of a? To this question he finds a 
very interesting answer. He shows that the class of func- 
tions is the same as that which gives rise to power series of 
the form 





A, , Ap, Az 

> =e sae ah as 

which may be divergent but which are absolutely and uni- 
formly summable by the exponential method of Borel. An 
infinite number of functions may give rise to the same power 
series; but it is the function which Borel assigns to this 
series as its generalized sum that admits an expansion of the 
form S(z). 

Thus a special class of the (-series is in close relation with 
one of the most interesting questions of analysis, namely, the 
question as to what we shall mean by the sum of a divergent 
series. 

Moreover the function defined by the series S(z) is asymp- 
totic to the power series of which it is the Borel sum; and 
another interesting point of connection for series Q(a) thus 
emerges. 

In later memoirs I intend to exhibit these and other prop- 
erties of the series S(z) in their place as special cases of proper- 
ties possessed by the -series in general. | 

14. Again, if we put Mz for x and a+ 1 for b/a in the Q- 
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series of the preceding section, we obtain a new series which is 
readily reduced to the form 





Gy. - bn 

(7) SQ) = bo+ 2 Geter iy(letatd)(Metotn) 
This series plays the leading réle in Watson’s fundamental 
paper referred to in section 2. Watson shows that most of 
the ordinary functions of analysis (which possess asymptotic 
expansions) are capable of convergent representations in the 
form of series S(z). This statement is justified by three 
leading results which are stated by him as Theorems I, II, III. 
Through such results one sees from another point of view the 
importance of our series Q(z). 

15. In a suggestive paper on the solutions of homogeneous 
linear differential equations in the neighborhood of the ir- 
regular point infinity Horn (loc. cit.) has made use of a series 
which he writes in the form 


(8) Ag+ a hale pie 


SC (A Oe) Ay i 
(/k+rX+ 1)(/k +N + 2)---(/k+X+ n)- 


He treats the equation 





d? d 
Pow t P15 +-Poy = 0, 


in which the coefficients Po, P:, Pz are polynomials in x of 
degrees m,m + 1, m + 2 such that the characteristic algebraic 
equation for the point infinity of the differential equation has 
its roots distinct. For such an equation the point infinity 
is irregular of rank 2. Horn shows that the solutions of such 
an equation can be represented by means of convergent 
series (8) and he points out that the results are capable of 
generalization to equations of any order and with any rank 
of irregular point at infinity. 

It is thus apparent that series (8) are of great importance 
in the theory of differential equations. 

We shall now exhibit series (8) as directly dependent on a 
special case of our series 7(v). For this purpose we choose 
for g(a) the value 
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@) =o 
tee a (ce'-te Notas d) 2 
so that we have 


gen) _ 1 
g(x) (@+A+I@+A+ 2)---@+trA+n)° 


Thence we may write 





20 c 
9 of n 
0i(2") = o+ L aay a 1)---(@?7 +--+ n)’ 
“ d, 
TAN 
Q(x") eee aa 1)---(@?7+2X+ n)’ 

Multiplying the first of these series by 1 and the second by x 
and adding, we have 





= Cn + da® 
xT (x) Sh 3S aes ar eg AE 


where 7(x) denotes an instance of the series 7’',,(~) defined in 


section 6. If we now replace x by 2/~vk it is clear that we 
have a series of the form (8). 

Thus we have exhibited several series of analysis as special 
cases of our general class of Q-series; in this way we have 
tentatively shown the importance of the latter series. 


Some Other Special Cases of Interest. 


16. Let us consider the first order difference equation 


(x — a1)(@ — ae)+++(& — Om) 


gx + 1) = R@)g(e) =a ce. A Ce (2); 
in which the order m — k of R(a) at infinity is different from 


zero. This equation obviously has a solution of the form 


One gz — a,)--- T(x — an) 
: Pitt pu e — Be) 





From the asymptotic representation of I(x), quoted above, 
it follows readily that the foregoing function g(x) has an 
asymptotic representation of the form 
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g(x) ~ anetreeste (1p 4 By ), w= m—k., 


Hence the function g(x) is suitable for use in defining (2-series. 
It is clear that we have 


gait in). ge 4-1) . g(a + 2) g(a + n) 


g(x) gz) ga@+1)  ga@+n—1) 
= Rix)R(iw+ 1)---R(a+n-— 1). 


Hence our series Q(x) in this case takes the form 











Q(x) = eo + Denk(e) RO +1)---Ria+n-— 1). 


This form of series Q(x) essentially includes as special cases 
the three types of series mentioned in sections 12-14. It 
affords a highly interesting class of expansions in rational 
functions, particularly when R(x) vanishes to the first order 
at infinity, as I intend to show in a future paper. 

Let us consider the special case in which R(#) vanishes at 
infinity to the integral order s+ 1. Then p= — s— 1. 
For this case we have a particularly useful class of series 
T(x), namely, 

Cos 


T(x) = coo += + Pp a ee 


+S ( cont + os +2) RRO HD -Retn=D, 


It is not difficult to show that this series may be formally 
transformed into a descending power series 


Jee 
Bot o+ G+ -- 


and conversely that any such power series may be formally 
transformed into a series 7'(x) depending on a given R(x) 
vanishing at infinity to the order s+ 1. The transforma- 
tion is unique in each direction. Moreover the power series 
may diverge for all values of 2 while the 7-series has a half- 
plane of convergence. It is in connection with such facts 
that these 7-series exhibit their great importance, as I shall 
show in detail in a later paper. 
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17. A certain subclass of the functions g(a) employed in the 
preceding section is of special interest on account of their 
applications. ‘This subclass consists of those functions g(a) 
in which g(x)/g(@+1) is a rational function of « and 
g(a)/g(a + n) is a polynomial in x provided that n is sufficiently 
large. A useful more restricted class is that in which this 
polynomial has non-negative real coefficients. We shall now 
exhibit a few such functions g(). 

We take first a case already treated, namely, that in which 


1 
g(x) = aT (a + Ba)’ id =p 


Here R(x) has the value 1/(ax + 6). Hence g(a)/g(a + n) is 
a polynomial in x of degree n. Moreover, its coefficients are 
non-negative and real if a is positive and 6 is non-negative 
and real. 

Again, we may take 





ie MEAD, 
BONS T(x) T(a + 3)° 





Here it is easy to see that g(x)/g(a + n) is a polynomial with 
non-negative real coefficients provided that n is sufficiently 
large, in fact, provided that n is greater than 2. 

In a similar way one may treat the function 


tele Peete ee oh 
G2) Ta) Eee aA) 
and with a like result. 
In the foregoing cases R(x) vanishes to the first order at 
infinity. In the following it vanishes to the second order: 


~ T'(a + 1) 
Ke) = TeT@ + ITE +4)’ 


Bios Miata UG steal 
g(x) = T(x) De + 2) (a + 4) (@ + 5) - 





It is obvious in what way one may form other functions g(x) 
so that R(a) vanishes at infinity to any desired order while 
g(x)/g(a + n) has the desired polynomial character. 

18. If we take for g(a) a function of the general type of 
those defined by difference equations in accordance with the 
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theorem quoted in section 7, namely, 


@) gle) waren (14424...) 


it is easy to see that g(x + n)/g(x) has an asymptotic repre- 
sentation of the form 


te n) pal ga (stl)n ( Bi ae Pin 4 Pas Bon Bi ), 


If we take for the value of s a eee integer this func- 
tion g(x) gives rise to the T-series 


(10) T(e) = Po,(a) + > P,s(2) rene 
where 
Pas) oe ee tp oe (n= "0, 1 eee 


If we take vy = st + ¢ — 1 it is easy to see that this 7-series 
may be formally transformed uniquely into a descending 
power series 


Botte... 


and conversely that any such descending power series may 
be formally transformed uniquely into a series 7'(a) defined 
by means of any basic function g(a) having the asymptotic 
character (9). 

A special case of the foregoing series of particular interest is 
that depending on a function g(2) for which in (9) we have 
BH=Ea=0=6=02=¢3= : 

It may be added that the eaneean T (a) defined by (10) is 
asymptotic to the power series into which the series 7(a) 
is transformable; a proof will be given in a later paper. 


Character of the Regions of Convergence. 


19. In my Transactions paper referred to in § 3 above I 
have proved for the general series Q(a) in (8) the following 
theorem: 

If o denotes am or uw, according as m is or is not greater than 
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k, then there exists a unique real number J [uy] such that the 
region of convergence (absolute convergence) (exclusive of the 
exceptional points) of the series Q(2) is bounded by the straight 
line R(ox) = dX [R(cx) = pw] and lies on that side of this line 
for which R(ox) < \ [R(ex) < yl. 

We shall now extend this theorem to the case of the series 
{MEAP 

In view of the theorem just quoted it is easy to see that the 


series 
pees Gta 17 78) 
(11) Oe!) = De ens 


has a region of convergence (absolute convergence) bounded 
by the curve 





Rox!) =; [Roz') = ul, 


where ; [u;] is an appropriately determined constant, and 
that it lies on that side of this curve for which 


tga) <a Ac [ietor) <b), 


‘ Let us now consider the vy + 1 series (11) for which 2 takes 
the values 0, 1, 2, ---, ». Multiplying Q,(x) by 1/z* @ = 0, 
1, ---,v) and adding the resulting series term by term we have 


eee O) 


(12) Leia arom coe 


where 
Cn Cry 
Baye) = Copter ch 


Let p [7] be a number of the set 0, 1, 2, ---, v such that 
A, <A, 2 = 0,1, "90,0 = p [M, Sui, t= 0,1,--:,7,2 #7]. 


Then it is clear that T,,(z) converges (converges absolutely) 
for any value of a such that 


(13) Riot) <<, [R(o2") < uw]. 


If furthermore \, < A; when 2 + p, then the region of con- 
vergence of 7’',,(x) is bounded by the curve 


R(ox') = d,. 
If on the other hand X, [y,] is equal to some other d [uy], then 
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T,,(x) may converge (converge absolutely) for certain non- 
exceptional values of x outside of the region defined by (18). 
This is put in evidence by the series 


= 1 I'(a) P(n) 
Z(t?) +2 |Reaa: 
Here Xo = Mo = Ai = #1 = 1, as one may show without great 
difficulty by making use of the asymptotic character of T(z). 
This series converges absolutely for the non-exceptional value 
2 = — 2 although both relations in (13) now reduce to 
R(— xz) < lor R(@) > — 1. 

In view of this possibility that 7,,,(@) may converge (con- 
verge absolutely) outside of the common part of the regions 
of convergence (absolute convergence) of the component 
series (11) it seems desirable to state the following theorem, 
the proof of which is immediate in view of relation (10) in 
my Transactions paper already referred to: 

Let xo and 2; be two values of x which are non-exceptional 
for the series 7’,,(~) and suppose that T,,(ao) converges abso- 
lutely. Then 7,,(x1) converges absolutely if R(oa1’) < R(ca') 


and the quotient 
Pyy(@1)/Pyv(Xo) 


is bounded. 
20. We should examine briefly the nature of the curves 
(14) Rigs) 7 


which bound the regions of convergence and absolute con- 
vergence of series T,,(z). For this purpose we write 

Toe eov—1 —— reo’ 1, 
where r is real and not negative. Then (14) reduces readily 
to the relation 
(15) r cos (6 + ¢) = m 
where 

m= r/o. 

In case n1 = O equation (15) represents 2¢ rays from zero 
to infinity and dividing the space about zero into 2t equal 
parts or sectors. The quantity denoted by the first member 
of (15) is negative within alternate sectors of this set (the 
sectors of convergence) and positive within the others (in 


a 
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general the sectors of divergence). If 71 is negative then (15) 
represents a curve of ¢ branches lying within the aforemen- 
tioned sectors within which the first member of (15) denotes 
a negative quantity; and each branch approaches asymp- 
totically the rays of the sector including it. In this case the 
region of convergence consists in general of ¢ separated regions 
each bounded by a curve somewhat resembling one branch 
of an hyperbola. In case 7; is positive the branches of the 
curve denoted by (15) lie in the aforementioned sectors 
within which the first member of (15) is positive; and again 
each branch approaches asymptotically the rays of the sector 
including it. In this case the region of convergence is in 
general the portion of the plane excluded by the ¢ branches, 
which again resemble branches of hyperbolas. 


UNIVERSITY OF ILLINOIS, 
April 14, 1917. 


SHORTER NOTICE. 


Interpolated Six-place Tables. Edited by Horack WILMER 
Marsy. New York, John Wiley and Sons, 1916. xii + 
155 pp. 

Turis volume contains logarithms of numbers and the natural 
and logarithmic trigonometric functions, also tables of length, 
area, volume, weight, metric conversion, decimal equivalents, 
and specific gravity. In view of the many logarithmic tables 
on the market, a new compilation is expected to present 
valuable improvements. Only one such is evident in this 
book, viz., the use of a heavy ruling to denote “‘the change 
in leading figures when occurring in the line, thereby making 
the use of the wrong leading figures possible only by ‘jumping 
_ the fence.’’’ Unfortunately on page 39, an omitted ‘‘fence’’ 
gives wrong values for log tan 3° 0’, 20’, 30’, 40’, and 50”. 

In the logarithms of numbers no horizontal spacings or 
rulings are used and the number of rows on a page varies from 
13 to 31, so that the position of the desired logarithm on the 
page is never known ‘“‘a priori.” In the logarithmic trig- 
onometric tables the lines are separated into groups of ten 
for 6 pages only, though this grouping is used throughout the 
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table of natural functions. In no case is the last line of a page 
reproduced on the next page, so that in numerous cases one 
portion of a mantissa is at the bottom of the page and the 
remainder on the next page, in one instance requiring the leaf 
to be turned. 

The natural function tables read down the page, while the 
log function tables read across, making the differences for the 
latter difficult of computation mentally. In the preface on 
page v, exponent is used for power, and 10° is given as 10000, 
also on page vil log 83.19 should be 1.920071. On page ix 
is found the objectionable form of negative characteristic 
with positive mantissa, also the symbol of identity to express 
“whose anti-log equals.’”’ On page x the reader learns that 
a negative number has no logarithm and that there are two 
kinds of logarithms, tabular and non-tabular; finally in these 
tables log cos 72° 25’ must be taken as log cos 72° 24’ 60’. 

These tables are characterized by the almost complete 
absence of mechanical aids to the eye and are entirely un- 
suited to the use of the student or professional computer. 

The following corrections should be noticed: broken type 
in log tan 37° 48’ 50”; log 8.140 should be .910624, a correc- 
tion in the second digit which affects 170 logarithms following; 
log 8.760 should be .942504, similarly affecting 110 logarithms 
following. Isolated corrections are: 


log sin 24° 52’ 20” 9.623865 log tan 65° 3’ 20” 10.3382428 
1 BL? 22’ 10" 9.716466 “68° 84’ 20” 10.406210 


38° 387 50” 9.795549 nat sin 46° 1’ 119542 
 A8° 54! 50” 9.877212 ills ee aes 857616 
“50° 2’ 10” 9.884483 ‘tan feo: 1.57575 
tie OLS Set 4229 vey i Pe eatg 5.72974. 
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NOTES. 


THE April number (volume 18, number 2) of the Trans- 
actions of the American Mathematical Socrety contains the 
following papers: “ Differential equations and implicit func- 
tions in infinitely many variables,’ by W. L. Hart; “On 
the equivalence of écart and voisinage,’ by E. W. CHITTENDEN; 
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“On the theory of associative division algebras,” by OLIVE 
C. Hazuiett; “The converse of the theorem. concerning: the 
division of a plane by an open curve,” by J. R. Kxine; “On 
the conformal mapping of curvilinear angles. The functional 
equation ¢[f(x)] = aid(x),” by G. A. Preirrer; “ Dynamical 
systems with two degrees of freedom,” by G. D. BIRKHOFF. 


Tue April number (volume 39, number 2) of theAmerican 
Journal of Mathematics contains: “Fourier’s constants of 
functions of several variables,’ by W. W. KwtsTERMANN; 
‘Equations involving the partial derivatives of a function of 
a surface,” by C. A. Fiscurer; “Invariants and covariants of 
the Cremona cubic surface,’ by C. P. Soustry; “The lines 
of electric force due to a moving electron,” by F. D. Mur- 
NAGHAN; “On inequalities of certain types in general linear 
integral equation theory,” by Mary E. We tts; “A trigono- 
metrical sum and the Gibbs’ phenomenon in Fourier’s series,” 
by H. S. Carstaw; “On the relation between some important 
notions of projective and metrical differential geometry,” 


by F. M. Morrison. 


Tue following advanced courses in mathematics are an- 
nounced for the year 1917-1918. 


CotumBiIA UNIVERSITY.—By Professor T. 5S. Fiske: Dif- 
ferential equations, four hours.—By Professor F. N. Coin: 
Theory of groups, three hours; Invariants and higher plane 
curves, three hours, first half-year—By Professor JAMES Mac- 
LAY: Theory of geometric constructions, three hours, first half- 
year; Elliptic functions, three hours, first half-year.—By Pro- 
fessor C. J. Keyser: Modern theories in geometry, four 
hours; Mathematics, three hours, second half-year.—By Pro- 
fessor D. E. Smiru: History of mathematics, two or three 
hours.—By Professor EpwarD KASNER, Seminar in differential 
geometry, two hours; (with Dr. C. A. FiscuEer) Theory of func- 
tionals and integral equations, three hours, first half-year.— 
By Professor W. B. Fire: Differential equations, three hours, 
second half-year.—By Professor H. E. Hawkes: Differential 
geometry of curves, three hours, second half-year. 


CORNELL UNIVERSITY.—By Professor J. McManon: Theory 
of probabilities, three hours; Introduction to actuarial science, 
three hours.—By Professor V. SNyDER: Projective geometry, 
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three hours.—By Professor F. R. SHARPE: Vector analysis 
with applications to physics, three hours (first term).—By 
Professor W. B. CaRvER: Elementary theory of groups, three 
hours (second term); Synopsis of higher mathematics, three 
hours (with Dr. SILVERMAN).—By Professor A. Ranum: Dif- 
ferential geometry, three hours (first term).—By Professor 
D. C. GitLespre: Advanced calculus, three hours.—By Pro- 
fessor W. A. Hurwitz: Differential equations of physics, 
three hours.—By Professor C. F. Craia: Fourier series and 
the potential function, three hours; Teachers’ course in 
mathematics, three hours.—By Professor F. W. Owens: 
Mathematical physics, three hours.—By Dr. L. L. SILvEr- 
MAN: Infinite series, three hours.—By Dr. J. V. McK&ELvey: 
Algebraic curves, three hours.—By Mr. H. Brerz: Elementary 
differential equations, three hours.—By Dr. M. G. GaABa: 
Theory of equations, three hours (first term).—By Dr. R. E. 
GitMAN: Advanced analytic geometry, three hours. 


Harvarp University.—By Professor W. F. Oscoop: Ad- 
vanced calculus, part II (second term), three hours; Infinite 
series and products (first term), three hours; Theory of func- 
tions, second course, three hours.—By Professor M. BOcHER: 
Introduction to modern geometry and modern algebra, three 
hours; Algebra (second term), three hours.—By Professor. 
C. L. Bouton: Elementary differential equations (second 
term), three hours; Differential equations and Lie’s theory, 
three hours.—By Professor J. L. CooLipGE: Subject matter 
of elementary mathematics (first term), three hours; Proba- 
bility (second term), three hours; Algebraic plane curves, 
three hours.—By Professor E. V. Huntrneron: Fundamental 
concepts of mathematics (first term), two or three hours.—By 
Professor H. N. Davis: Dynamics, three hours.—By Professor 
G. D. Brrxuorr: Vector analysis (first term), three hours; 
Theory of heat and elastic vibrations (second term), three 
hours; Integral equations (first term), three hours.—By Pro- 
fessor D. Jackson: Advanced calculus, part I (first term), 
three hours; Introduction to potential functions and Laplace’s 
equation (first term), three hours; Developments in series 
(second term), three hours.—By Dr. G. M. GrreEn: Theory 
of functions, three hours.—By Drs. G. M. GREEN and W. LER. 
Hart: Differential geometry, three hours.—By Dr. W. LER. 
Hart: Introduction to celestial mechanics (second term), 
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three hours.—By Dr. T. A. Pierce: Theory of numbers (first 
term), three hours; Algebraic numbers (second term), three 
hours. 

Professor Birkhoff will conduct a fortnightly seminary in 
analysis. 

Courses of research are also offered by Professor Osgood in 
the theory of functions, by Professor Bécher in the real solu- 
tions of linear differential equations, by Professor Bouton in 
the theory of point transformations, by Professor Coolidge in 
geometry, by Professor Birkhoff in the theory of differential 
equations, by Professor Jackson in the theory of functions of a 
real variable and by Dr. Green in differential geometry. 


University oF I[LirIno1s.—All courses are three hours for 
the year. except as otherwise indicated.—By Professor E. J. 
TOWNSEND: Functions of a complex variable; Differential 
equations and advanced calculus.—By Professor G. A. MILLER: 
Elementary theory of groups; Theory of equations and de- 
terminants (first semester).—By Professor H. L. RutEtz: 
Theory of statistics—By Professor J. B. SHaw: General 
algebra.—By Professor C. H. Sisam: Algebraic surfaces; Solid 
analytic geometry (second semester).—By Professor A. EmMcH: 
Projective geometry; Constructive geometry (second se- 
mester).—By Professor R. D. CarmicHaEL: Theory of linear 
difference equations.—By Professor A. R. CRATHORNE: 
Theory of mathematical instruments (second semester).—By 
Dr. E. B. Lytix: Teacher’s course (two hours, first semester) ; 
History of mathematics (two hours, second semester).—By 
Dr. A. J. KemMpNER: Modern algebra. 


Jouns Hopxins UNIvERsITy.—By Professor F. Morey: 
Higher geometry, two hours; Theory of functions, two hours. 
—By Professor A. B. Cosite: Modular functions, two hours. 
—By Professor A. ConEN: Differential geometry, two hours; 
Theory of real functions, two hours.—By Dr. H. Bateman: 
Differential equations of physics, two hours. 


PRINCETON UNIVERSITY.—By Professor H. B. Fine: Theory 
of functions of a complex variable, three hours.—By Professor 
L. P. E1sENHART: Projective geometry, three hours; Calculus 
of variations, three hours (first term).—By Professor O. VEB- 
LEN: Seminar, three hours.—By Professor E. P. Apams: 
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Analytic mechanics, three hours.—By Dr. J. W. ALEXANDER: 
Algebraic functions, three hours.—By Dr. G. A. PrEerrrEr: 
Theory of functions of real variables, three hours. 





YALE UNIVERsITY.—By Professor E. W. Brown: Advanced 
calculus, three hours; Advanced dynamics, two hours.—By 
Professor J. Prerpont: Theory of functions of a complex vari- 
able, two hours; Elliptic functions, two hours.—By Professor 
P. F. Smita: Differential equations, two hours.—By Professor 
W. Rh. Lonezey: Integral equations, two hours (second term); 
Potential theory and harmonic analysis (first term).—By 
Professor E. J. Mixes: Calculus of variations, two hours.—By 
Professor J. I. TRacy: Modern analytic geometry, two hours. 
—By Dr. D.-F. Barrow: Advanced algebra, two hours.—By 
Mr. W. L. Crum: Statics and dynamics, two hours.—By Mr. 
J. K. WuittemMore: Differential geometry, two hours. 


Dean F. C. Ferry, of Williams College, has been elected 
president of Hamilton College. 


Proressors R. C. ARCHIBALD, FRANK Mor.ey, and T. 
Levi-Civira have been elected fellows of the American academy 
of arts and sciences. 


AT the Massachusetts Institute of Technology, Professor 
EK. B. Witson has been appointed head of the department of 
physics. 


At Brown University assistant professor R. C. ARCHIBALD 
has been promoted to an associate professorship of mathe- 
matics. 


Mr. C. C. Camp has been appointed professor of pure 
mathematics at Ottawa University. 


Dr. L. T. Witson, of the University of Illinois, Mr. W. E. 
Curt, of Columbia University, and Dr. J. H. Weaver, of 
West Chester, Pa., have been appointed instructors in mathe- 
matics at the U.S. Naval Academy. 


Proressor W. E. Eprneton, of the University of New 
Mexico, and Mr. H. D. Frary have been appointed assistants 
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in mathematics at the University of Illinois. Mr. R. E. Br1- 
LINGS has been appointed graduate assistant in mathematics. 


At the University of Oklahoma, Dr. NatHan ALTSHILLER 
has been promoted to an assistant professorship of mathe- 
matics. 


Dr. J. W. NIcHOLSON, for forty years professor of mathe- 
matics in the University of Louisiana and author of numerous 
textbooks, died on March 22. 


Mr. W. C. Wriacut, consulting actuary, died at his home 
in Medford, Mass., on April 23. Mr. Wright had been a 
member of the American Mathematical Society since 1898. 





NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


Atonso-Misou (F.). Elementos de las teorias de funciones y derivadas. 
Libro I. 2a edicién. Madrid, Fortanet, 1916. Pes. 15.00 


Bore (E.) and VotTerraA (V.). Lectures delivered at the formal opening 
of the Rice Institute: Aggregates of zero measure and Monogenic 
uniform non-analytic functions by E. Borel and The generalization 
of analytic functions and On the theory of waves and Green’s functions 
by V. Volterra. Translated into English by G. C. Evans and P. J. 
Daniell. (Rice Institute Pamphlet, Vol. 4, No. 1.) Houston, Rice 
Institute, 1917. 117 pp. 


Caucuy (A.). CE£uvres complétes. 2e série, Tome 12: Nouveaux exer- 
cices d’analyse et de physique, Tome 2. Paris, Gauthier-Villars, 1916. 
4to. 472 pp. Fr. 25.00 


DANIELL (P. J.). See Boren (E.). 
Evans (G. C.). See Boren (E.). 


GaLpEANO (Z. G. DE). Tratado general de matemdticas. Zaragoza, 
Casafial, 1916. S8vo. 112 pp. Pes. 2.50 


Levi (B.). Introduzione alla analisi matematica. I: Teorie formali. 
Paris, Hermann; Parma, presso l’autore (Napoli, B. de Rubertis), 
1916. 8vo. 482 pp. L. 15.50 


Lissy (W.). An introduction to the history of science. Boston, Hough- 
ton-Mifflin, 1917. 8vo. 12+288 pp. 


Licks (H. E.). Recreations in mathematics. New York, Van Nostrand, 
® 1917. S8vo. 162 pp. $1.25 
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NELKENBRECHER (R.). Die Regelflaichen, die durch Biegung aus den 
Hauptnormalflichen der Kurven konstanter Kriimmung hervorgehen. 
(Diss., Halle-Wittenberg.) Halle, 1916. 72 pp. 


Rey Pastor (J.). Resumen de las lecciones de andlisis matematico 
’ (segundo curso). Curso de 1915-1916. Madrid,1916. 4to. 8+472 
pp. Pes. 12.00 


Stortow (S.). Sur une classe de fonctions de deux variables définies par 
les équations linéaires aux dérivées partielles. (Thése.) Paris, 
Gauthier-Villars, 1916. 4to. 6+84 pp. Fr. 4.00 


TErxEerrRA (F. G.). Obras sobre mathematica. Vol. 7. Coimbra, Im- 
« prensa da Universidade, 1915. 4to. 8+424 pp. 


Veaas (M.). Problemas de geometria analitica. Madrid, Fortanet, 1916. 
VOLTERRA (V.). See Boren (E.). 


II. ELEMENTARY MATHEMATICS. 


Borcuarpt (W. G.). Revision papers in arithmetic. London, Riving- 
tons, 1917. With answers. 28. 


CoMBEROUSSE (C. DE). Arithmétique. (Tome 1 du Cours de mathé- 
matique.) 6eédition. Paris, Gauthier-Villars, 1916. S8vo. Fr. 4.00 


Festa (N.). See Vacca (G.). 


Mincot y SHELLY (J.). Elementos de algebra y trigonometria. Valla- 
dolid, A. Martin, 1915. 8vo. 


PINCHERLE (S.). Algebra elementare. 12a edizione, riveduta. (Manuali 
Hoepli.) Milano, Hoepli, 1916. 16mo. 8+210 pp. L. 1.50 


Rocue (8. L.). Addition and subtraction, the domino method. Balti- 
more, Meyer and Thalheimer, 1916. 63 pp. $1.00 


SAXELBY (C. H.). See SaxEetBy (F. M.). 


SaAxELBY (I. M. and C. H.). Practical arithmetic and mensuration. 
London, Longmans, 1917. 2s. 6d. 


SprRET (J. A.). Traité de trigonométrie. 10e édition. Paris, Gauthier- 
Villars, 1916. 8vo. 10+386 pp. Fr. 4.00 


Tavo.e logarithmiche a cinque cifre decimali, raccolte e pubblicate per 
cura dell’Istituto idrografico della r. marina. Edizione ridotta. 
Genova, tip. Istituto idrografico della r. marina, 1916. 15+93 pp. 

L. 1.00 


TAVOLE logarithmiche e nautiche, raccolte e pubblicate per cura dell’ Isti- 
tuto idrografica della r. marina. 2a edizione, riveduta, corretta ed 
ampliata. Genova, tip. Istituto idrografico della r. marina, 1916. 
4to. 15+93+238-+117 pp. 


Vacca (G.). Euclide: il primo libro degli elementi. Testo greco, versione 
italiana. Con prefazione di Nicola Festa. Firenze, Sausoni, 1916. 
Svo. 
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III. APPLIED MATHEMATICS. 


Anoot (A.). Traité élémentaire de météorologie. 3e édition. | Paris, 
Gauthier-Villars, 1916. Svo. 7+416 pp. Fr. 14.00 


AYDELOTTE (F.). English and engineering. A volume of essays for 
English classes in engineering schools. New York, McGraw-Hill, 
1917. 8vo. 390 pp. $1.50 


Banacuiewicz (T.). Tables auxiliaires pour la résolution de I’équation 
de Gauss sin (2 — gq) = msin‘z dans la détermination d’une orbite 
planétaire, le nombre de décimales y étant conforme 4 |’exactitude 
du calcul del’orbite 46 décimales. Paris, Gauthier-Villars, 1916. 8vo. 
20 pp. Fr. 2.50* 


Tables fondamentales pour la résolution de l’équation de Gauss 
sin (2 — q) = m‘sinz dans la détermination d’une orbite planétaire, 
le nombre de décimales y étant conforme 4 |’exactitude du calcul de 
Vorbite & 7 décimales. Paris, Gauthier-Villars, 1916. 4to. 28 pp. 


Fr. 5.00 
CouGROvVE (P. P.). See Waits (C. G.). 





ErHiMiripES pour l’an 1918 publiées par le Bureau des Longitudes 
spécialement 4&4 usage des marins. (Extrait de la Connaissance des 
temps.) Paris, Gauthier-Villars, 1916. S8vo. Fr. 2.00 


FERNANDAS Navarro (L.). Cristolografia geométrica elemental. Mad- 
rid, Suarez, 1915. 4to. 


G. L. Repertorio di matematiche e fisica elementari. 9a edizione. 
Livorno, Giusti, 1916. 16mo. 8+156 pp. L. 1.00 


Janet (P.). Lecons d’électrotechnique générale professées 4 |’Ecole 
supérieure d’électricité. Tome 2: Courants alternatifs sinusoidaux 
et non sinusofdaux. Alternateurs. Transformateurs. 4e édition. 
Paris, Gauthier-Villars, 1916. S8vo. 4+422, pp. Fr. 13.00 


Massmnz (A.). Guida pratica del meccanico moderno: manuale teorico- 
pratico, ad uso dei capi-officina ed alunni delle scuole industriali e 
d’arti e mestieri, meccanici, tornitori e fabbri. (Manuali Hoepli.) 
Milano, Hoepli, 1917. 24mo. 351 pp. L. 4.50 


Massero (F.). Manuale elementare di meccanica applicata, per le officine 
e per le scuole operaie. (Manuali Hoepli.) Milano, Hoepli, 1917. 
24mo. 427 pp. L. 6.50 


MERRIMAN (M.). Treatise on hydraulics. 10th edition, revised with the 
assistance of T. Merriman. New York, Wiley, 1916. S8vo. 10+ 
565 pp. $4.00 


MERRIMAN (T.). See MperRIMAN (M.). 
PEREIRE(G.). Essai sur une méthode de comptabilité des chemins de fer. 
3e édition. Paris, Gauthier-Villars, 1916. 4to. 20+128 pp. 
Fr. 6.00 


Pippuck (F.B.). A treatise on electricity. Cambridge, University Press, 
1916. S8vo. 16+646 pp. 
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Prince (G. T.). Flow of water. Tabulated data with explanatory notes 
relating to flow of water under pressure through clean closed pipes. 
New York, Van Nostrand, 1917. 8vo. 


Serria (T.). Statique graphique des systémes triangulés. Tome 2: 
Exemples d’application. 8e édition. Paris, Gauthier-Villars, 1916. 
8vo. Cartonné. Fr. 3.00 


SHAEFFER (W. A.). Household accounting and economics. New York, 
Macmillan, 1917. 11+161 pp. Cloth. $0.65 


Sitva (G.). See Vouta (L.). 


TABELLE per la determinazione delle proiezioni orizzontali dei raggi 
vettori nelle traiettorie dei palloni piloti (r. Servizio aerologico italiano). 
Padova, Societa coop. tipografica, 1916. S8vo. 83 pp. 


Votta (L.) e Siiva (G.). Sulla riduzione al vuoto delle durate di oscil- 
lazione di pendoli geometrici (r. Commissione geodetica italiana). 
Bologna, tip. Gamberini e Parmeggiani, 1916. 4to. 36 pp. 


WEBBER (E.). Dizionario tecnico in quattro lingua. IV: Inglese- 
italiano-tedesco-francese. 2a edizione. (Manuali Hoepli.) Milano, 
Hoepli, 1916. 16mo. 921 pp. L. 11.00 


Wuirte (C. G.) and Couerove (P. P.). Industrial arithmetic. St. Paul, 
Minn., Webb Publishing Company, 1916. 285 pp. $0.80 
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THE APRIL MEETING OF THE AMERICAN MATHE- 
MATICAL SOCIETY IN NEW YORK. 


THE one hundred and ninety-first regular meeting of the 
Society was held in New York City on Saturday, April 28, 
1917, extending through the usual morning and afternoon 
sessions. ‘The attendance included the following twenty-seven 
members: 

Mr. D. R. Belcher, Professor E. G. Bill, Professor E. W. 
Brown, Dr. Emily Coddington, Professor F. N. Cole, Professor 
Elizabeth B. Cowley, Professor L. P. Eisenhart, Dr. C. A. 
Fischer, Professor T. S. Fiske, Professor W. B. Fite, Professor 
W. A. Garrison, Professor O. E. Glenn, Dr. Olive C. Hazlett, 
Professor Dunham Jackson, Mr. 8S. A. Joffe, Professor Edward 
Kasner, Professor P. H. Linehan, Professor W. R. Longley, Pro- 
fessor R. L. Moore, Mr. G. W. Mullins, Dr. Alexander Pell, 
Professor R. G. D. Richardson, Dr. J. F. Ritt, Dr. Caroline 
E. Seely, Professor Oswald Veblen, Dr. Mary E. Wells, Mr. J. 
Kk. Whittemore. 

Ex-President E. W. Brown occupied the chair at the morning 
session, being relieved at the afternoon session by Professor 
Kasner. The Council announced the election of the following 
persons to membership in the Society: Professor C. F. F. 
Garis, Union College; Professor F. J. Holder, University of 
Pittsburgh; Dr..V. H. Wells, University of Michigan; Pro- 
fessor W. L. Wright, Lincoln University, Pa. Six applications 
for membership in the Society were received. 

Professor L. P. Eisenhart was reelected a member of the 
Editorial Committee of the 7'ransactions, to serve until Octo- 
ber 1, 1920. Professor E. R. Hedrick was appointed delegate 
of the Society to attend the inauguration of President Jessup 
of the State University of Iowa on May 11-12. A committee 
consisting of Professors Fite, Birkhoff, and Veblen was ap- 
pointed to consider and report to the Council any measures 
which it may be desirable to take to increase the interest and 
efficiency of the New York meetings of the Society. 

Committees were also appointed to consider the question of 
the legal incorporation of the Society and to prepare a list of 
nominations of officers and other members of the Council to 
be elected at the annual meeting in December. 
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The following papers were read at this meeting: 

(1) Professor W. B. Fire: “ The relation between the zeros 
of a solution of a linear homogeneous differential equation and 
those of its derivatives.” 

(2) Dr. SamMuEL Beatty: “ The inversion of an analytic 
function.” 

(3) Professor MavricE FricHET: “ Relations entre les 
notions de limite et de distance.” 

(4) Professor O. E. GiLenn: ‘‘ A fundamental system of 
formal covariants mod 2 of the binary cubic.” 

(5) Professor Lurat Brancut: ‘ Concerning singular trans- 
formations B;, of surfaces applicable to quadrics.”’ 

(6) Professor J. E. Rowe: “ The projection of a line section 
upon the rational plane cubic curve.” 

(7) Mr. L. B. Roxsinson: “ On partial differential equations 
which define certain covariants.”’ 

(8) Mr. J. K. Wurrremor:: “ Kinematic properties of ruled 
surfaces.” 

(9) Dr. Otrve C. Hazzert: “On Huntington’s set of pos- 
tulates for abstract geometry.” 

(10) Mr. E. F. Srmonps: “ Differential invariants in the 
plane.” 

(11) Mr. Jesse Dovetas: “ On certain two-point properties 
of doubly infinite families of curves on an arbitrary surface.” 

(12) Professor L. P. E1s—enHaArT: “ Conjugate planar nets 
with equal invariants.” 

(13) Dr. ALEXANDER PELL: “ Solutions of the differential 
equation-:da? + dy” + dz? = ds and their application.” 

(14) Dr. C. A. Fiscuer: ‘‘ On bilinear and n-linear func- 
tionals.”’ 

(15) Professor E. B. Witson: “‘ Classification of real strains 
in hyperspace.” . 

(16) Professor F. H. Sarrorp: “ Irrational transformations, 
of the general elliptic element.” 

(17) Dr. J. H. Weaver: “ Some algebraic curves.” 

(18) Professor R. L. Moore: “ A necessary and sufficient 
condition that a sequence of simple arcs of specified type 
should be equivalent, from the standpoint of analysis situs, 
to a sequence of straight segments.” 

(19) Professor DunHAmM Jackson: “Second note on the 
parametric representation of an arbitrary continuous curve.” 

(20) Professor DunHam Jackson: ‘ Roots and singular 
points of semi-analytic functions.” 
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(21) Professor OswaLpD VEBLEN: “ Doubly oriented lines.”’ 

(22) Dr. G. M. Green: “ The intersections of a straight 
line and a hyperquadrie.”’ 

(23) Dr. F. W. Beat: “ On a congruence of circles.” 

(24) Professor G. A. Muiturer: ‘“ Possible characteristic 
operators of a group.” 

(25) Professor R. D. CarmicHaE.: “ Examples of a re- 
markable class of series.” 

(26) Dr. W. L. Hart: “ Note on infinite systems of linear 
equations.” 

Professor Fréchet’s paper was communicated to the Society 
by Professor D. R. Curtiss, Professor Bianchi’s through 
Professor Eisenhart. Mr. Simonds and Mr. Douglas were 
introduced by Professor Kasner. Professor Bianchi’s paper 
was read by Professor Eisenhart, and the papers of Dr. 
Beatty, Professor Fréchet, Professor Rowe, Mr. Robinson, 
Professor Wilson, Professor Safford, Dr. Weaver, Dr. Green, 
Dr. Beal, Professor Miller, Professor Carmichael, and Dr. 
Hart were read by title. | 

Abstracts of the papers follow below. The abstracts are 
numbered to correspond to the titles in the list above. 


1. Professor Fite’s paper deals with differential equations 
of the second and third orders and with certain ones of general 
order. The results are analogous to those given in a paper 
under the same title in the June number of the Annals of 
Mathematics. There may be cited in particular a theorem 
setting forth conditions under which a solution of an equation 
of the third order cannot vanish more than twice between 
two successive roots of another solution. 


2. Dr. Beatty’s paper appeared in full in the May BULLETIN, 


3. Professor Fréchet’s paper deals with classes (LZ) of ab- 
stract elements for which the limit of a sequence is defined, 
and determines conditions to be added such that the class 
(L) will be a class (D) admitting a definition of distance, but 
preserving the convergence ideas already adopted. The 
paper will appear in the Transactions. 


4. Professor Glenn gives, in this paper, a complete system 
of covariants mod 2 of a binary cubic form having arbitrary 
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coefficients. The system is finite. The methods of generation 
and proof of the completeness of the set of fundamental co- 
variants (which includes also five pure invariants) are de- 
veloped from the point of view emphasized in the author’s 
paper in volume 17 of the Transactions (page 545). 


5. A plane and a point on it constitute a facette, the point 
being called the center. ‘The tangent planes to a surface and 
the respective points of contact afford oo? facettes which may 
be said to constitute the surface. Suppose we have a surface 
S. and with each of its facettes f we assume associated co! 
facettes f’ in such a way that the center of each facette f’ 
lies in the corresponding plane of f and its plane passes through 
the center of f. In this way we get o° facettes f’ which or- 
dinarily cannot be coordinated into oo! surfaces S’. It will 
be all the more unusual if the latter circumstance is satisfied 
by the a? facettes f’ obtained when S undergoes a deformation 
by flexure and the facettes f’ are carried along in invariable 
- relation with respect to the facettes f. Suppose that for So, 
one deform of S, all the centers of the facettes f’ associated with 
each f lie on the line of intersection of the plane of f and a 
fixed plane z. Professor Bianchi has proposed and solved the 
problem: To find what must be assumed concerning So and 
its relation with the fixed plane z in order that for each deform 
of So the «? facettes can be coordinated into oo! surfaces S’. 
He shows that So must be a quadric; that when it is not a 
quadrie of revolution the fixed plane must be a principal 
plane and that the planes of the facettes f’, associated with 
each facette f of So, envelope a cone projecting from the center 
of f, the focal conic of So lying in the given diametral plane; 
when it is a quadric of revolution, the fixed plane must be a 
meridian plane, and the planes must form two pencils whose 
axes are the joins of the center of f with the foci of the meridian 
conic. These geometrical configurations had been obtained 
by Professor Bianchi formerly in his researches on the trans- 
formations of the deforms of quadrics. The paper will be 
published in the Transactions. 


6. Professor Rowe’s paper appeared in full in the June 
BULLETIN. 


7. Given a differential system 


wea 
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Au St Ay ot co $+ Az = 0, 
Un+1 
0 
AcE + dos Hea ge: = 0, 
Un+1 
0 
Amo + Aye SO ee Bites + Amn 5 = 0, 
where 


A, are functions of x; only, 


die are functions of Ty Xo Bin ? 


ye are Pr nciens of SE hoe een he not of an+4 
= es re nae M) 5 


Mr. Robinson shows that the singular points of such a system 
can always be determined in advance and that if the coeffi- 
cients be polynomials the set can be integrated by a finite 
number of operations. The equations which define the 
covariants of systems of ordinary differential equations can 
always be reduced to such a system. The paper will be 
published in the next issue of the Johns Hopkins Circular. 


8. In Mr. Whittemore’s paper a study of some properties of 
ruled surfaces is made by reference of the surface to the moving 
triedral attached to any curve on the surface. Some proper- 
ties of the general ruled surface are obtained, the most in- 
teresting of which is this: Any ruled surface may be generated 
by a radius fixed in a sphere whose center moves with unit 
velocity along the line of striction and which turns about the 
tangent to the line of striction with angular velocity equal to 
the reciprocal of the parameter of distribution of the surface; 
it follows that generators of two ruled surfaces, having the 
same line of striction and the same parameter of distribution, 
drawn through a point of the line of striction make a constant 
angle. Some particularly simple results are obtained for 
ruled surfaces whose parameters of distribution are equal to 
the radius of torsion of the line of striction. 


9. In 1913, Professor Huntington* gave a set of postulates 
* Math. Annalen, vol. 73, pp. 522-559. 
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for ordinary euclidean three-dimensional geometry, in terms 
of a class K of undefined elements, called ‘‘ spheres,’ and the 
relation R of inclusion. At the time, he thought that the 
“general laws” were independent; but more recently, he 
noticed that Postulates 7 and 16 are redundant, and raised the 
question as to whether any others might be redundant. 

Dr. Hazlett’s paper shows that several other postulates are 
redundant, of which may be mentioned Postulates 4 and 6, 
which are special cases of Postulate 15. Furthermore, if 
Postulate 15 is satisfied, the vertices of a tetrahedron cannot 
be coplanar unless two or more coincide, and, in particular, 
the vertices of a triangle cannot be collinear unless two coin- 
cide. A slight change of wording, however, obviates this dif- 
ficulty. Finally, the triangle transverse axiom (which Pro- 
fessor Huntington proved by the aid of the “ general laws ” 
1-11 and the existence postulates /,—Es3) is proved without the 
aid of any postulates beyond the first ten general laws. 


10. Mr. Simonds’ paper deals with the invariants under 
groups of point and contact transformations of differential 
configurations consisting of more than one regular analytic 
element. Previous papers bearing on this subject are P. 
Rabut: “ Théorie des invariants universels,”’ Journal de l’ Ecole 
Polytechnique, 1898; E. Kasner: ‘‘ Differential elements of the 
second order, etc.,’’ American Journal, 1906, the latter eet: 
out an error in the former. 

The following are the principal results of the present paper: 

1. Under a finite continuous group of point transformations 
there are no essential invariants other than those of two 
elements. 

2. (a) Under an infinite group of point transformations a 
single regular element has no invariants of order greater than 
zero. (b) There are, however, more general configurations 
having invariants. (¢c) In the case of certain imprimitive 
groups the simplest configurations having invariants present 
some exceptional features. (d) If \, be the smallest number 
of elements in the simplest configuration having invariants, 
An = 2n-+ 2 for the entire group, A, = n + 3 for the area- 
preserving group, A, = 3 for the equilong group. The result 
for the entire group agrees with Kasner, and not with Rabut. 
Most of Rabut’s results are wrong. 

3. A set of theorems on contact transformations correspond- 
ing to | and 2 are obtained. 
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11. Mr. Douglas’s paper belongs to what may be called 
“geometry in the neighborhood of a curve,” as distinguished 
from the usual differential geometry which relates chiefly to 
the neighborhood of a point. Every question in this theory 
leads analytically to a problem in linear differential equations. 
This fact is a particular aspect of the principle of Darboux’s 
“auxiliary equation” or Poincaré’s “equations of varia- 
tion,’ namely, that given an arbitrary system of differential 
equations, the solutions infinitely near to a given one are con- 
trolled by a system of linear differential equations. 

In the present paper, a general doubly infinite curve family 
F on an arbitrary surface is studied with regard to certain 
properties involving two points a and b, a considerable distance 
apart. Let the curve C of the family F joina and b. Suppose 
at b an element of length do placed normal to C, and its ex- 
tremities joined to a by the curves C’, C” of F’, these enclosing 
at a the infinitesimal angle dw. The ratio do/dw is denoted 
by V(a, 6). When a and 0 are interchanged in the above 
construction the value obtained for the ratio da/dw is denoted 
by V(b, a). A general formula is established which expresses 
V (a, b)/V(b, a) in terms of a certain integral taken along the 
curve C from a to b. One of the results flowing from this 
formula is that the doubly infinite curve families / for which 
everywhere V (a, b) = V(b, a) are those for which the geodesic 
curvature is the same, at any given point, for all the curves of 
the family through that point. This is a generalization of a 
theorem of Levi-Civita to the effect that the geodesics them- 
selves have the property V(a, b) = V(b, a). A well-known 
theorem of Straubel on optical families is also generalized and 
found to hold for a wider category of curve families. The 
considerations of this paper have been extended to higher 
dimensions. 


12. Koenigs has shown by geometrical considerations that 
the perspectives of asymptotic lines of a surface from a point 
on a plane form a conjugate net with equal invariants, and he 
observed, conversely, that such a planar net is always the 
projection of asymptotic lines on a surface. He stated that 
the converse problem is reducible to quadratures. Professor 
Eisenhart has shown that the methods of ordinary differential 
equations can be applied to this converse problem, and has 
found the coordinates of the surface in a form which is a 
generalization of the formulas of Lelieuvre. 
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13. In Dr. Pell’s paper solutions of the differential equation 
da? + dy? + dz? = ds* are obtained which lead to the repre- 
sentation of the coordinates of any curve as the sum of the 
coordinates of an arbitrary minimal curve and those of a 
curve lying on the minimal cone, whose arc is equal to the are 
of the given curve. The necessary and sufficient conditions 
that the curve be algebraic are very simple. Some interesting 
results are easily obtained. 


14. It has been proved by Fréchet that a bilinear functional 
U[f(s), ¢(t)] can be put in the form 


SIfOeOduls, t, 


where u(s, ¢) is regular in ¢, and after modifying the definition 
of the variation of a function of two variables he has proved 
that the variation of w(s, t) is the least upper bound of the 
expression |U[f, ¢]|/mfme, where mf and mg are the maxima 
of | f(s)| and |g(d)|. In the present paper Dr. Fischer has 
obtained the function w(s, t) in a different way and proved it 
to be regular in both arguments and unique. Then the work 
can be extended by mathematical induction to n-linear func- 
tionals. In the last part of the paper it is proved that-a 
homogeneous functional of the nth order can always be ex- 
pressed as a multiple Stieltjes integral. 


15. Professor Wilson shows that the algebraic method of 
Gibbs, which was used in an earlier communication (Trans- 
actions of the Connecticut Academy of Sciences, volume 14 
(1907), pages 1-57) to classify dyadics or strains in hyper- 
space without regard to reality, affords a very easy means of 
carrying out the further classification with respect to reality. 
In addition to the tonics, the shears, and the tonic-shears, we 
find cyclotonics and cyclotonic-shears. The article will be 
printed in the Journal of the Washington Academy of Sciences. 


16. Professor Safford continues in this paper a series of 
articles which have appeared in the BULLETIN and in the 
Archw der Mathematik und Physik. ‘These investigations are 
based upon a formula, published by G. G. A. Biermann and 
derived from Weierstrass’s lectures, which expresses the solu- 
tion of [F’(7)? = AF*(2) + 4BF%(x) + 6CF?(x) + 4B’F (2) +A 


as an irrational function of P(2). 
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17. If two lines J, and J, in the same plane pass through two 
fixed points, A and B, and rotate about A and B according to 
a definite law, the locus of the intersection of 1, and lz will be a 
definite curve. 

Dr. Weaver, by this means, has set up several curves and 
proved some of the relations existing between the fixed points 
and the curves. 

In particular he has set up a curve C, of degree n, which 
has at one of the fixed points an (n — 1) point, and such that 
the polar of the other fixed point with respect to C, gives Cp_1. 


18. Suppose that: (a) k and J are two parallel lines, (0) 
Aj, Ao, Az, ++ and C1, C2, C3, --- are two sequences of points 
lying on k and J respectively and having, as sequential limit 
points, the points A and B respectively, (c) A1BiC1, 42B2C%, 
A3B3;C3, ---, and ABC are simple continuous arcs no two of 
which have any point in common and all of which lie, except 
for their end points, entirely between k and I, (d) asn = © 
the arc A,B,C, approaches the are ABC uniformly as its 
limit in the sense that if e > 0 there exists n, such that if 
n >n, then each point of 4,B,C, is at a distance less than e 
from some point of ABC. 

Professor Moore proposes to show that a necessary and suf- 
ficient condition that such a set of arcs A41B,C;, A2B.Co, 
A3B3C3, --- may be equivalent from the standpoint of analysis 
situs to a set of parallel segments of straight lines is that for 
every positive ¢ there should exist a positive 6, such that if 
m 1S any positive integer and X and Y are points of the are 
AnBnC, and the distance from X to Y is less than 6, then 
that part of the arc A,B,C, which lies between X and Y lies 
entirely within some circle of radius less than e. 


19. In a paper recently presented to the Society (see 
BULLETIN, volume 23, page 68), Professor Jackson gave a proof 
of the theorem, apparently due originally to Fréchet, that an 
arbitrary continuous curve can be represented parametrically 
in such a form that the coordinates do not remain simulta- 
neously constant throughout any interval of values of the inde- 
pendent variable. In the present note he points out that the 
theorem is practically obvious in the case of a rectifiable curve, 
and, by means of a generalization of the process which defines 
the length of such a curve, obtains a considerably simplified 
proof for the general case. 
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20. In his second paper, Professor Jackson shows how certain 
theorems about roots and singular points of analytic functions 
of two or more complex variables, Weierstrass’s theorem of 
factorization, for example, can be extended, with appropriate 
modifications, to functions which are analytic in one of their 
arguments and merely continuous in all together. The treat- 
ment is based primarily on the use of contour integrals. 


21. A doubly oriented line is a line in a three-space associated 
with one sense class among its points and one sense class 
among its planes. Professor Veblen’s note deals with a number 
_ of theorems on order relations which cluster about this notion. 
It will be published in the second volume of Veblen and Young’s 
Projective Geometry. 


22. In Dr. Green’s note, a simple proof is given of a formula 
for the intersections of a straight line and a hyperquadric 
which Professor Coolidge derived by an entirely different 
method in a paper communicated to the Society at the last 
annual meeting. 


23. Dr. Beal’s paper is concerned with a congruence C of 
circles which satisfies the following conditions. Any circle of 
the congruence lies in the tangent plane of a surface S and its 
center is the point of tangency M of the plane with S. At 
every point P of each circle a line is drawn which makes an 
angle @ with the plane of the circle. The projection of this 
line on the plane of the circle makes an angle y with the tangent 
to the circle at P. For any displacements of S in the neigh- 
borhood of M the point P is to move at right angles to this 
line. The surface on which P lies is a surface S, of a single 
parameter family of surfaces and is called a transform of S. 
The radius Ff of the circle and the angles ¢ and y are functions 
of wu and v, the curvature coordinates of S. If the three quan- 
tities R, y, and w are not restricted, congruences C’ exist for 
any surface S. The necessary and sufficient condition that 
lines of curvature correspond on the surface S and the surface 
S; is that R be constant. When y is a constant the principal 
radi of curvature t; and ft, of any surface S, satisfy a very 
simple relation free from the angle @ which determines a 
particular surface S;. When ¢ is a constant any surface 
parallel to S has associated with it a congruence C for which 


a ee 
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the surfaces S; are parallel to the transforms S; of S. When 
h, gy, and y, are constants the surfaces S and S; are surfaces par- 
allel to a pseudospherical surface and its Backlund transforms. 


24. A characteristic operator of a group G is an operator 
which corresponds to itself in every possible automorphism 
of G. Every group contains at least one characteristic 
operator, viz., identity. A necessary and sufficient condition 
that an abelian group involves another characteristic operator 
is that it contains one and only one operator of order 2. In 
particular, an abelian group can never contain more than two 
characteristic ,perators. The main object of Professor 
Muiller’s paper is to prove the following theorem: It is possible 
to construct non-abelian groups whose characteristic oper- 
ators constitute an arbitrary abelian group. 


25. Professor Carmichael’s paper appeared in full in the 
June BULLETIN. 


26. Dr. Hart considers the infinite system of linear equations 
(1) Do dist; = C= ois 
I=. 


where D%_,|v;|? and 2?_,|2,’/? exist and where the infinite 
matrix A = (d;;);,j-1,2,... 18 limited. A condition is given 
under which (1) acts like a finite system of n equations in n 
unknowns; that is, a condition under which there exists an 
integer w = O such that, for all (a1’, v2’, ---) satisfying certain 
w linear relations, (1) possesses a solution depending linearly 
on w parameters. ‘The condition is suggested by a property 
possessed by (1) when 4 = EF — B (E the unit matrix), where 
B is completely continuous in the Hilbert sense. 
Ey Na Cone 


Secretary. 
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THE MODULAR DIFFERENCE OF CLASSES. 
BY PROFESSOR P. J, DANIELL. 


In the general analysis of numerical functions the modular 
difference of two numbers is an extremely valuable concept. 
This paper discusses an analogous concept in the calculus of 
classes. These classes may be logical classes in general or 
may be point sets. The following notation* is used in which 
capital letters denote classes. 

AB = logical product of A and B. 

A-+ B = logical sum of A and B. 


A = complement of A or CA in Borel’s notation. 
A < B means A is included in B. 
A > B means A includes B. 


A — Bis defined only when A > B and is then equal to AB. 
The modular difference of two numbers a, b satisfies the two 
conditions 

(1) whena 2b,|a—b|=a-—bB, 

(2) |a — b| is symmetrical in a and b. 

By analogy the modular difference of two classes A, B denoted 
by | A — B| should satisfy 

(1) when A> B,|A—B|=AB=A-B, 

(2) |A — B| is symmetrical in A and B. 

Definition.—The modular difference of two classes is the 
logical sum of the logical product of the first into the comple- 
ment of the second and the logical product of the second into 
the complement of the first. 


|4—B|=AB+ AB (Def.). 


The reader is to note that the modular difference is defined 
even in cases where the difference according to Borel is not 
defined. That is to say, the modular difference is a direct 
operation on the two classes, not an operation on their 
difference. 

Using the definition above and the analysis of symbolic 
logic the following properties can be proved. 








* Borel, Théorie des Fonctions des Variables réelles, p. 16. Baldwin, 
Dictionary of Philosophy and Psychology, article “Symbolic Logic.” 
eeecee and Russell, Principia Mathematica, chapter on “Calculus of 

asses.’ 
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Properties. 
1(1). |A—B|= AB+ AB = (A+B)(A+B)=|A-B|. 
122). |A—B|=AB+AB=|A-—B|=|A-B\. 
1(3). If|A4—B|=0, A=B and vice versa. 
(In this, 0 may be regarded as a set or class with no elements.) 


ee S| Ch [A |B Cl. 
A= 


21) cor; If| A — B| = C, |B—C\. 

eee 8) |B Cl | A.C). 

2(2) cor. If| A—B| =|B—C|, A=C and vice versa. 

2(3). |A—B||B—C||C—A|=0 

2(4); C|A—Bl|= Ase ae 

Peet) iS fa CB Cl AS BC. 

3(2). |AB-—Cl|=|A-—C||B-—C|+|A—B|C. 

a8). |4—0|+|B—Cl= (445) — 0+ 14 — BIC. 

3(4). |A—C|+/B-—Cl|=|AB-—C|+|A-—BC. 

41). |A—B|<A+B. 

4(2). |A—C(|<|A—B/|+|B-C|. 

a3). |A—CiB—Cl|<|44+ 8)-—Cl|<|A-—C| 
lm et aucat 


4(4). |A-—C||B-—Cl< ae DS Ber C|+|B-—C\l. 
Bie Cee Vi 
Ey ie Blt id — ering -+{|A— NI. 

The standard type of equation in symbolic The having a 

unique solution is of the form 

AA+ XA = B. 
Using our notation, this becomes | X — A| = B or by 2(1) 
cor. the solution is X = | B— A| = BA+ BA. 

The properties under 4 are modular properties which are 
immediate deductions from the equations under 1(1), 2(2) 
and 3. Property 5 will be useful to us in what follows. 

Definition.—A_ sequence of classes Si, Se, -++, Sn, °-- is 
said to be a standard sequence, or S-sequence, beth ae oa 
for all values of n and if lim S, = 0, that is, if-each class 
includes the next and if there is no élement common to all. 

A sequence is said to be decreasing if each class includes the 
next and to be increasing if each class is included in the next. 

In this paper inclusion denotes logical inclusion, that is to 
say, equality is also inclusion in the sense that if A = B, then 
A> Band B> A. 

Timit.—A sequence of classes A1, As, +++, An, +++ is said 
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to possess a limiting class A if an A can be found such that 
| 4 — A, |< S, for all values of n, where S, is the nth member 
of a standard sequence. We proceed to prove that this 
definition coincides in content with that given by Borel (see 
reference above). 

Firstly, if the sequence is decreasing and A is its limit by 
Borel, 

|A—A,|=A,-A<A,-—A 

and A, — A forms an S-sequence. Secondly, if the sequence 
is increasing and A is its limit by Borel, 


and A — A, forms an S-sequence. Thirdly, if in general the 
sequence possesses a Borel limit A, 


dg pce eee 
< | An — Am| + | An — Amir | + +--+ + | An — Amt | 
| [Prop. 4(3)] 


< | An — Angi] +] An — Anvo| + ose | An me Aneel 
ifm>n 


< (An + Anti tT o+++ 1 Amip) — AnAnti+:Amto 
[Prop. 5] 
<A et ace) ee eee 


| (Am + Amoi + s+) ie Ae 
<< (A, + Ans + vee) a AnAnyie** if m a | 


But the right-hand side forms a decreasing sequence and has 
the limit 0 if the limit of sequence A, exists according to 
Borel. Thus the right-hand side is an S, of an S-sequence. 

\(Am-+ Amit +++) — An| < S, for all values of m > n. 


Hence in the limit as m increases indefinitely 
| Borel limit 4 — An| < Sp. 


Hence the sequence A, has the Borel limit A, according to our 

definition, whenever it has a limit by Borel’s definition. 

Again, suppose that it has a limit A by our definition 
|A4—A,|< S, 


of some S sequence. 
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14,4 Anu + oes + Ani,) — Al 
<1 ED i Se eee ery Oe 
[Prop. 4(8)] 
ea Oat aks eas 
at (OE 


Taking the limit as 7 increases indefinitely, if 


By = An + Angi + bd 
cee le ne 


But B, forms a decreasing sequence and has a limit B which 
is the upper limiting set of the sequence A,. Hence 


| Di ie < reek 
of some S-sequence; in fact 
Se ihe b Picts os 
Pe ee wie Bast) os 4 lew Le rope die 
Seat ce 
for all values of n. But | B — A| is independent of n, hence 
|B—A|=0 

et [Prop. 1((8]. 


Thus the upper limiting set = A. Similarly it can be proved 
that the lower limiting set = A and therefore the sequence 
A, has a limit according to Borel and this limit is A, the same 
as the limit by our definition. 

Property 6(1).—The necessary and sufficient condition that 
a sequence of sets or classes A, has a limit A according to 
Borel is that |. 4 — A, | < S, of some standard sequence. 

Property 6(2).—The necessary and sufficient condition that 
a sequence of sets or classes A, has a limit is that 


(Een 8 ASR ee 


of some S-sequence, the same for all values of p. For if the 
sequence A, possesses a limit A 


| A — An| < Sn, | A — Anip | < Snip, 
Benen fa) eA eae A mA ey | 
< 8a + Sntp 
< Bx 
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If, on the other hand, 
| An — Ano | < Sp 

CA bia Ala rete ae ert pte eee An Ant -*Antp 

= | A, — Anti | | An — Ange | ++ + | 4 ee 

<n 1 Sache wees Dk 

pee e 
In the limit when =: increases indefinitely 

(Ana Agta et) ede ee 


The left member is a sequence decreasing with n and it must 
have the limit 0 for S, has the limit 0. Consequently the 
sequence A, has a limit according to Borel. 


Rice INSTITUTE, 
Houston, TEXAS. 


ON THE PRINCIPAL UNITS OF AN ALGEBRAIC 
DOMAIN k(p, a). 


BY DR. G. E. WAHLIN. 


(Read before the American Mathematical Society, April 10, 1914.) 


Introduction. 


THE following paper is the result of an investigation of a 
problem connected with the representation of the algebraic 
numbers in the form 2%w*e’.* 

Throughout the discussion I shall use the following notation. 
By p I mean a rational prime and by ) any prime divisor of p. 
f is the degree of p, i. e., N(p) = p’ and p® is the highest 
power of ) contained in p. By wz I mean a prime number of 
the domain k(p, a), where a is an arbitrary algebraic number. 
The numbers of k(p, a) are then of the form a,7°+a,,10°T!+ 

A number in which p = 0 and a, is relatively prime to ) 
is called a unit and in particular if a, = 1 it is called a principal 
unit. 


* Hensel, Crelle’s Journal, vol. 145. 


a 


1917. ] UNITS OF AN ALGEBRAIC DOMAIN. 451 


The Equation x" — E = O(p). 


For the present we shall let E be any unit of k(), a). 
From the general theory of algebraic numbers* we know that 
there exists a certain rational integer u such that the equation 


(1) a tS ANY 
has a solution in k(p, a) if the congruence 
(2) 2" — EF = 0 mod p** 


has a solution in this domain. The present section is devoted 
to the computation of the value of wu. 

This determination of uw can be accomplished by making 
use of a known theorem.t 

Since E is a unit, it follows that any solution F; of (2) is 
also relatively prime to p. Therefore if we put F(v)=a2?"—E 
and denote its 7th derivative by F(a) we see that the order of 


EEN a FA SS I Ora en wie Epi 


FOE) /i\ = : 


is the same as the order of C = p"I/1!(p” — 1)!. 

The order of m! in k(p) is (m — S,»)/(p — 1)t where S,, is 
the sum of the coefficients in the reduced p-adic representation 
of m. Hence since S,. = 1 we know that in k(p) the order 
of C™ is | 

/ Teena | ~7— 8S; p — 14 — Sons Si + Syn — 1 


jf comet Mp ORY Ciera | (ip cena pi. 

Let us denote the order of 2 by p and suppose that in its 
reduced p-adic representation 27 = a,p°+ a,iip?t?-+ ... 
+ Gn1p™. Since i < p” the representation cannot have a 
term containing a higher power of p than p”", excepting in 
the case where 7 = p” and then the order of C™ is zero. 
The number p” can be written in the form p - p? + (p — 1)p?* 
+... +(p — 1)p™", and hence 


p* —i = (p — a,)p? + (p — anu — 1) ptt + 
: + (p en eh Ware A Yihortt 


* Hensel, Theorie der algebraischen Zahlen, Kap. 4,§ 4. (The method 
there used by Professor Hensel can be extended to any domain.) 

+ Ibid., sett 7 48 4, pp. 72-74. 

t Ibid., p. 
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which as is easily seen is also in the reduced form. Hence 
S;= dy qe Opti sirens = gel 
and 
Soi—-¢ = Pg te) = Oey eee le 

and 

$1 ep ne 
whence we have 

(Sit Syp.—- D/(p—1)=n-—p.- 


Since p? is the highest power of » in p we see now that 
p™, the order of C® in k(p, a), is equal to a(n — p). 

If we now form the expression (ip’ — p™)/(« — 1)* we see 
that this is equal to 


te) Ure me ka) p 
ora (ey 


since p’ = no. The value of yw sought is the largest integer 
which is less than or equal to 





maxo(n-+ 72, ) for i= 263, Shea 


Since m and o are independent of 7, it is evident that this 
maximum occurs when p/(2 — 1) is maximum and we shall 
therefore determine the value of 2 for which such is the case. 

If we first consider the values of 2 of a given order p it is 
clear that p/(¢ — 1) is maximum when 7 is minimum and hence 
when 2 = p? and the maximum value of p/(p? — 1) as p varies 
over the numbers 1, 2, ... nm is therefore the same as the 
maximum value of p/(t— 1) as 7 varies over the numbers 
2, 3; »-. p™. “We note here that for 1 <2 < 9, p —sO—aae 
p/a@— 1) = 0. 

Let us now turn our attention to the expression 


¥(p) = p/(p? — 1). 


Differentiating, we have 


Pa pp’ log p. pith =p log pas 
‘ ae iby Ga; 


* Hensel, Theorie der algebraischen Zahlen, Kap. 4, § 4. 
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If p > 2, log p> 1 and hence, since p = 1, ¥’(p) < 0. The 
function ¥(p) is therefore a decreasing function for p 2 1 
and the maximum value in the required interval therefore 
occurs whenp= 1. This maximum value is 1/(p — 1) > 0 
and since for 1 << 2< p, p/(¢ — 1) = 0, 1/(p — 1) is the maxi- 
mum value of p/(@—1). If p=2<e< 4, since e!? < 2 we 
have 3 < log 2 < 1 and hence for p = 2 we have p log2 > 1 
and as before ¥’(p) < 0. Therefore for p = 2, W(p) is de- 
creasing and must be maximum, in the given interval, when 
p = 2. Hence when op takes the values 1, 2,..., n, W(p) 
must be maximum either at p = 1 or p = 2. 


1 
I, vo) = 5 = 1. 


For p 


Zz 
Berney (0) ar =o 


and hence, as in the preceding case, the maximum value occurs 
when p = 1 and again the maximum is 1/(p — 1). Therefore 


(ip! — pO\ _ i 
max (2 =F Jeojnt— 4] 


and if we put k = [o/(p — 1)] we have 
w=notk. 





A Certain Residue Group in k(p, a). 


We shall suppose that the domain k(p, a) contains all the 
pth roots of unity while no primitive p’™th root of unity is 
contained in it. We shall in this discussion need the number 
u of the preceding section for the special case when n = r + 1 
and shall therefore put w= ro + o+k 21+h. 

Every principal unit / of our domain is, modulo p“t, con- 
gruent to one and only one of the p“f units 1 + ayr + agr? + 
--. + a," where the a; vary independently over the p/ 
numbers of a complete residual system modulo p. Since 
the product and quotient of two principal units are principal 
units it is evident that these residues and hence the E’s them- 
selves form an abelian group of order p“/ with respect to the 
modulus p”“*!. This group we shall denote by G. Since G 
is an abelian group we know that it is the product of cyclic 
groups. These cyclic groups we shall denote by C1, Co, +++ Ch, 
and the order of C; we shall denote by p”™. (The order must 
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be a power of » since it is a divisor of p“/.) We shall more- 
over assume that 71) 2%, 2173 2 +++ 2Th. 

Let m be that one of the numbers 1, 2, ---, h such that 
‘nm > fT 2 tm1 or If 7, > 1, hk =m. We shall first seemtnan 
r cannot be greater than 71. G@ cannot contain an element of 
period greater than p” and hence if R is a primitive p’th root 
of unity, it is an element of G and therefore R?* = 1 mod p**? 
and hence also modulo p**, since uw 2k-+1. But since 


Re" = 1 mod p*™ it is an exponential unit* and we can 
therefore write R?” = e%(p). By raising both members of 


ores tt | 


this equation to the power p"” we have e” = I1(p) and 
hence yp" = 0 (p) andy =0(p). But then R?” = e’ = 1(p) 
and since R is a primitive pth root of unity this is im- 
possible unless r < r,. 

In the same way it follows that fort < r, R® = 1 mod p** 


and hence FR and its powers form a cyclic subgroup of G, of 
order p”. 

If r = 1; it is evident, from the proof of the theorem, that 
every abelian group can be written as the product of cyclic 
subgroups,t that we can put C, = C where C is the cyclic 
group generated by R. If however m > 1 we shall next see 
that no power of ft excepting R”’ : modulo p“t congruent to 
a number in the product C;-C.:- 

Let us denote by HE; any atieeae ae of the cyclic group C; 
and let us suppose that 


» Ag Aga SN 
(3) eyes e+ + + Eig? “= RP mod p*t, 


where we assume that n, 11, no, +++, Mm are rational integers 
relatively prime top and0 <A < randO S$’; < 7:0 = I, 2, 

-- m). By raising both members of (3) to the power p"™™* 
we have 


Ai+7—A opratr—A Am+r—A 
(4) E,™? = - by is Em ™ == rater d| pet 


and from the fact that G is an abelian group and Cj, Co, ---, Cr 
the base we know that this is possible when and only when the 
exponent of each E; is divisible by p’. Hence A; + r—A 
= r; and since for? <m,r; > 7, we haved; 27: —r+rA>dX. 
If we now let / = min (Aj, As, «++ Am) and put 


Ai—l Ag—l Am—! 
E= bye 1 » Eo”? Ei," m 


* Hensel, Crelle’s Journal, vol. 145, pp. 94-95. 
{+ Weber, Algebra, vol. I, pp. 3, 38-45. 
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we can write (3) in the form 
E? = R”* mod p“4, 


Since A; > A it follows that J > X. 

If we now put ¢ = minimum (/, r+ 1) and use the result 
of the first part of this paper we can from the last congruence 
conclude that the equation 


(5) pln (p) 


has a solution in k(p, a). Let us denote this solution by . 
Then 92°" * = 1(p). Since A is a primitive p’th root of 
unity and n is relatively prime to p, R” is also a primitive p’th 
root of unity and hence 


A ges RO eye ee 1h). 


9{ is therefore a primitive p’t*th root of unity which is 
contained in k(), a). 

But we have seen that / > \ and have assumed that \ < r 
and hence r+ 1 > d and consequently ¢ = min (r+ 1,1) >X 
and t+r—X>>r. But this contradicts our assumption 
that k(p, aw) contains no primitive p™™th root of unity. 

Hence (3) is impossible when \ < r and hence no power 
of R excepting Rk?” = R° or power of RK” can be congruent, 
modulo p“*! to the left hand member of (8). 

From this it now follows that in the construction of the 
base of G we can put C41 = C and hence have 


SIO Gye OO mae Gy. 


If we put Gy = Ci-C2-+-Cn-Cny2°-+Cy, this is also an 
abelian group and 


The result may now be summed up In the following 


THEorEM: If the domain k(p, a) contains a primitive pth 
root of unity but no primitive p™*’ th root of unity, and if we 
denote by w the number ro-+o0-+k where o is the exponent 
of the prime divisor » in p and k = [a/(p — 1)], then the 
abelian group consisting of the principal units of k(p, a) modulo 
yt! is the product of an abelian group Gy and the cycle growp 
C whose elements are the p'th roots of unity. 

UNIVERSITY OF ILLINOIS. 
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PROJECTIVE GEOMETRY. 


Synthetic Projective Geometry. By Derrick NorMAN LEHMER. 
Boston, 1917. 16mo. xiii+120 pp. 


Socrates is a lobster. 
Lobsters are mortal; therefore 
Socrates is mortal. 


Ir was from some such example as this that we first learned 
how a correct conclusion could be drawn from a faulty minor 
premise. ‘The book before us is based upon a similar syllogism. 

“The subject of projective geometry is . . . destined soon 
to force its way into the secondary schools;”’ 

That which is taught in secondary schools needs a clear 
and very simple text-book; therefore 

Projective geometry needs a clear and very simple text- 
book. 

With this conclusion we most heartily agree, we wish that 
we might also agree with the minor premise. Alas, our ears 
ring with the cries of those who would abolish geometry from 
our high schools altogether for the mathematically worded 
reason that it does not “‘function.’”’ We suppose that space 
will continue to exist, even after people have discovered that 
there is no need to study its properties, and perhaps the nice 
little book before us will have an archeological importance 
long after its subject matter has been proved valueless by 
the refined tests of laboratory psychology. 

It zs a nice little book, in spite of a bad start and certain 
other faults which we shall point out in detail. Utterly 
conventional in type, with the classic methods of the projec- 
tive geometry of the nineteenth century everywhere in evi- 
dence, it is clear, interesting, and readable; the simplest and 
most elementary book on the subject that we know. The 
figures are rather small, but the general page impression is 
pleasing, and the proof-reading seems flawless. 

The book, we say, makes a bad start; let us explain. ‘The 
first chapter deals with one-to-one correspondence, an abstract 
notion no matter how carefully explained. No later than page 
3 we read: “If a one-to-one correspondence has been set up 
between the objects of one set and the objects of another 
set, then the inference may usually be drawn that they have 
the same number of elements.”’ 
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“Usually be drawn,” we snort, “‘and when, pray, may it 
not be drawn?” We are answered at the bottom of the page. 

Two lines AB and A’B’ are drawn of different lengths, and 
put into one-to-one correspondence, “‘but,” says the author, 
“it would be absurd to infer from this that there are as many 
points on AB as on A’B’,” 

The conclusion that one would naturally draw from this 
astonishing statement is that the author has never heard of 
the modern theory of assemblages, but such a conclusion 
would be erroneous, for we read, page 21: “It is perfectly pos- 
sible to set up a one-to-one correspondence between the points 
of a line and those of a plane.” 

We receive a second jolt on page 8, where we are told that 
the totality of points of a line form an infinitude of the first 
order, while those of a plane form an infinitude of the second 
order. What is meant is, of course, that the points of a line 
may be made to depend continuously on one parameter, while 
those of a plane depend continuously on two parameters. 
Since, however, it is assumed that the reader’s infant mind is 
not up to understanding such a statement, he is left to puzzle 
out as best he may how two infinitudes of different orders can 
be put into one-to-one correspondence. We learn on page 6 
that a projective transformation is a continuous transforma- 
tion and on page 11 we receive this warning: “‘It must not be 
forgotten, however, that we are considering only continuous 
correspondences.” It is a wise restriction; let us turn to page 
7. “‘It is easy to set up a one-to-one correspondence between 
the points in a plane, and the system of lines cutting across 
two lines which lie in different planes.” Let us remember 
that it has never been suggested that a one-to-one corre- 
spondence could have exceptional elements, and the plane in 
question is the projective plane which has the connectivity 
one. The points on two lines, however, may be put into one- 
to-one correspondence with the points on a ruled hyperboloid, 
and the statement is that it is easy to set up a continuous 
one-to-one correspondence between the points of a surface 
of connectivity one and one of connectivity two. Finally we 
have the problem, page 13; remember that this is one of the 
first problems set to the geometrical infants for whom the 
book is written. 

“Ts the axiom ‘The whole is greater than one of its parts’ 
applicable to infinite assemblages?” 
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What answer is expected? If the author asks in the mood 
displayed on page 11, where he says that there is a one-to-one 
correspondence between the points of a line, and those of a 
plane, the wise pupil will answer that the axiom has lost all 
validity. But if the author is in the mood of page 6 where he 
says that it would be absurd to say that there were the same 
number of points on two lines of different lengths, then the 
prudent course would seem to be to reply that the axiom is 
still doing business at the old stand. 

Let us epitomize these ill-natured remarks. We are not 
suggesting that pupils for whom this book is intended should 
be taught the theory of assemblages, or the analysis situs. 
Heaven defend us from any such idea! What we do insist 
is that if it be bad teaching to tell them things which they 
do not understand, it is worse teaching to tell them things 
which are not true. Certainly in their case ‘It is better not 
to know so many things, than to know so many things that 
ain’t so.”’ 

In the second chapter we get a real start in the proper 
subject matter of the book. The topics dealt with are the 
fundamental principles of projection and intersection. Of 
course Desargues’s two triangle theorem is of first importance 
here; let us see what proof the author gives. He starts ahead 
in the conventional way, taking the case where the two 
triangles are in different planes, and this case is done up in 
good shape. Then the proof comes to an abrupt end* with 
these words: 

“If, now, we consider a plane figure, the points P, Q, and 
R still lie on a straight line, which proves the theorem.” 

What the author doubtless means is that if one plane 
approach the other as a limit, the line P, Q, R will approach 
a definite limiting position in that plane, so that the proof still 
holds. What he says, however, is that these three points are 
collinear, even when the triangles are coplanar. If this be 
not self-evident, why not prove it, since it is the crux of the 
situation? But if it be self-evident, why bother with the 
three-dimensional case in a book on plane geometry? 

After this, the book runs ahead smoothly enough for sixteen 
pages, the next difficulty occurring at that most dangerous 
point, the fundamental theorem of projective geometry: 

“Tf two projective one-dimensional forms have more than two 
self-corresponding elements, they are identical.” 


P16, 
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This theorem has had a long and stormy career. The 
present author knows well that it can not be proved by pro- 
jective synthetic methods without the aid of continuity. He 
therefore introduces, ad hoc, an axiom to the effect that a 
projective correspondence is a continuous correspondence. 
Unfortunately, even with the timely assistance of this assump- 
tion, the proof is not perfect, for it is assumed* that if at each 
stage of a certain process the interval which contains a given 
point is diminished, then the interval itself can be made as 
small as we please. 

The fourth and fifth chapters deal with point rows and 
linear pencils of the second order, i. e., point and line cenics. 
Pascal and Brianchon play leading réles, the whole discussion 
goes ahead smoothly enough. ‘The same may be said of the 
following chapter which deals with poles and polars, the only 
exception being a small mistake which is not unknown in 
elementary text-books of analytic geometry. The polar of 
a point is defined in a fashion which is inadmissible when the 
point lies on the conic.t Consequently the following funda- 
mental theorem whereby if one point lie on the polar of a 
second, the second is on the polar of the first, suffers an 
exception when one of these points is on the conic. It is 
better to define the tangent as the polar of a point of the 
curve; the fundamental theorem then suffers no exception. 

The eighth chapter, which might better have been put in 
the seventh place, deals with the properties of involutions. 
The author says in the preface that he has never felt satisfied 
with the usual treatment of involutions by means of circles 
and anharmonic ratios; the present treatment represents his 
idea of how the subject may be made easier and more con- 
sistent. His treatment is certainly purely projective, and 
entirely logical, except for the unproved statementt{ that an 
involution must have two double points or none. It seems to 
us, however, that the order of topics is artificial, and in 
consequence, some of the proofs quite needlessly hard. He 
begins with point involutions; three pairs of collinear points 
are said to be in involution if they lie on three pairs of opposite 
sides of a complete quadrangle. Then comes a proof of 
Desargues’s involution theorem for conics which is quite 
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complicated, and lastly what the author calls the funda- 
mental theorem, namely, that if in two projective funda- 
mental one-dimensional forms, a single pair correspond inter- 
changeably, the same is true of every pair. The proof of this 
covers a whole page, and even then the last details are left 
to the reader. Then we have dual definitions and theorems 
for involutions of lines. Finally we deduce from the funda- 
mental theorem that a transversal will meet an involution | 
of concurrent lines in an involution range of points. All this 
is, as we said, a perfectly legitimate way to handle the subject; 
we can not think that it is a particularly easy one, for the proofs 
of these same theorems in such a book as Veblen and Young’s 
““Projective Geometry’’* even when written out “‘in a language 
understanded of the people’’ are demonstrably shorter than 
those of the present author. 

Chapters VII and IX deal with metrical properties of 
conics and of involutions respectively. Purists will incline to 
look upon the introduction of this material as a blemish on the 
beauty or consistency of the structure. Our own view is 
just the opposite. These metrical ideas are introduced in 
illustration of special cases of the theorems developed, not 
in the course of the logical structure. The chief reason why 
we welcome them is, however, a didactic one. ‘There can be 
no doubt that the young geometer feels more interested and 
more at home when he is dealing with metrical theorems, 
than when he is occupied with exclusively projective ones. 
The former certainly come more nearly within his ordinary 
range of interests. Moreover, the great danger is that pro- 
jective geometry may appear as a subject apart, but slightly 
connected with any other mathematical branch. This danger 
is somewhat obviated when the method of approach is alge- 
braic, as the student sees the connection between the geometric 
theorems and their algebraic formulation. When, however, 
as in the present instance, the treatment is purely synthetic, 
the subject is likely to remain entirely hanging in the air, 
unless it be tied to the earth by being linked up with more 
familiar metrical material. We therefore welcome these two 
chapters, IX being especially interesting and valuable. 

The last chapter gives a brief résumé of the history of 
projective geometry. The author’s idea is that the time to 
learn the history of a subject is after one has found out what 
the subject is. There is something to be said for this view. 


*Vol. 1, Boston, 1910, especially pp. 102, 146. 
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Now we have exhausted our store of invective. Let us 
close as we began by saying that it is a clear and interesting 
little book, whose appearance we heartily welcome. 

J. L. CoouipGE. 


NON-EUCLIDEAN GEOMETRY. 


The Elements of Non-Euclidean Plane Geometry and Trigonom- 
etry. By H.S. Carstaw. London, Longmans, Green and 
Company, 1916. 16mo. vii+179 pp. 

More than a score of years ago a writer of fluent pen 
published a short article with the title ‘Is the Non-Euclidean 
Geometry Inevitable?” His decision was affirmative, his in- 
terpretation of the question being “‘Are the conclusions of 
non-euclidean geometry inevitable?’’ We have learnt that 
they are, but we have also learnt that both the conclusions 
and the consequences are unavoidable, and that books dealing 
with the subject must be expected with certainty and met 
with fortitude. The number already published is already 
large, as we see by Somerville’s compendious bibliography,* 
and the desire to publish others is so strong that not even the 
war can choke it. But there is always room at the top, and if 
a newcomer does not succeed in getting there himself, he raises 
the existing leader so much the higher. The book before 
us is a good one. We shall cheerfully damn it in detail later 
on, let us first praise it in general. 

To begin with it is an interesting book. The field covered 
is not wide. Some things are omitted which we regret to miss, 
but nothing is included which might better have been left out. 
The choice of material seems largely guided by the principle 
that the book was primarily written for teachers, and the 
author has not shut his eyes to the fact that the average 
Anglo-Saxon mathematical teacher is too busy to read a long 
mathematical book, and too weak scientifically to understand 
a deep one. In consequence of this, certain standard topics 
like the realization of non-euclidean geometry on surfaces of 
constant total curvature or the subtleties of the Cayleyan 
metric are passed over in silence. The most serious omissions 
come from the restriction to plane geometry. In euclidean 


* London, Harrison, 1911. 
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geometry, the most interesting elementary facts about the 
geometry of three dimensions may be inferred by the light 
of nature from what happens in the plane, but in non-euclidean 
space there are exceptions to this convenient rule. For in- 
stance, there is nothing inthe geometry of the elliptic plane 
that foreshadows the properties of Clifford’s skew parallel 
lines in space. These parallels constitute one of the most 
novel and interesting figures in all of non-euclidean geometry; 
it is a pity that a reader whose knowledge is bounded by the 
present book must remain in ignorance of them. It is pleasant 
to note in this connection that the author has a keen didactic 
instinct. Whenever he is forced to give a proof that is long 
or difficult, he divides the work into stages of reasonable 
length, explaining clearly just what is accomplished in each 
stage. 

The first, yes, and much the greatest difficulty with which 
the writer on non-euclidean geometry has to deal is that of 
the fundamental assumptions or axioms. ‘The present writer 
has met this difficulty in exemplary fashion. He recognizes 
that it would be equally unwise to give a long analysis of 
axioms according to modern abstract principles, or merely to 
say that the axioms are Euclid’s except the parallel axiom. 
What he does in fact amounts to taking Hilbert’s system, but 


as all readers can not be presumed to be familiar with this, he . 


puts the matter somewhat differently. Euclid’s axioms are 
retained except the one about parallels, but they are pieced 
out by assuming the first congruence theorem for triangles, 
by Hilbert’s axiom that a given line segment may be extended 
a given amount in either direction, Pasch’s axiom that a line 
in the plane of a triangle which passes between two vertices, 
and does not pass between a second pair nor go through a 
vertex, must pass between the third pair, and lastly an elab- 
orate continuity axiom for straight lines which, incredible 
dictu, is never explicitly used. All this is done in a very few 
pages and completed by certain new constructions for per- 
pendiculars and bisectors. The remainder of the first two 
chapters is of a historical nature, and follows conventional 
lines. 

The third chapter, dealing with hyperbolic plane geometry, 
is the strongest in the book. The author takes a legitimate 
pride in the fact that he nowhere uses continuity in this 
chapter, but builds with not a little skill on the remaining 
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axioms. No construction is ever used whose possibility and 
correctness has not previously been shown. He makes good 
use of the formulas which connect the parts of a right triangle 
with those of a quadrilateral with three right angles, formulas 
which are fundamental in problems of construction in the 
hyperbolic plane, but which are given scant notice in many of 
the text-books. The only adverse comment we feel inclined 
to make is that in spots the logical structure is so very delicate, 
that an inattentive reader might suspect the existence of 
mistakes that are not there. The definition of ‘equidistant 
curve” on page 83 is incorrect, as it gives only half of such a 
curve. And thus we reach page 91 and the end of Chapter III 
and the middle of the book. It would have been a far more 
flawless piece of work if the author had written ‘Finis’ at 
that point. 

The fourth chapter deals with hyperbolic trigonometry. 
The author, contrary to the custom of certain other elementary 
writers, develops this by two-dimensional methods only, the 
fairy godmother that smoothes out all obstacles being the 
limiting curve or orocycle. This has been defined correctly 
on page 80 and on the following page we are told accurately 
what is meant by congruent orocyclic arcs. From this defini- 
tion we may safely infer the meaning of a rational ratio 
of two such arcs “‘Right and jest, jest and right,’ as the 
immortal Disko Troop remarked. But we know nothing of 
incommensurable arcs on orocycles, nor do we yet know that 
an orocycle is a continuous curve, and when we read on page 
93 “if the arcs are incommensurable we reach the same conclu- 
sion by proceeding to the limit,’ we feel as if we had been 
rudely awakened by the whole logical structure crashing down 
about our ears. The same seductive process of proceeding to 
the limit is used again on pages 128 and 139. It is so fatally 
easy! But why give at the outset an elaborate continuity 
axiom and why employ the logical rigor of the strictest sect 
of the pharisees during the whole first part of the book, if one 
is coming to this at the last? A similar lapse occurs in the 
handling of the equation* 


tanh a = cosf(a). 


It is shown that f decreases as a increases, and it is assumed 
without further ado that it is continuous and differentiable! 


* Pp. 106ff. 


464 Funfter Teil. Der Kummer’sche Zahlkorper. § 149. 


wenigstens eines der ¢—2 Symbole 
Grae. camlewry 
t, Ls 


von 1 verschieden ausfillt. Fahren wir in der geeigneten Weise fort, 
so erhalten wir schliesslich eine gewisse Anzahl 7* und dazu ein 








System von 7* Einheiten ¢,, &, ..., &, des Kérpers k(¢) von der 
Art, dass bei geeigneter Anordnung der Primideale [,, ..., 1, die 
Gleichungen 











Cy arnt 


I 
| 




















L 
(140.) Vf & uP ne sa pe WV ae 
La) SS aa eae 
Cis Exo UW Exo UW Exo 
[4 2; Moat! ; ay : an {oe 
l, V4 ve ae 


gelten, und dass ausserdem fiir eine jede solche LHinheit &, die den 
y* Gleichungen 


{oe 4, {6 HY, or jee | 
iF re | wel 
geniigt, notwendig auch die s==¢—r* Symbole 


Ee} Fy 


1 r 
simtlich den Wert 1 besitzen. 
Wir multipliciren nunmehr die vorhin aus dem Ideal 3 gebildete 
Zahl y des Kérpers &(¢) derart mit Potenzen der Kinheiten €,, ..., &., 
dass das entstehende Product » den Gleichungen 


ie Mh on, {% #} 1, eat { iF ive jee 
1, P| thats 








geniigt; dann bezeichne ich die + == ¢—7* Einheiten 


v, | a %, 
wO— eA oo. 2@=|4 
1 








§ 150. Capitel XXXII. Die ambigen Idealklassen ete. 465 


als das Charakterensystem des Ideals $. Dasselbe ist durch das 
Ideal S$ vollig eindeutig bestimmt. In § 151 wird gezeigt werden, dass 
stets r* << ¢ und mithin r= 1 wird. 


§ 150. 
Das Charakterensystem einer Idealklasse und der Begriff des Geschlechtes. 

Mit Riicksicht auf den Satz 151 und die dazu auf S. 423 an- 
gefiigten Bemerkungen erkennen wir sofort die Thatsache: 

Satz 160. Die Ideale ein und derselben Klasse eines reguliren 
Kummer’schen Kérpers besitzen siimtlich dasselbe Charakterensystem. 

Auf diese Weise ist tiberhaupt einer jeden Idealklasse ein be- 
stimmtes Charakterensystem zuzuordnen. Wir rechnen, &hnlich wie es 
in § 66 fir den quadratischen Kérper geschehen ist, alle diejenigen 
Idealklassen, welche ein und dasselbe Charakterensystem besitzen, in ein 
Geschlecht und definiren insbesondere das Hauptgeschlecht als 
die Gesamtheit aller derjenigen Klassen, deren Charakterensystem aus 
Jauter Einheiten 1 besteht. Da das Charakterensystem der Hauptklasse 
offenbar von der letzteren Kigenschaft ist, so gehért insbesondere die 
Hauptklasse stets zum Hauptgeschlecht. Aus der ersten Formel in (80.) 
und in (83.) auf S. 411 und S. 413 entnehmen wir leicht die folgenden 
Thatsachen: Wenn G und G' zwei beliebige Geschlechter sind und jede 
Klasse in G mit jeder Klasse in @’ multiplicirt wird, so bilden simtliche 
solche Producte wiederum ein Geschlecht; dieses werde das Product 
der Geschlechter G und G’ genannt. Das Charakterensystem des- 
selben erhalten wir durch Multiplication der entsprechenden Charaktere 
der beiden Geschlechter G und G’. 

Aus der eben aufgestellten Definition der Geschlechter leuchtet 
ferner ein, dass die zu einer Klasse C’ relativ conjugirten Klassen 
SC, ..., 8°" C au demselben Geschlechte wie C selbst gehéren, und 
hieraus folgt, dass die (1—S)te symbolische Potenz C'~* einer jeden 
Klasse C' stets zum Hauptgeschlecht gehirt. Endlich ist offenbar, dass 
jedes Geschlecht des Kummer’schen Korpers gleich viel Klassen enthilt, 


§ 151. 
Obere Grenze fur den Grad der aus simtlichen ambigen Klassen bestehenden 
Klassenschar. 
Ks entsteht, entsprechend wie in der Theorie des quadratischen 
Kérpers, die wichtige Frage, ob ein System von r beliebig vorgelegten 


Jahresbericht der Deutschen Mathem.-Vereinigung. IV, 30 
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hyperbolic plane. If k& be negative, the nominal lines are 


circles which meet a fixed circle with center 0 and radius V—k 
in diametrically opposite points, or, in the limiting case, lines 
through 0. ‘Two points will determine a nominal line, unless 
one be the reflection in O of the inverse of the other in this 
circle. We take as nominal points the points within the 
circle, and the pairs of diametrically opposite points on the 
circle; we have an admirable elliptic plane. Lastly, in the 
case where k is zero we take as nominal lines the lines or 
circles through O, and as nominal points the totality of finite 
points except 0. This gives a good example of the euclidean 
plane. With regard to distances, we may follow the author 
and define them Cayley fashion by the logarithms of certain 
cross ratios, but this involves rather higher mathematical 
considerations that have been introduced before, and breaks 
down entirely for the euclidean case. The author’s treatment 
of this last case is simply lamentable. He says:* 

We define the nominal length of a nominal line as the length of 
the rectilinear segment to which rt corresponds . . . the nominal 
length of a nominal segment is unaltered by inversion with 
regard to a circle of the system. 

What this definition means, we do not know, as there is no 
indication of just how a nominal line corresponds to a rectilinear 
segment. ‘The conclusion would seem to be that the nominal 
length of a nominal line is defined as the length of either the 
are or the chord of the circle which is that nominal line. But 
a moment’s thought shows that neither of these is invariant 
under the inversions in question. ‘This erroneous statement 
suggests, however, another way of putting the thing which 
covers all three cases. 

Let two nominal segments be defined as ‘‘ congruent?’ if they 
may be transformed into one another by a succession of inver- 
sions or reflections in nominal lines. It is easy to see that no 
segment is congruent to a part of itself. If a segment be 
split in two, we may define the process of addition by saying 
that the length of the sum shall be the sum of their lengths, 
It can then be shown how any length can be measured in 
terms of any other. 

Let us point out, in conclusion, that the whole scheme of 
nominal lines, beautiful as it is, represents a change on the 
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author’s part from the second to the first of those ideals in 
non-euclidean geometry which we dwelt on above. 
J. L. Coo.ipGE. 


CORRECTION. 


SPEAKING of M. Nau’s translation of Sebokht’s reference to 
the Hindu-Arabic numerals, in the BULLETIN for May, 1917 
(volume 23, page 366), I remarked that no report of the 
matter “seems as yet to have appeared in English.” My 
attention has since been called to the fact that Professor L. 
C. Karpinski announced the discovery in Science for June 21, 
1912. While this does not concern Mr. Ginsburg’s valuable 
note on the work and influence of Sebokht, the correction as 
to the publication of the extract in English should be made. 

Davin EUGENE SMITH. 


NOTES. 


THE June number (volume 18, number 4) of the Annals of 
Mathematics contains the following papers: “Fermat’s last 
theorem and the origin and nature of the theory of algebraic 
numbers,’ by L. E. Dickson; “The modified remainders 
obtained in finding the highest common factor of two poly- 
nomials,’ by A. J. PELL and R. L. Gorpon; “Nomograms 
of adjustment,” by L. I. Hewes; “Closed algebraic corre- 
spondences,’ by A. A. Bennett; “The intersections of a 
straight line and hyperquadric,” by J. L. Cootmper; “The 
relation between the zeros of a solution of a linear homogeneous 
differential equation and those of its derivatives,’ by W. B. 
Fire; “Conjugate planar nets with equal invariants,’ by 
L. P. EISENHART. 


At the meeting of the Edinburgh mathematical society on 
May 11 the following papers were read: By L. R. Forp: “A 
geometrical proof of a theorem by Hurwitz and Borel’’; by 
D. G. Taytor: “Geometrical illustrations of cyclant sub- 
stitutions.” 
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At the meeting of the London mathematical society held 
on May 3 the following papers were read: By G. H. Harpy, 
“Sir George Stokes and the theory of uniform convergence” ; 
by W. P. Mitne, “A symmetrical condition for w-apolar 
triads on a cubic curve.” 


UNIVERSITY OF Paris.—The following courses in mathe- 
matics are being given during the present semester (March 1- 
July 15).—By Professor L. C. GuicuHarp: General principles 
of analytic geometry with applications to the theory of 
eyclides and correlative surfaces, two hours.—By Professor 
KE. Picarp: Theory of integral equations with applications to 
problems in mathematical physics, two hours.—By Professor 
E. Goursat: Differential and integral calculus, two hours. 
—By Professor P. PAINLEVE: Rational mechanics, two hours. 
—By Professor L. Vesstor: Formal resolution of the problem 
of three bodies by means of trigonometric series, and periodic 
solutions, two hours.—By Professor C. J. DE LA VALLEE- 
Poussin: Conferences in higher analysis, two hours. 


ProFESSOR E. PicarD was unanimously elected permanent 
secretary of the Paris Academy of sciences on April 2, as 
successor to the late Professor G. Darsovux. Professor 


Picard became a member of the academy in 1889, succeeding 
Halphen. . 


ProFEssoR A. SPEISER has been appointed professor of 
mathematics in the University of Zurich. 


At the Massachusetts Institute of Technology, Dr. JosEPH 
LipKA has been promoted to an assistant professorship of 
mathematics. 


At the University of Nebraska, Mr. A. BaBBETT and Miss 
Lutu RuncE have been promoted to assistant professorships 
of mathematics. 


AT Teachers College, Columbia University, assistant pro- 
fessor C. B. Upton has been promoted to an associate pro- 
fessorship of mathematics. 


Dr. L. S$. DEeprErick, of Princeton University, has been 
appointed instructor in mathematics in the U. S. Naval 
Academy. 
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Book CaTALoauEs:—Longmans, Green, and Company, 
Fourth Avenue and 30th Street, New York, text-books and 
reference works for colleges and technical schools, 16 pp.— 
The Macmillan Company, 66 Fifth Avenue, New York, books 
on mathematics and astronomy, 68 pp.—Galloway and Porter, 
Cambridge, England, short lists of mathematical and physical 
books, 77 entries.—Librairie Paul Ritti, 76 Avenue du Maine, 
Paris, Bulletin périodique, mathématique, 41 entries. 





NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 
©Buicurevpt (H. F.). Finite collineation groups. Chicago, University 


of Chicago Press, 1917. 12mo. 12+194 pp. $1.50) 
DarzBovux (G.). Principes de géométrie analytique. Paris, Gauthier- 
Villars, 1917. 8vo. 6-+520 pp. Fr. 20.00 


FERNANDEZ BaNos (O.). Estudio sintético de los espacios complejos de 

| m dimensiones. (Junta para amplicién de estudios e investigaciones 
cientificas, Laboratorio y seminario matematico, Tomo 2, Memoria 1.) 
Madrid, 1917. 8vo. 80 pp. 


Hopson (R. G.) and Lipxa (J.). A manual of mathematics. New York, 


Wiley, 1917. 8vo. 2-+132 pp. $1.00: 
,7—:. A table of integrals. New York, Wiley, 1917. 8vo. 25 pp. 
Paper. $0.15. 


Lipka (J.). See Hupson (R. G.). 


Micuet (C.). Cours d’algébre et d’analyse, 4 l’usage de la classe de 
mathématiques spéciales et des candidats aux écoles du gouvernement. 
Paris, Alean, 1917. 8vo. Fr. 18.00 


PRINGSHEIM (A.). Vorlesungen iiber Zahlen- und Funktionenlehre. 1ter 
Band, 2te Abteilung: Unendliche Reihen mit reellen Gliedern. Leip- 
zig, Teubner, 1916. S8vo. 222 pp. M. 10.80 


II, ELEMENTARY MATHEMATICS. 


Austin (F. E.). Preliminary mathematics. Hanover, N. H., F. E. 
Austin, 1917. 169 pp. $1.20 


Beuu (A. H.). Algebra, theoretical and applied: a class-book for second- 
ary, higher elementary and technical schools. London, Blackie, 1916. 
8vo. 354 pp. 4s. 6d. 


Conorna (U.) e Nepri-Mopona (A.). Trigonometria piana ad uso dei 
licei. Con 50 figure e 809 esercizi e problemi. Torino, Casa G. B. 
Petrini di Giovanni Galizio, 1917. 


—. ‘Trigonometria piana e sferica ad uso degli istituti tecnici. Con 
75 figure e 1000 esercizi e problemi. Torino, Casa G. B. Petrini di 
Giovanni Galizio, 1917. 
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Covutom (F.) et Wri~t (—.). Nouveau cours de géométrie théorique et 
pratique. 8e année. Paris, Delagrave, 1917. 12mo. Fr, 2:25 


CronFE.LT (S.). Lerebog i Aritmetik og Algebra (med et Tilleg om 
Effekter og Veksler) for Realklassen. Kgbenhavn, Steen Hassel- 
balch (Jacob Erslev), 1916. 8vo. 104 pp. Krotevo 


FRATTINI (—.). lLezioni de algebra, geometria e trigonometria piana e 
sferica con molti esempi sull’intero programma del secondo bienno 
degl’istituti tecnici (sezione fisico-matematica). Volume 2 per la 
quarta classe. 8a edizione. ‘Torino, Paravia, 1917. 


Goneerispe (B.). Logarithmische en goniometrische tafels en bijtafels. 
Groningen, Noordhoff, 1916. S8vo. 280 pp. FI. 1.70 


Hawkes (H. E.), Lupy (W. A.) and Touton (F. C.). First course in 
algebra. Revised edition. Boston, Ginn, 1917. 10+301 pp. $1.00 


Lemoine (A.). Arithmétique. Cours supérieur et complémentaire. 
Brevet élémentaire. Livre du maitre. Paris, Hachette, 1917. 12 
mo. Fr. 4.00 


Lusy (W.A.), See Hawkes (H. E.). 


Martini-Zuccaani (A.). Guida pratica per la risoluzione delle equazioni 
di 1° e 2° grado con 214 esercizi risoluti. 5a edizione. Livorno, 
Giusti, 1917. L. 1.50 


Nepri-Mopona (A.). See Concrna (U.). 


SmitH (O. A.). Praktische Regneopgaver for Realklassen. Kgbenhavn, 
Gjellerup, 1916. 24 pp. 


ToutTon (F.C.). See Hawxss (H. E.). 
WEILL (—.). See Coutom (F.). 
WispENES (P.). Logarithmen en rententafels. Groningen, Noordhoff, 
1916. 8vo. 64 pp. Fl. 0.50 
III. APPLIED MATHEMATICS. 


Botrasso (M.). Analyse vectorielle générale. Volume 4: Astatique. 
Avec une préface de R. Marcolongo. Pavia, Mattei, 1915. S8vo. 


16+159 pp. Fr. 6.00 
Brunt (D.). The combination of observations. Cambridge, University 
Press, 1917. 8vo. 10+219 pp. 8s. 
Burton (EK. F.). The physical properties of colloidal solutions. New 
York, Longmans, 1916. 7-+200 pp. $1.80 
Creacer (W. P.). Engineering for masonry dams. New York, Wiley, 
1917. 250 pp. $2.50 


Date (R. B.). Drawing for builders. New York, Wiley, 1916. 200 pp. 
$1.50 


Doym&rE (C.). Cours pratique de construction navale. Ire partie: 
Géométrie du navire. Calculs de déplacement et de stabilité. 2e 
édition, revue et augmentée. Paris, Challamel, 1917. 8vo. 

Fr. 10.00 


DucuHine (EH. A.). Flight without formulae: simple discussions on the 
mechanics of the aeroplane. Translated from the French by J. H. 
Ledeboer. 2d edition. New York, Longmans, 1917. 8+211 pp. 

$2.50 
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© GrRossMANN (M.). Elemente der darstellenden Geometrie. (Teubners 
Leitfaden fiir den mathematischen und technischen Hochschulunter- 
richt.) Leipzig, Teubner, 1917. 84 pp. M. 2.00 


Henperson (W. D.). Problems in physics. New York, McGraw-Hill, 
1916. 8-+205 pp. $1.50 


Hupson (R. G.), Lipxa (J.), LutHer (H. B.) and Peasopy (D.). The 
engineers’ manual. New York, Wiley, 1917. 310 pp. $2.CO 


IsENTHAL (A.). See LILIENTHAL (O.). 
JAHNKE (E.). See MreumKkeE (R.). 


JupGe (A. W.). The properties of aerofoils and aerodynamic bodies. 
London, Whittaker, 1917. S8vo. 10-+298 pp. 15s. 


LEDEBOER (J. H.). See DucHfne (EH. A.). 
LILIENTHAL (G.). See LILIENTHAL (O.). 


LinieENnTHAL (O.). Bird flight as the basis of aviation: a contribution 
toward a system of aviation. With a biographical introduction and 
addendum by G. Lilienthal. Translated from the second edition by 
A.Isenthal. New York, Longmans,1917. 8vo. 14+142 pp. $2.50 


LipKa (J.). See Hupson (R. G.). 
Lutuer (H. B.). See Hupson (R. G.). 
Marco.uonao (R.). See Borrasso (M.). 


MepumMKE '‘(R.). Leitfaden zum_ graphischen Rechnen. (Sammlung 
mathematisch-physikalischer lLehrbiicher, herausgegeben von E. 


Jahnke.) Leipzig, Teubner, 1917. 8-+152 pp. M. 4.80 
MELAN (J.) and STEINMAN (D.B.). Plain and reinforced concrete arches. 
2d edition. New York, Wiley, 1917. 171 pp. $2.00 


Nottrace (W. H.). The calculation and measurement of inductance and 
capacity. London, The Wireless Press, 1917. S8vo. 187 pp. 2s. 6d. 


PreaBopy (D.). See Hupson (R. G.). 


RiccaRDOo-BrRavuzzI (—.). Cours d’aéronautique générale. Ire partie: 
Etude des questions qui intéressent tous les modes de locomotion 
aérienne. Paris, Dunod et Pinat, 1917. 8vo. 344 pp. Fr. 30.00 


RICHARDSON (O. W.). The emission of electricity from hot bodies. New 


York, Longmans, 1916. 6-+304 pp. $2.75 
Ruaatzes (C. L.). Stresses in wire-wrapped guns and in gun carriages. 
New York, Wiley, 1916. 270 pp. $3.00 


SERVICE des grands forces hydrauliques (Région des Alpes). Tome VII: 
Compte rendu des résultats des études et travaux au 31. décembre 
1915. Paris, Dunod et Pinat, 1917. S8vo. 481 pp. Fr. 30.00 


STEINMAN (D. B.). See MEAN (J.). 


WarTerBurRY (L. A.). Stresses in structural steel angles. New York, 
Wiley, 1917. 82 pp. $1.25 
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READ BEFORE THE AMERICAN MATHEMATICAL SOCIETY AND 
SUBSEQUENTLY PUBLISHED, INCLUDING REFERENCES 
TO THE PLACES OF THEIR PUBLICATION. 


ALEXANDER, J. W., II. On the factorization of Cremona plane trans- 
formations. Read Dec. 28, 1915. Transactions of the American 
Mathematical Society, vol. 17, No. 3, pp. 295-300; July, 1916. 


BaTEMAN, H. On systems of partial differential equations and the trans- 
formation of spherical harmonics. Read Feb. 26, 1916. Proceedings 
of the Royal Society of Edinburgh, vol. 36, Nos. 3-4, pp. 300-3812; 
March, 1917. 


Beau, F. W. A congruence of circles. Read April 24, 1915. Annals of 
Mathematics, ser. 2, vol. 17, No. 4, pp. 180-187; June, 1916. 


Beatty, 8. The inversion of an analytic function. Read April 28, 1917. 
Bulletin of the American Mathematical Society, vol. 23, No. 8, pp. 347— 
353; May, 1917. 


Bennett, A. A. A case of iteration in several variables. Read April 29, 
1916. Annals of Mathematics, ser. 2, vol. 17, No. 4, pp. 188-196; 
June, 1916. 


—— An existence theorem for the solution of a type of real mixed differ- 
ence equation. Read April 29, 1916. Annals of Mathematics, 
ser. 2, vol. 18, No. 1, pp. 24-30; Sept., 1916. 


—— Newton’s method in general analysis. Read (Southwestern Section) . 
Dec. 2, 1916. Proceedings of the National Academy of Sciences, vol. 2, 
No. 10, pp. 592-598; Oct., 1916. 


—— Closed algebraic correspondences. Read (Chicago) Dec. 22, 1916. 
Annals of Mathematics, ser. 2, vol. 18, No. 4, pp. 200-208; June, 1917. 


BirxuHorr, G. D. Infinite products of analytic matrices. Read Dec. 27, 
1915. Transactions of the American Mathematical Society, vol. 17, 
No. 3, pp. 386-404; July, 1916. 


Dynamical systems with two degrees of freedom. Read Dec. 27, 1915 
and Sept. 5, 1916. Proceedings of the National Academy of Sciences, 
vol. 3, No. 4, pp. 314-316; April, 1917. Transactions of the American 
Mathematical Society, vol. 18, No. 2, pp. 199-300; April, 1917. 


BLuMBERG, H. On the factorization of expressions of various types. 
Read (Southwestern Section) Nov. 28, 1914 and (Chicago) Dec. 29, 
1914. Transactions of the American Mathematical Society, vol. 17, No. 4, 
pp. 517-544; Oct., 1916. 


Certain general properties of functions. Read (Chicago) April 10, 
1914 and (Chicago) Dec. 22, 1916. Proceedings of the National Acad- 
emy of Sciences, vol. 2, No. 11, pp. 646-649; Nov., 1916. Annals of 
Mathematics, ser. 2, vol. 18, No. 3, pp. 147-160; March, 1917. 


Bocuer, M. La méthode des approximations successives pour les systémes 
différentiels. Read Sept. 8, 1914. Section 22, pp. 112-116, of 
Legons sur les Méthodes de Sturm dans la Théorie des Equations dif- 
férentielles linéaires et leurs Développements modernes. (Collec- 
tion de Monographies sur la Théorie des Fonctions publiée sous la 
Direction de M. Emile Borel.) Paris, Gauthier-Villars, 1917. 
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Borcer, R. L. A theorem in the analysis of real variables. Read (Chi- 
cago) April 21, 1916. Bulletin of the American Mathematical Society, 
vol. 28, No. 6, pp. 287-290; March, 1917. 


Brown, E. W. The relations of mathematics to the natural sciences. 
Read Dec. 28, 1916. Bulletin of the American Mathematical Society, 
vol. 23, No. 5, pp. 213-230; Feb., 1917. 


BucHanan, D. Oscillations near an isosceles-triangle solution as the finite 
bodies become unequal. Read (Chicago) Dec. 28, 1914. American 
Journal of Mathematics, vol. 39, No. 1, pp. 41-58; Jan., 1917. 


Burcess, H. T. A practical method for determining elementary divisors. 
Read (Chicago) April 21,1916. Annals of Mathematics, ser. 2, vol. 18, 
No. 1, pp. 4-6; Sept., 1916. 


Burcess, R. W. The comparison of a certain case of the elastic curve 
with its approximation. Read Sept. 4, 1916. Physical Review, ser. 
2, vol. 9, No. 3, pp. 193-197; March, 1917. 


CARMICHAEL, R. D. On a general class of series of the form Deng(z~+n). 
Read Dec. 31, 1915. Transactions of the American Mathematical 
Society, vol. 17, No. 3, pp. 207-232; July, 1916. 


Examples of a remarkable class of series. Read April 28, 1917. 
Bulletin of the American Mathematical Society, vol. 23, No. 9, pp. 407- 
425; June, 1917. 


CarRPENTER, A. F. Ruled surfaces whose flecnode curves have plane 
branches. Read (San Francisco) May 22, 1914, (Chicago) Dec. 28, 
1914, and (Chicago) April 2, 1915. Transactions of the American 
Mathematical Society, vol. 16, No. 4, pp. 509-532; Oct., 1915. 


Carstaw, H.S. A trigonometrical sum and the Gibbs’ phenomenon in 
Fourier’s series. Read Oct. 30, 1915. American Journal of Mathe- 
matics, vol. 39, No. 2, pp. 185-197; April, 1917. 


CHITTENDEN, E. W. On the equivalence of écart and voisinage. Read 
(Chicago) April 21, 1916. Transactions of the American Mathematical 
Society, vol. 18, No. 2, pp. 161-166; April, 1917. 


Coste, A. B. Point sets and allied Cremona groups (Part IJ). Read 
April 25, 1914. Transactions of the American Mathematical Society, 
vol. 17, No. 3, pp. 345-885; July, 1916. 


Point sets and Cremona groups. Part III. Read April 25, 1914. 
Proceedings of the National Academy of Sciences, vol. 2, No. 10, pp. 575— 
576; Oct., 1916. 


Cots, F. N., Cummines, L. D., and Wuttn, H.S. The complete enumera- 
tion of triad systems in 15 elements. Read Sept. 8, 1914, Oct. 31, 
1914, Aug. 4, 1915, and Oct. 28, 1916. Proceedings of the National 
Academy of Sciences, vol. 3, No. 3, pp. 197-199; March, 1917. 


Cooripan, J. L. The meaning of Pliicker’s equations for a real curve. 
Read Dec. 28, 1915 and April 29, 1916. Rendiconti del Circolo Mate- 
matico di Palermo, vol. 40, Nos. 2-3, pp. 211-216; Sept.—Dec., 1915. 


—— The intersections of a straight line and hyperquadric. Read Dec. 
28,1916. Annals. of Mathematics, ser. 2, vol. 18, No. 4, pp. 209-213; 
June, 1917. 


Cummines, L. D. See Coz, F. N. 


Dantzic, T. Démonstration directe du dernier théoréme de Henri Poin- 
cearé. Read (Chicago) April 22, 1916. Bulletin des Sciences Mathé- 
matiques, ser. 2, vol. 41, No. 2, pp. 58-58; Feb., 1917. 
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Dickson, L. E. An extension of the theory of numbers by means of cor- 
respondences between fields. Read Sept. 4, 1916. Bulletin of the 
American Mathematical Society, vol. 23, No. 3, pp. 109-111; Dec., 1916. 


Dings, C. R., Functions of positive type and related topics in general 
analysis. Read (Chicago) April 3, 1915. Proceedings of the London 
Mathematical Society, ser. 2, vol. 15, No. 4, pp. 248-279; Aug., 1916. 


Dines, L. L. A characteristic property of self-projective curves. Read 
(Chicago) April 21, 1916. Annals of Mathematics, ser. 2, vol. 17, 
No. 4, pp. 213-217; June, 1916. - 


DrespDEN, A. On the second derivatives of the extremal-integral with an 
application to a problem with variable end points. Read (Chicago) 
Dec. 28, 1914. Transactions of the American Mathematical Society, 
vol. 17, No. 4, pp. 425-436; Oct., 1916. 


EIsENHART, L. P. Sulle superficie di rotolamento e le trasformazioni di 
Ribaucour. Read Aug. 4, 1915. Accademia det Lincei, Rendicontt, 
vol. 24, 2d sem., No. 8, pp. 349-852; Nov. 5, 1915. 


—— Surfaces generated by the motion of an invariable curve whose points 
describe straight lines. Read Dec. 28, 1915. Rendiconti del Circolo 
Matematico di Palermo, vol. 41, No. 1, pp. 94-102; Jan.—April, 1916. 


Conjugate systems with equal point invariants. Read April 29, 1916. 
Annals of Mathematics, ser. 2, vol. 18, No. 1, pp. 7-17; Sept., 1916. 


— Deformable transformations of Ribaucour. Read Sept. 4, 1916. 
Transactions of the American Mathematical Society, vol. 17, No. 4, pp. 
437-458; Oct., 1916. 


—— Transformations T of conjugate systems of curves onasurface. Read 
Dec. 27, 1916. Transactions of the American Mathematical Society, 
vol. 18, No. 1, pp. 97-124; Jan., 1917. 


—— Conjugate planar nets with equal invariants. Read April 28, 1917. 
Annals of Mathmatics, ser. 2, vol. 18, No. 4, pp. 221-225; June, 1917. 


Evtmenporr, A. A differentiating machine. Read (Chicago) April 22, 
1916. American Mathematical Monthly, vol. 23, No. 8, pp. 292-295; 
Oct., 1916. | 


Emcu, A. An application of a group of order 16 to a configuration on an 
elliptic cubic. Read (Chicago) April 21, 1916. Annals of Mathe- 
matics, ser. 2, vol. 18, No. 1, pp. 45-52; Sept., 1916. 


—— A theorem on the curves described by a spherical pendulum. Read 
Dec. 27, 1916. Bulletin of the American Mathematical Society, vol. 23, 
No. 5, pp. 230-232; Feb., 1917. 


Fine, H. B. On Newton’s method of approximation. Read April 29, 
1916. Proceedings of the National Academy of Sciences, vol. 2, No. 9, 
pp. 546-552; Sept., 1916. 


Fiscupr, C. A. Functions of surfaces with exceptional points or curves. 
Read Aug. 8, 1915. American Journal of Mathematics, vol. 38, No. 
3, pp. 259-266; July, 1916. 


— Note on the order of continuity of functions of lines. Read Sept. 
4,1916. Bulletin of the American Mathematical Society, vol. 23, No. 2, 
pp. 88-90; Nov., 1916. 


—— Equations involving the partial derivatives of a function of a surface. 
Read Feb. 26,1916. American Journal of Mathematics, vol. 39, No. 2, 
pp. 123-134; April, 1917. 
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Fitz, W. B. The relation between the zeros of a solution of a linear 
homogeneous differential equation and those of its derivatives. Read 
Oct. 30,1915. Annals of Mathematics, ser. 2, vol. 18, No. 4, pp. 214—- 
220; June, 1917. 


Forp, W. B. On the representation of arbitrary functions by definite in- 
tegrals. Read (Chicago) April 3, 1915. American Journal of Mathe- 
matics, vol. 38, No. 4, pp. 397-406; Oct., 1916. 


Forsytu, C.H. Interpolation of ordinates oe areas among areas. Read 
(Southwestern Section) Nov. 27, 1915. Quarterly Publications of the 
American Statistical Association, new ser., vol. 15, No. 116, pp. 418- 
425; Dec., 1916. 


Fort, T. Linear difference and differential equations. Read Dec. 27, 
1915. American Journal of Mathematics, vol. ie, No. 1, pp. 1-26; 
Jan., 1917. 


GLENN, O. E. On the invariant system of a pair of connexes. Read Feb. 
27, 1915 and Feb. 26, 1916. Transactions of the American Mathe- 
matical Society, vol. 17, No. 4, pp. 405-417; Oct., 1916. 


— The formal modular invariant theory of binary quantics. Read Feb. 
26, 1916. Transactions of the American M athematicat Society, vol. 17, 
No. 4, pp. 545-556; Oct., 1916. 


— Translation surfaces associated with line congruences. Read Oct. 28, 
1916. Bulletin of the American Mathematical Society, vol. 23, No. 3, 
pp. 122-127; Dec., 1916. 


GrRausTEIN, W.C. On the geodesics and geodesic circles on a developable 
surface. Read Jan. 2, 1915. Annals of Mathematics, ser. 2, vol. 18, 
No. 3, pp. 182-188; March, 1917. 


GREEN, G. M. Projective differential geometry of Sietdarnneren families 
of space curves, and conjugate nets on a curved surface. Second 
memoir. Read Feb. 28, 1914 and Oct. 80,1915. American Journal of 
Mathematics, vol. 38, No. 3, pp. 287-824; July, 1916. 


— The linear dependence of functions of several variables, and com- 
pletely integrable systems of homogeneous linear partial differential 
equations. Read Oct. 31, 1914 and Oct. 30, 1915. Transactions of 
the American Mathematical Society, vol. 17, No. 4, pp. 488-516; Oct., 
1916. 


— On the linear dependence of functions of one variable. Read Sept. 
5, 1916. Bulletin of the American Mathematical Society, vol. 23, No. 3, 
pp. 118-122; Dec., 1916. 


GRONWALL, T. H. Sur la déformation dans la représentation conforme. 
Read Jan. 2, 1915 and Feb. 26,:1916. Comptes Rendus de l Académie 
des Sciences, vol. 162, No. 7, pp. 249-252; Feb. 14, 1916. 


Sur la déformation dans la représentation conforme sous des conditions 
restrictives. Read Jan. 2,1915 and Feb. 26,1916. Comptes Rendus de 
lV Académie des Sciences, vol. 162, No. 9, pp. 316-318; Feb. 28, 1916. 


Ueber einige Summationsmethoden und ihre Anwendung auf Fouri- 
ersche Reihe. Read (Chicago) March 21,1913. Journal fiir die reine 
und angewandte Mathematik, vol. 147, No. 1, pp. 16-35; July, 1916. 


—— A problem in geometry connected with the analytic continuation of a 
power series. Read Sept. 5, 1916. Annals of Mathematics, ser. 2, 
vol. 18, No. 2, pp. 65-69; Dec., 1916. 
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On the power series for log (1 +z). Read Sept. 5, 1916. Annals of 
Mathematics, ser. 2, vol. 18, No. 2, pp. 70-73; Dec., 1916. 


On the convergence of Binet’s factorial series for log I'(s) and. y(s). 
Read Sept. 5, 1916. Annals of Mathematics, ser. 2, vol. 18, No. 2, 
pp. 74-78; Dec., 1916. 


On the expressibility of a uniform function of several complex vari- 
ables as the quotient of two functions of entire character. Read 
Oct. 25, 19138. Transactions of the American Mathematical Society, 
vol. 18, No. 1, pp. 50-64; Jan., 1917. 


Harpine, A.M. On certain loci projectively connected with a given plane 
curve. Read (Chicago) April 22, 1916. Giornale di Matematiche, 
vol. 54, Nos. 38-5, pp. 185-222; May—Oct., 1916. 


Harpy, G.H. Weierstrass’s non-differentiable function. Read (South- 
western Section) Nov. 27, 1915. Transactions of the American Mathe- 
matical Society, vol. 17, No. 3, pp. 301-325; July, 1916. 


Hart, W. L. On trigonometric series. Read (Chicago) April 10, 1914. 
Annals of Mathematics, ser. 2, vol. 18, No. 2, pp. 99-104; Dec., 1916. 


Differential equations and implicit functions in infinitely many 
variables. Read (Chicago) April 2, 1915 and Jan. 1, 1916. Proceed- 
ings of the National Academy of Sciences, vol. 2, No. 6, pp. 809-3813; 
June, 1916. Transactions of the American Mathematical Society, vol. 
18, No. 2, pp. 125-160; April, 1917. 


HaskeLt, M. W. The maximum number of cusps of an algebraic plane 
curve, and enumeration of self-dual curves. Read (San Francisco) 
Oct. 24,1914. Bulletin of the American Mathematical Society, vol. 23, 
No. 4, pp. 164-165; Jan., 1917. 


Hasstir, J.O. Plane nets periodic of period 3 under the Laplacian trans- 
formation. Read (Chicago) April 22, 1916. Rendiconti del Circolo 
Matematico di Palermo, vol. 40, Nos. 2-8, pp. 273-294; Sept.—Dec., 
1915. 


Hazuett, O.C. On the rational, integral invariants of nilpotent algebras. 
Read Dec. 27, 1915. Annals of Mathematics, ser. 2, vol. 18, No. 2, 
pp. 81-98; Dec., 1916. 


— On the theory of associative division algebras. Read Sept. 4, 1916. 
Transactions of the American Mathematical Society, vol. 18, No. 2, 
pp. 167-176; April, 1917. 


Heprick, E. R. and Wrestraut, W. D. A. Sur l’existence des fonctions 
implicites. Read Sept. 8, 1913 and (Southwestern Section) Nov. 29, 
1918. Bulletin de la Société Mathématique de France, vol. 44, No. 1, 
pp. 1-18; Oct., 1916. 


Hewes, L. I. Nomograms of adjustment. Read Sept. 5, 1916. Annals 
of Mathematics, ser. 2, vol. 18, No. 4, pp. 194-199; June, 1917. 


HILpEBRANDT, T.H. Ona theory of linear differential equations in general 
analysis. Read Dec. 31, 1915. Transactions of the American Mathe- 
matical Society, vol. 18, No. 1, pp. 73-96; Jan., 1917. 


Huntineton, E. V. A set of independent postulates for cyclic order. 
Read Dec. 27, 1916. Proceedings of the National Academy of Sciences, 
vol. 2, No. 11, pp. 630-631; Nov., 1916. 


Complete existential theory of the postulates for serial order. Read 
Dec. 27, 1916. Bulletin of the American Mathematical Society, vol. 23, 
No. 6, pp. 276-280; March, 1917. 
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Complete existential theory of the postulates for well ordered sets. 
Read Dec. 27, 1916. Bulletin of the American Mathematical Society, 
vol. 23, No. 6, pp. 280-282; March, 1917. 


Hurwitz, W. A. and Sitverman, L. L. On the consistency and equiva- 
lence of certain definitions of summability. Read Sept. 8, 1914. 
Transactions of the American Mathematical Society, vol. 18, No. 1, 
pp. 1-20; Jan., 1917. 


Jackson, D. Non-essential singularities of functions of several complex 
variables. Read Oct. 30,1915. Annals of Mathematics, ser. 2, vol. 17, 
No. 4, pp. 172-179; June, 1916. 


—— Algebraic properties of self-adjoint systems. Read Dec. 27, 1915. 
Transactions of the American Mathematical Society, vol. 17, No. 4, 
pp. 418-424; Oct., 1916. 


—— Note on representations of the partial sum of a Fourier’s series. Read 
Sept. 4, 1916. Annals of Mathematics, ser. 2, vol. 18, No. 3, pp. 
139-146; March, 1917. 


Jorre, 8. A. Calculation of the first thirty-two Eulerian numbers from 
central differences of zero. Read Feb. 26, 1916. Quarterly Journal 
of Pure and Applied Mathematics, vol. 47, No. 2, pp. 108-126; July, 
1916. 


Kasner, E. Equilong invariants and convergence proofs. Read April 
24,1915. Bulletin of the American Mathematical Society, vol. 23, No. 8, 
pp. 341-3847; May, 1917. 


Kempner, A. J. On transcendental numbers. Read Dec. 31, 1915. 
Transactions of the American Mathematical Society, vol. 17, No. 4, 
pp. 476-482; Oct., 1916. | 


Kineston, H.R. Metric properties of nets of plane curves. Read Sept. 9, 
1914 and (Chicago) Dec. 29, 1914. American Journal of Mathematics, 
vol. 38, No. 4, pp. 407-480; Oct., 1916. 


Kaurng, J. R. Double elliptic geometry in terms of point and order alone. 
Read April 24,1915. Annals of Mathematics, ser. 2, vol. 18, No. 1, 
pp. 31-44; Sept., 1916. 


Concerning the complement of a countable infinity of point sets of a 
certain type. Read Dec. 27, 1916. Bulletin of the American Mathe- 
matical Society, vol. 23, No. 6, pp. 290-292; March, 1917. 


The converse of the theorem concerning the division of a plane by an 
open curve. Read Oct. 28, 1916. Transactions of the American 
Mathematical Society, vol. 18, No. 2, pp. 177-184; April, 1917. 


KitstermMann, W. W. Funktionen von beschrinkter Schwankung in zwei 
reellen Verainderlichen. Read Dec.31,1915. Mathematische Annalen, 
vol. 77, No. 4, pp. 474-481; Sept., 1916. 


Fourier’s constants of functions of several variables. Read Aug. 3, 
1915. American Journal of Mathematics, vol. 39, No. 2, pp. 1138-122; 
April, 1917. 


LerscHETz,S. On the residues of double integrals belonging to an algebraic 
surface. Read (Southwestern Section) Dec. 2, 1916. Quarterly 
Journal of Pure and Applied Mathematics, vol. 47, No. 4, pp. 333-343; 
Jan., 1917. 


— Sur certains cycles 4 deux dimensions des surfaces algébriques. Read 
(Chicago) April 7, 1917. Accademia det Dincet, Rendicontt, vol. 26, 
Ist sem., No. 4, pp. 228-234; Feb. 18, 1917. 
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LEuscHNER, A.O. The derivation of orbits, theory and practise. Read 
Dec. 28, 1916. Science, new ser., vol. 45, No. 1171, pp. 571-584; 
June 8, 1917. 


Licut, G. H. The dependence of the topography of envelopes of systems 
of extremals on curvature. Read (Southwestern Section) Dec. 2, 1916. 
Author’s dissertation. Lancaster, 1917. 32 pp. 


Lipka, J. Natural and isogonal families of curves on a surface. Read 
Dec. 28,1915. Proceedings of the National Academy of Sciences, vol. 8, 
No. 2, pp. 78-83; Feb., 1917. 


LoneLrey, W. R. Note on a theorem on envelopes. Read Oct. 30, 1915. 
Annals of Mathematics, ser. 2, vol. 17, No. 4, pp. 169-171; June, 1916. 


Lovirt, W. V. Some singularities of a contact transformation. Read 
(Chicago) April 2, 1915. American Journal of Mathematics, vol. 39, 
No. 1, pp. 27-40; Jan., 1917. 


McMackin, F. J. Some theorems in the theory of summable divergent 
series. Read April 29, 1916. Author’s dissertation. Lancaster, 
1916. 23 pp. 


MacMituan, W. D. A reduction of certain analytic differential equations 
to differential equations of an algebraic type. Read (Chicago) Dec. 26, 
1918 and (Chicago) April 11, 1914. Transactions of the American 
Mathematical Society, vol. 17, No. 3, pp. 245-258; July, 1916. 


— A theorem connected with irrational numbers. Read (Chicago) 
April 21,1916. Proceedings of the National Academy of Sciences, vol. 1, 
No. 7, pp. 487-488; July, 1915. American Journal of Mathematics, 
vol. 38, No. 4, pp. 887-896; Oct., 1916. 


Miiuer, B. I. A new canonical form of the elliptic integral, Read Dec. 
27, 1915. Transactions of the American Mathematical Society, vol. 
17, No. 3, pp. 259-288; July, 1916. 


Mituer, G. A. Finite groups represented by special matrices. Read 
Jan. 1, 1916. Transactions of the American Mathematical Society, 
vol. 17, No. 3, pp. 326-332; July, 1916. 


— Graphical method of finding the possible sets of independent genera- 
tors of an abelian group. Read (Chicago) April 22, 1916. Bulletin 
of the American Mathematical Society, vol. 23, No. 1, pp. 14-17; Oct., 
1916. 


— Orders of operators of congruence groups modulo 278%. Read Sept. 4, 
1916. Messenger of Mathematics, vol. 46, No. 7, pp. 101-103; Nov., 
1916, 


— Groups generated by two operators of the same prime order such that 
the conjugates of one under the powers of the other are commutative. 
Read Dec. 28, 1916. Bulletin of the American Mathematical Society, 
vol. 23, No. 6, pp. 283-287; March, 1917. 


Mitng, W. E. Note on asymptotic expressions in the theory of linear dif- 
ferential equations. Read Dec. 28,1915. Proceedings of the National 
Academy of Sciences, vol. 2, No. 9, pp. 543-545; Sept., 1916. 
Bulletin of the American Mathematical Society, vol. 23, No. 4, pp. 166- 
169; Jan., 1917. 


MircHetyi, B. E. Complex conics and their real representation. Read 
Feb. 28,1914. Author’s dissertation. Lancaster, 1917. 4+45 pp. 


Mircueiit, H.H. On the congruence cx\+1=dy' ina Galois field. Read 
Dec. 28, 1915. Annals of Mathematics, ser. 2, vol. 18, No. 3, pp. 120— 
131; March, 1917. 
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Moors, C. L. E. See Witson, E. B. 


Moors, C. N. On the developments in Bessel’s functions. Read Jan. 1, 
1916. Bulletin of the American Mathematical Society, vol. 23, No. 1, 
pp. 18-27; Oct., 1916. 


Moors, R. L. A theorem concerning continuous curves. Read Oct. 28, 
1916. Bulletin of the American Mathematical Society, vol. 23, No. 5 
pp. 2338-236; Feb., 1917. 


Moraan, F. M. See Youne, J. W. 


Moritz, R.E. Thecyclo-harmonograph. Read (San Francisco) May 22, 
1914. Scientific American Supplement, vol. 82, No. 2118, pp. 84-85; 
August 5, 1916. 


—— On the construction of certain curves given in polar coordinates. 
Read (San Francisco) May 22,1914. American Mathematical Monthly, 
vol. 24, No. 5, pp. 2138-220; May, 1917. 


Morrison, F. M. On the relation between some important notions of 
projective and metrical differential geometry. Read (San Francisco) 
May 22, 1914. American Journal of Mathematics, vol. 39, No. 2, 
pp. 199-220; April, 1917. 


Morst, H.C. M. Proof of a general theorem on the linear dependence of p 
analytic functions of a single variable. Read Sept. 5, 1916. Bulletin 
of the American Mathematical Society, vol. 23, No. ‘3. pp. 114-117; 
Dec., 1916. 


Netson, A. L. Plane nets with ane invariants. Read (Chicago) April 
21, 1916. Rendiconti del Circolo Matematico di Palermo, vol. 41, Nos. 
2-3, pp. 238-262; May—Dec., 1916. 


Osaoop, W.F. Oninfinite regions. Read Dec. 28,1915. Transactions of 
the American Mathematical Society, vol. 17, No. 3, pp. 333-344; July, 
1916. 


Preirrer, G. A. Note on the linear dependence of analytic functions. 
Read Sept. 5, 1916. Bulletin of the American Mathematical Society, 
vol. 23, No. 3, pp. 117-118; Dec., 1916. 


On the conformal mapping of curvilinear angles. The functional 
equation ¢[f(x)] = aid(x). Read Oct. 30, 1915 and April 29, 1916. 
Transactions of the American Mathematical Society, vol. 18, No. 2, pp. 
185-198; April, 1917. 


Pinrce, T.A. Thenumerical factors of the arithmetic forms tr (lta,”). 


Read (San Francisco) Nov. 20, 1915. Annals of Matheraticel ser. 2, 
vol. 18, No. 2, pp. 53-64; Dec., 1916. 


Porter, M. B. On Savary’s construction for the centers of curvature of 
a roulette. Read (Southwestern Section) Nov. 27, 1915. American 
Mathematical Monthly, vol. 23, No. 7, pp. 238-240; Sept., 1916. 


Riper, P. R. A note on discontinuous solutions in the calculus of vari- 
ations. Read April 25, 1914 and (Southwestern Section) Dec. 2, 
1916. Bulletin of the American Mathematical Society, vol. 23, No. 5, 
pp. 237-240; Feb., 1917. 


Rit, J. F. On the derivatives of a function at a point. Read Feb. 27, 
1915 and Dec. 27,1915. Annals of Mathematics, ser. 2, vol. 18, No. 1, 
pp. 18-23; Sept., 1916. 

— The resolution into partial fractions of the reciprocal of an entire 
function of genus zero. Read April 29, 1916. Transactions of the 
American Mathematical Society, vol. 18, No. 1, pp. 21-26; Jan., 1917. 
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On a general class of linear homogeneous differential equations of 
infinite order with constant coefficients. Read April 29, 1916. 
Transactions of the American Mathematical Society, vol. 18, No. 1, pp. 
27-49; Jan., 1917. 


. Ropinson, L. B. A new canonical form for systems of partial differential 
equations. Read Feb. 22, 1913 and Dec. 30, 1913. American Journal 
of Mathematics, vol. 39, No. 1, pp. 95-112; Jan., 1917. 


Rorver, W. H. Graphical constructions for a function of a function and 
for a function given by a pair of parametric equations. Read (South- 
western Section) Nov. 27, 1915. American Mathematical Monthly, 
vol. 23, No. 9, pp. 8330-333; Nov., 1916. 


Rowe, J. E. The equation of a rational plane curve derived from its para- 
metric equations (second paper). Read Feb. 24,1917. Bulletin of the 
American Mathematical Society, vol. 23, No. 7, pp. 304-808; April, 1917. 


— The projection of a line section upon the rational plane cubic curve. 
Read April 28, 1917. Bulletin of the American Mathematical Society, 
vol. 23, No. 9, pp. 405-407; June, 1917. 


RunninG, T. R. New method of deriving weir formulas. Read (Chicago) 
April 21, 1916. Engineering News, vol. 76, No. 15, pp. 695-696; Oct. 
12, 1916. 


SILVERMAN, L. L. On the notion of summability for the limit of a function 
of a continuous variable. Read Jan. 1, 1915. Transactions of the 
American Mathematical Society, vol. 17, No. 3, pp. 284-294; July, 1916. 


See Hurwitz, W. A. 


Sisam, C. H. On sextic surfaces having a nodal curve of order 8. Read 
(Southwestern Section) Nov. 27, 1915. American Journal of Mathe- 
matics, vol. 38, No. 4, pp. 373-886; Oct., 1916. 


Smita, D. E. Mathematical problems in relation to the history of 
economics and commerce. Read Sept. 5, 1916. American Mathemat- 
ical Monthly, vol. 24, No. 5, pp. 221-228; May, 1917. 


Smitu, D. M. Jacobi’s condition for the problem of Lagrange in the cal- 
culus of variations. Read (Chicago) April 21, 1916. Transactions of 
the American Mathematical Society, vol. 17, No. 4, pp. 459-475; Oct., 
1916. 


Sracer, H.W. A Sylow factor table of the first twelve thousand numbers. 
Read (San Francisco) Feb. 27, 1909 and (San Francisco) Oct. 28, 1911. 
Carnegie Institution Publication No. 151. Washington, 1916. 12+ 
120 pp. 


—— Note on some applications of a geometrical transformation to certain 
systems of spheres. Read (San Francisco) April 12, 1913. American 
Mathematical Monthly, vol. 24, No. 4, pp. 154-162; April, 1917. 


VanpiverR, H. 8. Note on the distribution of quadratic residues. Read 
Oct. 80, 1915. Bulletin of the American Mathematical Society, vol. 23, 
No. 8, pp. 111-114; Dec., 1916. 


— Symmetric functions formed by systems of elements of a finite algebra 
and their connection with Fermat’s quotient and Bernoulli’s numbers. 
Read April 26, 1913 and Feb. 26, 1916. Annals of Mathematics, ser. 2, 
vol. 18, No. 8, pp. 105-114; March, 1917. 


—— The generalized Lagrange indeterminate congruence for a composite 
ideal modulus. Read Oct. 28, 1916. Annals of Mathematics, ser. 2, 
vol. 18, No. 3, pp. 115-119; March, 1917. 
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Wautin, G. E. On the principal units of an algebraic domain k(p, a). 
Read (Chicago) April 10, 1914. Bulletin of the American Mathematical 
Society, vol. 23, No. 10, pp. 450-455; July, 1917. 


Weaver, J. H. Pappus. Introductory paper. Read April 24, 1915. 
Bulletin of the American Mathematical Society, vol. 23, No. 3, pp. 127- 
135; Dec., 1916. 


WeEsTFALL, W. D. A. See Heprick, E. R. 


Wuitr, H. 8. A variable system of sevens on two twisted cubic curves. 
Read Oct. 30, 1915. Proceedings of the National Academy of Sciences, 
vol. 2, No. 6, pp. 337-838; June, 1916. 


See Con, F. N. 


Wiener, N. Certain formal invariances in Boolean algebras. Read Dec. 
27, 1916. Transactions of the American Mathematical Society, vol. 
18, No. 1, pp. 65-72; Jan., 1917. 


Witson, E. B. and Moors, C. L. E. Differential geometry of two-dimen- 
sional surfaces in hyperspace. Read Dec. 27, 1915. Proceedings of 
the American Academy of Arts and Sciences, vol. 52, No. 6, pp. 267-368; 
Nov., 1916. 


Yraton,C.H. Surfaces characterized by certain special properties of their 
directrix congruences. Read (Chicago) April 22, 1916. Annali di 
Matematica, ser. 3, vol. 26, No. 1, pp. 1-33; Dec., 1916. 


Youne, A. E. On the determination of a certain class of surfaces. Read 
Dec. 31, 1915. American Journal of Mathematics, vol. 39, No. 1, pp. 
75-85; Jan., 1917. 


Youna, J. W. and Morean, F. M. The geometries associated with a 
certain system of Cremona groups. Read April 26, 1913 and April 24, 
1915. Transactions of the American Mathematical Society, vol. 17, 
No. 3, pp. 233-244; July, 1916. 
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Borger, R. L. A Theorem in the Analysis of Real Variables, 287. 
Brown, E.W. The Relations of Mathematics to the Natural Sciences, 2138. 
Burasss, R. W. See Reviews, under Leib. 

CARMICHAEL, R. D. Examples of a Remarkable Class of Series, 407. 


Core, F. N. Reports of Meetings of the American Mathematical Society: 
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Coourip@g, J. L. See Reviews, under Carslaw, Lehmer. 
Cow zy, E. B. See Reviews, under Pérez. 
DaniELL, P. J. The Modular Difference of Classes, 446. 


Dickson, L. E. An Extension of the Theory of Numbers by Means of 
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See Reviews, under Leman. 
Dowuine, L. W. See Reviews, under Fricke. 


DrespEN, A. Reports of Meetings of the American Mathematical Society 
at Chicago: December Meeting, 251; April Meeting, 387. 


—— See Revirws, under Richardson. 
EIsENHART, L. P. : See Reviews, under Schell. 


Emcu, A. A Theorem on the Curves Described by a Spherical Pendulum, 
230. 
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Kewtioce, O. D. Report of the Tenth Regular Meeting of the South- 
western Section, 208. 


Kenyon, A. M. See Reviews, under Bell. 
Keysrr, C. J. See Reviews, under Russell. 
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Mannine, W. A. Reports of Meetings of the San Francisco Section: 
Twenty-Eighth Regular Meeting, 203; Twenty-Ninth Regular Meet- 
ing, 401. 


Mason, T. E. See Reviews, under Ichak, Macfarlane. 
Miter, A. L. An Analogue to Pascal’s Theorem, 292. 


Miuier, G. A. Graphical Method of Finding the Possible Sets of Inde- 
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Equations, 166. 
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lated by C. E. SEEty, 31. 
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See Reviews, under Ford, Goursat, Hadamard. 
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Morsgz, H.C. M. Proof of a General Theorem on the Linear Dependence 
of p Analytic Functions of a Single Variable, 114. 
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Ricumonp, H.W. The Equation of a Plane Rational Curve Defined by 
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Riper, P. R. A Note on Discontinuous Solutions in the Calculus of Vari- 
ations, 237. 


Rietz, H. L. See Reviews, under Glover. 


Rowe, J. E. The Equation of a Rational Plane Curve Derived from its 
Parametric Equations (Second Paper), 304. 


— The Projection of a Line Section upon the Rational Plane Cubic 
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Sarrorp, F. H. See Reviews, under Bécher, Marsh, H. W., Minchin, 
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Snpty, C. E. See Mirrac-LEerrier, G. 

SHaw, J. B. See Reviews, under Dumont, Keyser. 
SKINNER, E. B. See Reviews, under Hilton. 

Stocum, 8. E. See Revirws, under Breslich, Evans. 

SmitH, D. E. See Ginspure, J. 

See Reviews, under Ahrens, Knott, Loria, Nunn, Reeve. 





Smiru, P. F. See Reviews, under Hort. 
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the University field: but the Monvruty is the only journal of 
Collegiate grade in America suited to the needs of the non- 
specialist in mathematics. 


Toe MarnematicaL AssocraTION oF AMERICA now has 
over eleven hundred individual members and over seventy- 
. five institutional members There are already nine sections 
formed, representing twelve different states. ‘The Association 
has held so far two national meetings per year, one in Sep- 
tember and one in December. Thesections, for the most part, 
hold two meetings each year. All meetings, both national 
and sectional, are reported in the Official Journal, and many — 
of the papers presented at these meetings are published in full, 


The slogan of the Association is to include in its membership 
every teacher of collegiate mathematics in America and to make such 
membership worth while. Application blanks for membership may 
be obtained from the Secretary at Oberlin, Ohio 
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